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PKEFACE. 


Ihe  science  of  Dynamics  may  be  variously  classified.  In  by  fer  the 
greater  number  of  universities  in  both  Europe  and  America  it  is  dealt 
with  by  prüfte äod  in;iih<'.m»ticiiiri,3,  ii.nd  is  piopeiiy  considcred  an  essential 
part  of  mathematical  discipline.  Nevertheless  it  is  bat  an  application  of 
mafchematios  to  the  most  fundamental  laws  of  Nature,  and  as  such,  is  of 
the  bigbest  importance  to  the  physicist.  The  whole  of  modern  Physics 
experiences  the  attempt  to  "cxplaki"  or  dcscribo  phcnomena  in  terms  of 
motion,  with  conspicutms  suecess  in  1,'ne  departments  of  Light,  Tikctricity, 
and  the  Kinetic  Theory  of  Gases.  It  is  therefore  evident  that  no  one 
oan  expect  to  rnaterially  advance  onr  knowlcdge  of  i'hy3ics  who  i,3  ignorant 
of  the  prineiples  of  Dynamics,  it  is  nevertheless  to  bc  feared  that  this 
subject  is  often  slighted  by  flu;  physical  student,  pai'tly  on  account  of  its 
dit'iieulty,  and  partlv'  becau.sc  of  tho  fact  that  the  mn.ny  excellent  treatises 
■  i!i  ])ni;i.in:i'*  e\isl  m:;  i:i  ImihüsIi  ;idd:'e<B  l.he>nse]ves  ■  ■.'■■.ii-'fly  "Co  the  mathe- 
matician,  and  often  soem  to  lay  more  stress  on  examples  in  analysis  or 
trigonometry  than  on  the  eluddafion  of  physical  laws.  The  ahn  of  this 
book  is  to  give  in  compact  form  a  treatment  of'so  muoh  of  this  fundamental 
science  of  Dynamics  as  should  be  familiär  to  every  serious  student  of 
physics  (and  in  my  opinion  no  less  should  suffice  for  the  student  of 
msithomatieA  The  cassieal  Engli^Ji  treatises  usually  1i!';  one  or  ever.  two 
larüp  voluraes  wil.h  one  of  the  subdivisions  of  the  sabjuet,  such  as  Dynamics 
of  a  Particle,  Rigid  Dynamics,  Hydro dynamics  or  Elasticity.  The  student 
oonfronted  with  the  five  volumes  of  Routh,  the  three  of  Love,  and  the 
large  work  of  Lamb  is  likely  to  be  appalled  at  the  size  of  the  task  before 
him.  It  is  pracl.iea.lly  impossible  for  the  physical  student,  while  spending 
Ihe  neoeasary  amount  of  time  in  the  laboratory,  to  read  through  all  these 
or  similar  works,  and  thus  bis  knowledge  of  the  whole  subject  generally 
remains  fragmentary.  The  great  work  of  Lord  Kelvin  and  Tait,  while 
treating  the  whole  subject,  is  far  too  difficult  for  most  students,  though 
it  must  ever  remain  a  mine  of  Information   for  thoso  sufficicntly  advaTiced, 

This  book  has  grown  out  of  ,i,ho  leoturee  which  I  have  given  at 
Clark  Universii.iy  during  tbe  last  fourteen  years  primarily  to  my  own 
äüuiüiits  of  Physics.  It  is  obvious  that  it  IrjicIs  to  no  partioular  t'xaiuiaätions: 
from  which  we  in  America  are  to  a  largo  extent  fortunately  free.  The 
test  is  not  interrupted  by  examples  for  the  student  to  work,  which  are 
found  in  great  numbers  in  the  nsual  treatises,  and  to  which  I  eould  hardly 
add.  The  attempt  has  been  made  to  treat  what  is  essential  to  the  uüder- 
s  tan  ding  of  physical  phenomena,  leaving  out  what  is  chiefly  of  mathematical 
interest.  Thus  Hm  subject  of  Kiucmaties  is  not  treated  as  a  subject  by 
itself,  bnt  is  introduced  in  connection   with  eacb  subdivision   of  Dynamics 
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IV  PREFACE. 

as    it   comes   up.     The   student   is   supposed   to   have   a  fair  knowledge   of 

1b:>  Calculus,  but  not  of  DilVereiitini  ]:!(ii;;].tkins  or  tlie  Higher  Aniilysis. 
Many  e-qilii.niitioiis  nre  l.herefore  iiecessiiry.  sonn-  of  whkh  are  given  in 
the  form,  of  notes. 

Two  opposing  tendenziös  have  it-t  vu-rmus  Times  runde  themselves 
manifest  iu  tlie  treatineiit  of  Dynamic*,  botli  of  which  have  been  very 
fruitful.  Lagrange,  in  the  adveriisemeni,  in  his  groai.  ivork,  tlie  ^Meeanique 
A  n  nlyt;i|  ac '""'.  proudly  saya,  "On  ne  trouvera  point  de  Figures  dans  cet 
Ouvrage.  Les  methodes  que  j'y'  expose  ne  demandent  ni  oonBtnictiona, 
ni  raisonnements  geoinetriques  ou  mecaniqises,  mais  suulement  des  Operations 
algebriques,  assujetties  a  une  nxarehe  reguliere  et  uniforme.  Ceux  qui 
aiment  1' Analyse  vurront  avce  pla.ish'  In  Meeanique  en  devenir  une  nouvclle 
brauche,  et  me  sauront  gre  d'en  avoir  otendu  ainsi  In.  domamf,"  Lagrange's 
boast  of  having  made  Mechanics  a  hraneh  of  Analysis  has  been  amply 
justiSed  hy  the  results  ohtained  by  means  of  bis  generali  uiethod  for 
solving  meehanical  problems,  and  his  pleasure  would  have  been  greatly 
enhanced  could  he  have  foreseen  the  results  of  extending  it  to  wider 
flelds  in  the  hands  of  Maxwell,  of  Heimholte,  and  of  J.  J.  Thomson. 
Nevertheless  in  attempting  to  do  without  figures  or  mental  iniages  we 
roay  roh  ourselves  of  a  precious  aid.  Thus  Maxwell,  speaking  of  the 
motion  of  the  top,  saya  that  "Poinsot  has  brought  the  subjoet;  nnder 
the  power  of  a  more  searching  analysis  than  that  of  the  calculus,  in 
whieh  ideas  take  the  place  of  Symbols,  and  intelligible  pi-opositions 
snpersede  equations".  There  is  certainly  no  doubt  of  the  advantge,  parti- 
cularly  to  the  physicist,  of  having  ideas  take  the  place  of  Symbols. 
The  introduction  by  Hamilton  oi  the  notion  of  vector  quantities  was  a 
great  step  in  this  direction,  whieh  has  assumed  very  great  value  to  the 
physicist,  and  it  was  to  a  particula.r  ea.se  of  this  that  "Maxwell  alluded, 
namely  to  the  idea  of  the  moment  of  momentum,  or  impulsive  couple. 
as  it  was  termed  by  Poinsot.  The  importance  of  this  physieal  or  geometrieal 
(xmcopi.ioo  may  be  seen  from  the  use  made  of  it,  vmder  the  name  of  the 
Impulse,  hy  Klein  and  Sommerfeld  in  their  very  interesting  work  on  the 
Top.  On  the  other  hand  this  notion  of  impulse,  while  in  this  particular 
case  a  vector,  is  but  one  case  of  the  general  notion  of  the  momentum 
in  Lagrange's  generalized  coordinates.  Will  it  not  then  he  an  ailditiona: 
a(lviitii:iige-  if,  Iteeping  boüj  the  aualytleal  and  the  geometrieal  modes  of 
expression,  we  attempt  to  introduce  into  La  gi1  äuge 's  a.n  nl  ytical  method 
geometrieal  analogies  and  terminology?  This  it  is  perfeotiy  possible  t.o 
do,  for  it  turns  out,  as  was  shown  by  Beltrami,  and  beautifully  worked 
out  in  detail  by  Hertz,  that  the  pröperties  of  Lagrange's  equations  have 
to  do  with  a  quadratic  form ,  of  exaotly  the  sort  that  represents  the  are 
of  a  eurve  in  geometry.  Analytically  it  is  of  no  importance  whether  the 
number  of  variables  is  more  or  less  than  three  — ■  how  natural  it  is 
acuordiiigly  to  employ  the  terminology  of  geometry,  whieh  must  result 
in  giving  a  more  definite  image  of  the  quantities  involved.  For  this 
reason  I  hope  that  no  physicist  will  aecuse  me  of  having  dragged  in  the 
subjeet  of  byperspace  into  a  physieal  treutise.  I  have  insisted  that  what 
is    involved    is    merely    a    mode    of   speaking,    and   has   the    advantage   of 
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logical  cousisteney  with  the  results  of  geometsy,  whieh  is  to  most  of  US 
a  pbysical  subjeet.  At  all  events  this  matter  has  been  so  introduced  that 
it  may  be  completely  passed  07er  by  those  to  whom  such  analogies  are 
n<m.Lprinti1..  Ihn  ad  van  luge  of  a  good  terminology,  as  well  &s  of  cle&r 
pbysical  coneeptions,  must  be  piain  to  all,  and  every  physicist  will 
ftctnowledge  the  indebtedness  whicb  our  seience  owes  in  this  respect  to 
Kelvin  and  Tait. 

Tbe  work  divides  itself  naturally  into  three  parts,  tbe  first  of  whicb 
considers  the  Laws  of  Motion  in  general  and  those  methods  whidi  arc 
applicable  to  Systems  of  all  sorts.  Although  not  addressed  to  students 
wbo  are  beginning  Meclia.nics,  it  seenied  neeessaiy  to  liegin  at  the  begi 
and  tö  explain  the  exhibition  of  Newton's  Laws  of  Motion  in  mather 
form.  For  this  purpose  the  Principle  of  Hamilton  is  of  so  un: 
appLical.ion  tbat  it  has  been  introduced  ucar  the  beginning,  and  oonsiderable 
attention  devoted  to  it.  I  consider  this  prinoiple,  together  with  the 
equations  of  Lagrange,  a  very  practical  subjeet,  of  tbe  bighest  importanoe 
for  the  physical  student.  The  same  may  be  said  of  the  subjeet  of  Energy, 
upon  wbich  it  has  even  been  attempted  to  found  the  laws  of  Phyuics. 
Although  such  attempts  seein  doomed  to  fail,  for  the  reason  that  the 
principle  of  Energy,  though  affordiug  an  integral,  is  insufficient  to  deduce 
tbe  difEerential  equations,  tbe  notion  of  Energy  must  remain  one  of  tbe 
most  important  in  Dynamics,  and  is  therefore  oonädered  in  every  problem. 
The  subjeet  of  Oscillations ,  of  very  great  pbysical.  iuterest,  with  its 
aecompanymg  phenomena  of  Resonanee,  is  nest  taken  up.  After  this 
follows  a  treatment  of  the  so-ealled  Cyrdic  Systems,  fVom  whicli.  since 
tbe  labors  of  Heimholte  and  Hertz,  it  seems  that  Physics  has  so  much  to 
expect.  In  fact  the  first  Steps  have  been  taken  to  explain  the  natura 
of  Potential  Energy  by  means  of  Motion,  perhaps  the  ehief  desidera:n:r. 
of  Physics.  In  this  connection  we  way  again  point  to  the  epochmaking 
work  of  Lord  Kelvin,   both  in  Mechanics   and  in  tbe  Theory  of  Light. 

The  second  part  is  devoted  to  tbe  Motion  of  liigid  Bodies,  particularly 
to  tbeir  rotation,  a  matter  of  the  greatest  imporl.anec  pract.ically,  ospeyially 
to  the  engineer,  but  one  which  is  often  avoided  by  the  pbysical  student. 
To  this  subjeel  Maxwell  ii.gain  called  tbe  attention  of  physicists,  and  cruated 
a  charming  instrumental  demonstration  in  his  celebrated  Dynamics!  Top. 
To  this  the  writer  has  ventnred  to  add  a  small  detail,  whieh  permits  of 
a  number  of  interesting  additional  verifioations.  A  number  of  practical 
illustrations ,    of  interest  to  the  physicist  and  engineer,   are  also  included. 

The  third  part  divides  itself  from  the  other  two  from  tbe  fact  that 
in  it  the  dilTeren tial  equations  are  partial,  while  in  tbe  others  they  are 
ordinary,  As  a  preparation  for  this  snbject  is  introduced  the  theory  of 
tlie  Potential  Function,  whicb  introduees  tho  most  impurtaut  inatr.ünia;,i':a! 
tbeorems,  and  prepares  for  tbe  sv:bse:[uer_t  cbapters.  Most  of  this  ehajiter 
has  already  appeared  in  the  autbors  treatise  011  the  Theory  of  Eloi:tri.dty 
and  Magnetism,  but  several  matters  have  been  added,  especially  on 
apoüi-iitiüiis  to  Geodesy.  Kcxt  follows  the  subjeet  of  .Stress  and  Strain, 
with  applications  to  the  simpler  problems  of  Ebisli.cily,  iucludüig  tbe 
prohlem   of   de   St.  Venant   on  the  flexion  and  torsion  of  prisms.      Finally 
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in  Hydrodynamies  the  main  questions  of  wave  and  vortex  motion  are 
taken    up,   with    a   brief   account   of  the   phenomena   of  the    tides   and  of 

visoous  fluids.  Thus  the  studeut  is  prepared  for  the  study  of  Sound.  Light, 
and  Electridty.  The  only  work  in  Eaglish  of  which  I  know  having  the 
samo  purpose  i.s  Professor  Tait'.s  admirable  treatise  on  Dynamics.  While 
this  book  has  been  in  preparation ,  there  has  appeared  the  first  volume 
of  Professor  Gray's  Trcatise  on  Physics,  the  seope  of  which  is  much 
broader,  but  the  aim  of  which  is  not  proatly  differont  from  that  of  this 
book.  I  have  howeyer  attempted  to  provide  a  treatise  which  would 
in  not  over  a  year's  time  offer  to  the  student  an  amouut  of  knü«"l.uägc 
of  Dynamics  suffioient  to  prepare  him  for  the  study  of  Mathematica] 
Physics  in  gener al. 

My  Obligation»  to  previous  authors  are  obvious,  and  where  possible 
explicit  mention  is  made.  A  list  of  works  which  have  been  of  Service 
to  me  is  appended,  but  I  wish  partieularl.y  to  acknowledge  my  imlobteilness 
to  Thomson  and  Tait,  to  Kirchhoff  and  to  Appell.  I  am  ander  greal 
Obligation:?  to  T)r.  Margaret  E.  Maltby  for  yii.limble  assistsince  in  the 
[ireparari.oi.i  of  the  mamtseript,  and  for  frcqueiit  sugavji.ions,  and  to 
Messrs.  J.  G.  Coffin  and  J.  C.  Hubbard,  Fellows  of  Clark  University,  for 
effieieni,  a.id  in  tho  prepn.ral.ion  oi'  the  drawings.  I  take  this  oppoitiuiity 
of  expressing  my  thanks  to  my  eolleagae  Professor  William  E.  Story  for 
bis  coi:timial  willinguess  duriug  i'outtwn  yca.rs  to  nid  me  by  putting  at 
my  disposition  bis  unusual  knowledgo  in  mn.tters  connected  with  Algebra, 
My  thanks  are  due  to  the  publisher  for  the  line  m.e.chaniea]  execution  of 
the   work  in   the  style  for  which  the  houso   of  Teubner  is  not-ed, 

As  the  proof  has  been  read  only  by  myself,  it.  is  hopeä  that  errors 
will  be  dealt  with  lightly.  In  eonclusion  I  venture  to  hope  that  my 
attempt  to  mako  Dynamics  more  of  an  experimental  science  by  subjecting 
some  of  its  conclusiotis  to  quantitative  cxparinmtitai  vorification  may 
deserve  notice. 

Worcester,  Mass.,  July  22,  1904. 

A.  G.  Webstee. 


/Google 


CONTENTS. 

PART  I. 

GENEEAL  PEINCIPLES. 

CHAPTEE  I. 

!\'-:iU!»itil,h:ii  0/  a   'Point.     I.aivx  0/   Muthn. 


1.  Dynamics 3 

2.  K Liiomalk's 3 

3.  Sealars  and  Veotors      ...  4 

4.  Addition  of  Veotors      ...  5 

5.  Moments 7 

S.  Velocity -    .     .     .  9 

7.  Polar  Coordinates     ....  11 

8.  Sector  Velocity 12 

',).  Acc«lta'Lition 13 


10.  Acceloration  Components  .     . 

11.  Moment  of  Aoceleration   .     . 

12.  Kepler's  Lawe      .... 

13.  Pbyirieal   Axioms.     L&ws   of 
Motion 

14.  Units 

15.  Derivedlinilö  a.ml  l.)iinensions 

16.  Universal  Gravitation   .     .     . 

17.  Absolute  Systems     .... 


CHAPTER  H. 
Important   Varticiüas   MM-ions  of  a  Material  1'ui.ni. 


18.  Constant  Accclorations 

19.  Harmonie  Motions    .     , 

20.  Central  Forces      .     .     . 


21.  Constrained  Motion 
32.  Plane  Pendnlum  ,  . 
23.  Sphevieal  Pendulnm 


CHAPTEE  III, 
General  Prmciples.     Work  and  Energy. 


24.  Work 

25.  Staues.     Virtual  Work     .     . 

26.  D'Alembert's  Principle      .      . 

27.  .Knergy.  Conse-rviltive  Systems 
Impnlse 

28.  Parti ouiar     Ua.se     of    Porce- 
funetion 


29.  Caleulus  of  Variations.  Bra- 
ehistochrone 

SU.  .Dependenceof  Line  Integral  on 
Path.  Stokes's  Theorem.  Curl 

31.  Lamellar  Veotors      .... 

32.  Motion  ofthe  Center  of  Mass 

33.  Moment  of  Momentum      .     . 


/Google 


CHAPTER  IV. 

Prinoiple.  of  Lenzt  Aetion.     Gencralite-ä   Ivj natirnn  of  Motimi. 


34.  Hamilton'».  Prinoiple     .     .     . 

35.  Priiicijjle  of  T.cast  Action 

36.  ütmeruliKSil  Coordinatea,  La- 
grange'a  Equations  .... 

SV.  Nsigi-unge's  Equations  by  di- 
rect  Transformation.  Various 
Reactions 


38.  Equationof  Aetivity.  Integral 
of  Energy 

39.  Hamiltons   Canonical   liqnnt.. 
39  a.  Varyi  og  Constraint       .     .     . 

40.  Hamilton'»  Prinoiple  the  raost 
general    dyiüünieal    prinoiple 

41.  Prinoiple    of  Varying   Action 


CHAPTER  V. 

<>.v:'>'tlatinH&  i'ii./l  Cydic   Molions. 


42.  Tautoehrone  for  Gravity  .     ,     144 

43.  Damped  Oscillationa     .     .  148 

44.  Forced  Vibration».  Reaonance     152 
tu.   General     Theory     of     »mall 

OHi'ii'atiuna  167 

46.  Vibration  of  a  String  of  Beadfl. 
Continuoua  String    ....     164 

47.  Forced  Vibrations  of  General 
System 173 

48.  Cyclic    ilotiims.      J^no  ratio  n 


;>['  Coordinat',a 


■l'j.  l/ixamplc.  Thvce  Degrees  of 
Freodom,     General  Caae  .     . 

50.  Effect  of  Linear  Terms  in 
Kinetic  Potential.  Gyroscopic 
Forces 

51.  Cyclic  Systems 

52.  Propertics  of  Cyclic  Systema. 
liKdpi'ociil  liol.atiuns     .     .     . 

53.  Work  done  by  the  Cyclic  and 
Positional  Forces      .  . 

64.  Examplofi    of  Cyclic    Systems 


PAKT  II, 

DYNAMICS  OF  RIGID  BODIES. 


Systems  of  Veetort 


CHAPTER  VI. 

D/wib-ittioH  of  Mass. 


ln--l.aiiUmcm'.n  Motion.. 


■iO  i. 


67,  Rotations   about  Intersecting 

Axes.    Infinitesimal  Rotations     202 

58.  Vector-  couples 204 

59.  Statica  of  a  Rigid  Body  ,     .     206 
59a.  Parallel     Forces.        Force- 

couples 205 

60.  Reductic-nof  Group»  of  Forces, 
Dualiam 209 

61.  Variation  of  the  Elemente  of 
the  Keduction.  Central  Axis. 
Null-System 209 

62.  Vector -croBS 212 

63.  Complex  of  Double-lines.     .     214 

64.  Composition  of  Screws      ,     .     216 

65.  Work  of  Wrench  in  Produ- 
cing  a  Twist 820 

66.  Analytical 
Line  Coordinates 


87.  Momentan!      Serew.       Dyna- 


08.  Momentan  of  Rigid  Body    . 

69,  Centrifugal  Forces   ... 

70,  Moments  of  Inertia.    Parallel 

71,  Moments  of  Inertia  at  a  Point. 
Ellipsoid  of  Inertia  .... 

73.  KUipsoid  of  Gyration   .     .     , 

73.  Ellipsoida.1   Coonlinates      .     . 

74.  Axes    of    Inertia    at  Various 

75.  Calculation  of  Moment»  of 
Inertia 

76.  Analytical Trtatin ent  of  Kine- 
matics  of  a  Rigid  System, 
Movrng  Axes 

77.  Relative  Motion 

78.  Angnlar  Acceleration   .     .     . 

79.  Kinetic  Energy  and  Momen- 
tan due  to  ltotatiou    .    .    . 


/Google 


CHAPTER  VII. 
Dynamies  of  Motating  Bodies. 


■.  Dyiiiunli's  oi'  ISudy  moving 
auoui:  a  Fixcd  Axis      .     .     . 

.  Motion  of  a  Rigid  liody 
about  a  Fbted  Point.  Kine- 
matics 

.  Dynamics.  Motion  under  nc 
Forces 

.  Euler's      Dynamieal     Eqna- 

.  Poinsot's  Discussion  of  the 
Motion 

.  Stabil  it.  y  of  Axes  .... 
.  Protections  of  the  Polhode  . 

.  Invariable  Line-    ...... 

.    Symmetrica-  To|i.  Üoiiütraiiird 

Motion    ........ 

>.  Heavy  Symmetrica!  Top  .  , 
.  Top    Equations    deduced   by 

Lagrange's  Method  .... 

.  Natura  of  the  Motion  .  '.  .. 
.  Precession  and  Nutation  .     . 


.  Small  Oscillations  about  the 
Vertieal      ......   '..     288 

.  Top  Equations   deduced  by 

Jacobi's  Method    ".     ,     .  '..    297 
.  Rotation  of  the  Barth.    Pre- 
cession and  Nutation.     .'"'.     298 
,  Top  on  smooth  Table     .     .     302 
.  Effect    of  Friction.     Rising 

of  Top  ."  . 303 

.  Motion  of  a  Billiard  Ball  .    '304 
.  Pure  Rolling       .     .     .     .     .     307 
.  .I.uirrimgti's    Equations     ap- 
plied  to  Rolling.     Noninte- 
^rablü  Constraints       '.'    .  ■  .     313 

.  Moving  Axes 81<j 

,  Rotating  Axes.    Theorem  of 
Coriölis      .     ...     ......  Wi 

.  MotionrelativeiyoftheEärth     320 
.  Motion  of  a  Spherical  Pen- 
dulum   .     .     .     .    V    .     .     .     323 

.  Foucault's  Gyroscope       .     .     324 


FAKT  III. 

TREORY  OF  THE  POTENTIAL,  DYNAMICS  OF 

DEFORMABLE  BODIES. 

■CHAPTER,  VIII. 

Nvirfotiian  l'otentkü   Function. 


107.  Point- Function  .  ...    .     .     . 

108.  Level     Surface     of     Scalar 
Point- Function  ..   .... 

109.  Coordinates 

110.  Differential  Parameter     .     . 

111.  Polar  Coordinates  .... 

112.  Cylindrieal,    or   Seiiii-polav 
Coordinates    ..    .    '.    .     ..'... 

113.  Ellipsoidal  Coordinates  .     . 

114.  Infinitesimal  Are,  Area  and 
Volume 

115.  Connectivity    of    Space. 
Green's  Theorem    .     ,     ,     , 

116.  Second    Differential    Para- 


117.  Divergence.  Solenoidal Vec- 


113.  Definition  and  fundamental 

Properties  of  Potential    .  ,  .  352 

120.  Potential  of  Continuous  Dis- 
tribution   .    ...     .         ,  85? 

121.  Derivatives     .     .     .     .     .     .  355 

122    Points  in  the  Attracting  Mass,  367 

123.  Poisson's  Eqnation      .     ,;  .  359 

124.  CharacteristicB  of  Potential 
Function    ....,,     .    .,    .  362 

125.  Examples.  .  Poteptial  of  a 
homogeneous  Sphere  .     .     .  363 

126.  Disc,    Cylinder,    Cone     .     .  36S 

127.  Surface  Distributions       .     .  367 

128.  Green's  Formulae ...  .  .    ..    ...  370 

129.  Equipotential  Layers  .     .     .  372 

130.  Gäuss's  Mean  Theorem  .     .  374 

131.  Potential  completely  deter- 
mined  by  its  characteristie 
Properties           .     .     .    .    ..'  '375 


/Google 


C'iNTKlSiTS. 


1S2.  Kelvin  and  Dirichlet's  Prin- 

133.  Green's  Theorem  in  Ortho- 
gonal Curvilinear  Coor- 
dinates 

134.  Stokes's  Theorem  in  Ortho- 
gonal Curvilinear  Coor- 
dinates 

135.  LapIace'sEqusttioninSpheri- 
cal   and   Cylindrical   Coord. 

136.  Logarithmic  Potential     .     , 

137.  Green's  Theorem  for  a  Plane 
13H.  Application   to  Logarithmic 

Potential 

139.  Green's  Formula  for  Loga- 
rithmic Potential    .... 

140.  Dirichlet's  Problem  for  a 
Circle.   Trigonometrie  Serics 

140a.  Development  in  Circular 
Harmonics 

141.  Spherial  Harmonics    .     .    . 

142.  Dirichlet's      Problem       for 


143.  Forms  of  Spherical  Hanno- 


144.  Zonal  Harmonics 

145.  Harmonics       in 
Coordinates    .     . 


146.  Development    of  Tteeipvoeul 
Distance     .     . 

147.  Development     in    Spherical 
Harmonics 

148.  Developmentofthe  Potential 
in  Spherical  Harmonics 

liy.   A.]i]') lications 

Clairaut's  Theorem 
150.  Potential  of  Tide- generating 

Forces 

161.  Ellipsoitlalliomocoiils.  Now- 

ton's  Theorem 
152    Condition  for  Infinite  Family 

of  Equipotentials    .... 

153.  Application.  toEllipticCoord, 

154.  Cbasles's  Theorem  .     . 
165.  Maclanrin's  Theorem  , 

156.  Potential  of  Ellipsoid 

157.  Internal  Point     .     .     . 

158.  Verification     by     Differen- 
tiation   

159.  Ivorv's  Theorem      .     . 
lfiO.  Ellipsoid»  of  Revolution 

161.  Development  of  Potential,  of 
Ellipsoid  of  Revolution  . 

162.  Knerg-y      of      Di-triuutiuL 
Ganss's  theorem      .     .     . 

163.  Enorgy  in  terms  of  Field 


164.  Kinematica. 
Strain "...  427 

165.  Seif  -  conjugatc      Functions. 
Pure  Strain 430 

166.  Rotation 435 

167.  General  Small  Strain      .     .  436 

168.  Simple    Strains.     Stretches 

and  Shears 439 

108  a.  Elongation  and  Compression 

Quadric 441 

169.  Heterogeneous  Strain       .     .  444 

170.  Stress 446 


CHAPTER  IX. 

Dtjhtmiit:*  of  Defnrmuhlü   /fui'.V-.j. 

Geometrical   lieprüsimhitioi: 


171  a.  Simple  Stresses    .... 
172.  Work  of  Stress  in  producing 


464 


173.  Relationa  between  S 
Strain 455 

174.  Energy  Function  for  Isotro- 
pie Bodies 457 

175.  Stresses  in  Isotropie  Bodies     460 

176.  Physical     Meaning    of    the 
Constants 461 


CHAPTER  X. 
Statics  of  Deformable  Bodies. 


177.  Hydroatatics 463 

178.  Height   of   the   Atmosphere  465 

179.  Rotating  Mass  of  Fluid  .     .  467 

180.  GravitaÜng,   rotating  Fluid  468 

181.  Equilibrinm      of      Floating 
Body 471 


182.  Solid    hollow    Sphere     and 
Cylinder  under  Pressure      .  475 

183.  Problem  of  de  Saint-Venant  478 

184.  Determination    of  Function 

for  particular  Cases    .     ,     .  483 

185.  Flexion 489 


/Google 


CHAPTER  XL 
Hydrodynamics, 


186.  Equationa  of  Motion  .     .     .  496 

187.  Hamilton'B  Principle   ...  499 
1S8.  Equation  of  Activity  .     .     .  501 

189.  Steady  Motion 503 

190.  Circulafcion 506 

191.  Vortex  Motion 509 

192.  Vectra    Potential.       Heim- 
holte Theorem      ....  511 

193.  Velocity  due  to  Vortex  .     .  614 

194.  Kinetic  Energy  of  Vortex  .  615 

195.  Straight  parallel  Vortices  .  616 

196.  Irrotational  Motion     ...  520 


197.  Uniplanar  Motion 

198.  Waye  Motion 

199.  Equilibrium  Theory 
Tidea     .     .     . 

200.  Tidal  Waves  i 

201.  Sound  Wavea 

202.  Plane  Waves 

203.  Echo.     Organ  pipes 

204.  Spherical  Waves 

205.  Waves  in  a  Solid 
WH.  Viseons  Fluids    . 


NOTES. 

Note  I.    Differential  Equations 559 

„     II.     Algebra  of  Indeterminate  Multipliers .  662 

„  III.     Quadratic  Differential  Form*.     l.iencraiiKcd  Vectora 563 

„   IV.     Axca  of  Central  Quadrio 667 

„    V.    Transformation  of  Quadratic  Fovms 672 

INDEX 580 


/Google 


LIST  OF  WORKS  C0N8U1TED  BY  THE  IIJTHOB. 


Appell,  Tratte  de  Mecanique  Rationelle. 

Boltzmann,  Vorlesungen  über  die  Prin- 
zipe  der  Mechanik. 

Budde,  Allgemeine  Mechanik. 

Christiansen,  Elemente  der  Theo- 
retischen Physik. 

(Tiilbrrt,  Elements  of  Dynamic. 

Despeyrous,  Cours  de  Möcanique. 

Föppl,  Vorlesungen  über  technische 
Mechanik. 

Gray,  Treatise  on  Physics. 

Helmholtz,  Dynamik  diskreter  Massen- 
punkte. 

Hertz,  Die  Prinzipien  der  Mechanik, 

Jacobi,  Vorlesungen  über  Mechanik. 

Kirchhoff,  Vorlesungen  über  mathe- 
matische Physik -Mechanik. 

t.  Lang,  Theoretische  Physik. 

Klein  und  Sommerfeld,  Theorie  des 
Kreisels. 

Lore,  Theoretical  Meehanics. 

Loudon,  Rigid  Dynamics. 

Mach,  Die  Mechanik  in  ihrer  Ent- 
wiekelimg\ 

Mathien,  Cours  de  Physique  Mathe- 
matique. 

Maswell,  Treatise  on  Electricity  and 
Magnetism. 

Poisson,  Tra-itd  de  M'ijciiniifiie. 

Rausenberger,  Lehrbuch  der  ana- 
lytischen Mechanik. 

Baal,  Tratte  de  Physique  Math^- 
matique. 

Ritter,  Lehrbuch  d.  Ingen ieurmech an ik. 

Routh,  Dynamics  of  a  Particle, 

Routh,  Dynamics  of  a  System  of  Rigid 
Bodies. 

Schell,  Theorie  der  Bewegung  und  der 
Kräfte. 

Somoff,  Theoretische  Mechanik. 

Sturm,  Cours  de  Mecanique. 

Thomson  and  Tait,  Treatise  on  Katural 
Philosophy. 

Voigt,  Elementare  Mechanik. 

Voigt,  Kompendium  der  theoretischen 
Physik. 

Williamson  and  Tarleton,  Elementary 
Treatise  on  Dynamics. 


Ziwet,  Elementary  Treatise  on  Theore- 

ti'in'.  Mechanics. 
Boussinesq,   Applications    des    Poten- 

tiels. 
Betti,  Teorica  delle  Forze  Newtoniane, 
Basset,  Treatise  on  Hydrodynamics. 
Bjerknes,    Vorlesungen    über    hydro- 
dynamische; Femkräfte. 
Clebsch,  St.Venant,  Theorie  de  l'Elasti- 

cite  des  Corps  Solides. 
Greenhill,  Treatise  on  Hydro statics. 
Heimholte ,      Dynamik     kontinuierlich 

verbreiteter  Massen. 
Ibbetson,     Mathematical    Theory    of 

Elasticity. 
Lame,   Le?ons  sur  la  Thöorie   mathe- 

matique    de   l'Elaaticitö    des    Corps 

solides. 
Lamb,  Hydrodynamics. 
L'Jvy,  Theorie  des  Marees. 
Lore,  Treatise   on   the   Mathematical 

Theory  of  Elasticity, 
Mathieu,  Theorie    de  TElasticite"    des 

Corps  solides. 
Hindun,  Treatise  on  Statics. 
Neumann,    Das    Logarithmische    und 

Uewtonsche  Potential. 
Peirce,  Elements  of  the  Theory  of  the 

Hewtonian  Potential  Function, 
Poincare,    Leijons    sur   la   Theorie   de 

l'EIastioiW. 
Poincarö,  Thöorie  des  Tourbillons. 
Poincarö,   Thöorie   du  Potentiel  New- 

tonien. 
Poincar^,    Figures    d'Equilibre    d'une 

Masse  Fluide. 
Rayleigh,  Theory  of  Sound. 
Riemann,    Schwere,   Elektrizität   und 

Magnetismus. 
Routh,       Treatise       on       Analytical 

Statics. 
Tarleton,  Introduction  to  the  Mathe- 
matical Theory  of  Attvaetion. 
Todhunter    and   Pearson,    History    of 

the  Theory  of  Elasticity. 
Wien,  Lehrbuch  der  Hydrodynamik. 
Williamson,   Mathematical   Theory   of 

fitress  and  Strain. 


/Google 


PART  I 
GENERAL  PRINCIPLES 


WBB8TBE,  Dynamics. 


/Google 


/Google 


CHAPTEß  I. 

KINEMÄTIOS  OF  A  POINT.     LÄWS  OF  MOTION. 

1.  Dynamics.  Dynamics  or  Mechanics  is  the  science  of  motion. 
It  is  the  fundamental  subjeet  of  Phyaica,  ainee  it  ia  the  aim  of 
seituitists  to  reduce  the  ch  a  ra  et  er  i  zation  of  all  physical  phenoraena 
to  description  of  atatea  of  motion.  The  prob  lern  of  dynamics, 
aecording  to  Kirchhoff1),  is  to  deacribe  all  motions  oecurring 
in  nature  in  an  unambiguous  and  the  simplest  manner.  In  addition 
it  ia  our  objeet  to  classify  them  and  to  arrange  them  on  the 
basis  of  the  simplest  possible  laws.  The  success  which  has 
attended  the  efforts  of  physicists,  mathematicians,  and  astronomers 
in  achieving  this  objeet,  fVom  the  time  of  Galileo  and  Newton 
through  that  of  Lagrange  and  Laplace  to  that  of  Helmholtz  and 
Kelvin,  eonstitutes  one  of  the  greatest  triumphs  of  the  human 
in  teile  ct. 

2.  Kinematica.  That  which  moves  is  matter.  The  propertiea 
of  matter  may  be  left  for  later  consideration.  We  may,  however, 
describe  motions  without  considering  the  nature  of  that  which  is 
moved,  —  this  forms  a  special  brauch  of  our  subjeet  known  aa 
Kinematics. 

Kinematica  is  merely  an  extension  of  geometry  and  may  be  ealled 
geometry  of  motion,  for  while  in  geometry  we  eonsider  the  propertiea 
of  space,  in  Kinematics  we  eonsider  also  the  idea  of  time,  giving 
us  another  variable.  Sinee  the  position  of  a  point  in  space  is  known 
when  its  three  reetangular  Cartesian  coordinates  with  respect  to  a 
definite  System  of  axes  are  given,  its  motion  is  eompletely  described 
if  its  coordinates  are  given  for  all  instants  of  time,  or  are  known 
funetiöns  of  the  time.     Analytically 

1)  x-A(f>,   i-f.lf),   -f.it)- 

The  funetions  f1}  fg,  fs  must  be  contiuuous,  aince  in  no  actnal  motion 
does  a  point  consideivd  disappuar   in   one  position  to   reappear  after 


i:  .Kiri;];holT,  Vorlese. üi:cn   (i  :■".:>■    :i:iLt.!:cM;al:ii-c}iii  i'Jiysik.     Mechanik,  p.  ] 
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4  I  KINEMATICS  Ol1  A  POINT.    LAVVS  Ol)'  MOTIOJN. 

a  very  smail  interval  of  time  in  a  new  position  at  a  finite  distance 
from  the  old.  The  functions  are  also  supposed  to  have  definite 
derivatives  for  every  value  of  t. 

Since  the  motion  of  a  point  involves  four  variables,  Kinematics 
was  called  by  Lagrange  Geotnetry  of  four  dimensions.  We  shali 
not  here  discuss  Llie  uature  of  time,  nor  the  raode  of  measuring  it, 
reserving  the  latter  nntil  we  have  considered  motions  that  actually 
occur  in  nature,  upon  which  all  methods  for  measuring  time  are  based. 

We  may  aeeept  the  fact  that  the  idea  of  time,  like  that  of 
space,  is  the  intuitive  possession  of  us  all.  Its  exact  definition  must 
depend  on  the  seienee  of  dynamics. 

3.  Sealars  anä  Vectors.  In  mathematics  we  have  to  eonsider 
two  sorts  of  quantities,  those  which  do  not  involve  the  idea  of 
direction,  called  by  Hamilton  sccdßrs  (becanse  they  may  be  speeifled 
by  numbers  marked  off  on  a  scale),  and  those  which  do,  called  slrp,* 
or  vectors.     The  distance  between  two  points  xlt  ylt  S1;  3^,  yi;  82 


2)  s  =  Y(x2  -  Xlf  +  (£  -  y,Y  +  fo  -  «,)■  ■ 

is  a  scalar,  whereas  the  geometrical  differenee  in  position  of  the  two 
points  is  known  only  when  we  speeify  not  merely  the  length,  but 
also  the  direction  of  the  line  joining  them.  This  is  usually  done  by 
giviiig  its  length  s  and  the  cosines  of  the  angles  made  by  the  line 
with  the  three  reetangular  axes, 

cosJ-,     cosjt,     C08V, 
which  in  virtue  of  the  relation 

3)  cosaA  +  cosV  +  cos*v  =  1, 

ieaves  three  independent  data.  We  may  otherwise  make  the  speci- 
fication  by  giving  the  three  projeetions  of  the  line  npon  the  co- 
ordinate  axes,  fc  _  g  00äX  =  ^_  ^ 

4)  $V  =  S  COS  (1  =  1/3 -Vi, 

Squaring  and  adding  we  have  in  virtue  of  relation  3) 

By    the  vector  iBwe  mean  the  line  in   the  direction  from  A 
to  _B,    and   its    projeetions    have    the    sign   of   the   coordinates   of  B 
minus  those  of  A,  the  vector  being  defined  as  that  which  carries  ns 
from  A  to  B.     We  may  write  symbolically 
pt-A  +  ÄB^ptB 
AB=pt-B-pt-A. 
AB  is   to   be  understood,    vector  AB.     Similarly   when   we  wish   to 
speeify  that  s  is  to  be  regarded  as  a  vector  (i.  e.  its   direction  is  to 
be  considered  as  well  as  length),  we  shall  write  7. 
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2,  3,  4]  SCALAKS  A_\!i  VICTORS.    KESÜLTANT. 

We  have  from  4)  and  5) 
cos  2  = 


^1  +  «J  +  »; 


COS  (t=a  —   =  - 


8  V4  +  ^  +  S! 

Also  multiplying  tlie  equations  4)  respectively  by  cos  X,    cos  (i,  cos  v, 
and  adding, 

7)  s*  cos  X  -j-  s„  cos  /i  +  s,  cos  v  =  s. 

Whatever  quantities  are  needed  to  completely  specify  a  quantitv 
are  called  its  coordinates.  A  point^has  three,  and  we  have  seen 
that  a  vector  also  has  three,  which  may  be  taken  as  sx;  sy,  S*.  In 
tliis  sense  all  vectors  are  to  be  considered  as  equal  whose  lengths  are 
equal  and  directions  parallel  irrespective  of  tlie  absolute  positions  of 
their  ends.  It  is,  however,  sometimes  necessary  to  distinguish  vectors 
equal  in  this  sense,  but  whose  ends  do  not  respectively  coineide. 
To  determine  such  a  vector  we  must  know  not  only  its  lengi.b  and 
direction,  but  also  the  position  of  one  end.  It  will  therefore  be 
specified  by  sis  coordinates,  which  may  be  the  three  coordinates 
of  one  end,  x1}  y1}  su  with  the  projections,  sx,  Sv,  ss>  or  the  co- 
ordinates of  both  ends,  x1,y1,s1>  n^iVi»  st-  ^ß  any  ease  tnere  w^ 
be  six  coordinates.  Such  a  vector  may  be  called  a  fhted  vector  to 
distinguish  it  from  the  ordinary  or  free  vector. 

4.  Addition  of  Vectors.  To  add  two  vectors  means  to  take 
successively  the  steps  denoted  by  them,  their  sum  being  a  shigle  ^tcp 
equivalent   thereto.     For  example,    (Fig.  1) 

ÄB  +  BC  =  A~C. 

The  vectors  AS  and  SC  are  ealled 
the  components  of  AG,  which  is  called 
their  residtant,  or  geometrical  sum. 

We  may  State  the  rule:  Place  the 
initial  point  of  the  second  vector  at  the 
terminal  point  of  the  first,  tlie  resnltant  or 
geometrical  sum  is  the  vector  from  the 
initial  point  of  the  first  component  to  the 
terminal  point  of  the  second.  This  con- 
st.ruction  gives  us  the  so -called  Iriawjlc  of 
vectors.  By  continning  the  process  any 
be  auded,  giving  us  the  poli/gon  of  vectors. 


umber   of   vectors    may 
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The  nature  of  the  construction  shows  that  the  resultant  is  inde- 
pendent  of  the  order  of  taking  Üie  comp  Orients. 

Since  a  negative  quantity  is  defined  as  that  which  added  to  a 
giveri  positive  quantity  produces  zero,  tlie  negative  of  AB  must  be 
BA,  for  by  the  above  rule, 

A+ÄB^B, 
B+BÄ  =  A, 

therefore  A  +  Ä~B  +  BÄ  =  A, 

AB  +  BÄ  =  0, 
BÄ  =  -Ä~B. 

The  coordinates  of  BÄ  are  also  the  negatives  of  AB.  The 
scalar  length  of  a  vector  is  called  by  Hamüton  its  tensor,  so  that 
the  tensor  of  the  negative  of  a  vector  is  the  same  as  that  of  the 
vector  its  elf. 

It  is  evident  from  the  definition  of  a  vector  that  the  projncf.iou 
of  the  sum  of  two  vectors  on  any  direction  is  the  algebraic  sum  of 
l.he  projections  of  tlie  eoinpononts.  Projectlng  on  th<?  i;hree  directum* 
of  the  coordinate-axes,  and  distinguishing  the  projections  of  the 
components  by  Suffixes,  we  have  for  the  projections  of  the  resultant, 

3j,  =  Sij,  +  sSff, 
Sz  =  Sia  +  Snsl 
S*  =  (Si,  +  S3I)2+  (Sit  +  sS)/)2  +  (su  +  «*,)*> 
and  for  the  sum  of  any  number  of  veetors, 

8)  s>-  (zs,y+  (r8,)'+  (za.y. 

We  may  easily  find  an  expression  for  the  projection  of  any 
vector  ~s  upon  any  direction,  which  is  given  by  its  direction  cosiues, 
cos  X,  cos  (i,  cos  v.  We  have  for  the  angle  &  between  two  lines 
whose   direction  cosines  are  cos  X,  cos  ji,  cos  v,     cos  X',  cos  jt1,  cos  v, 

cos  #  =  cos  X  cos  X'  -f-  COS  (I,  cos  (l'  +  cos  v  cos  v, 
but  by  6),  we  have  for  s, 

COS  X'  =  —  1      COS  (t'=—)      cos  v'  =  —  ! 
bo  that 

9)  s  cos  &  =  sx  cos  X  +  s,j  cos  ji  +  s*  cos  v, 

which  is  the  expression  for  the  projection.    Taking  for  the  direction 
of  projection  the  direction  of  the  vector  itself ,  tkis  beeomes  equation  7). 
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If  CObA,  COS/4,  cosv  are  the  direction  cosiues  of  a  secoad  veetor  sJJ 


rmiltiplving   Tjv    sä    we   have  the   expression   symmetrica!  with  respect 
to  both  vectors 


10) 


,'j  eosö1  =  $ixs$x-\-  Siff8gj,4-  * 


This  expression,  which  may  be  defined  either  as  the  product  of  the 
tensors  of  the  vectors  and  the  cosine  of  their  included  angle,  or  as 
the  tensor  of  either  multiplied  by  the  value  of  the  protection  on  its 
direction  of  the  other,  is  so  important  that  it  Iias  received  a  special 
aame,  and  will  be  called  the  yeomelric  prothid  of  the  two  vectors. 
It  is  not  a  veetor,  but  is  essentially  a  scalar  quantity,  and  its  negative 
was  called  by  Hamilton  the  scalar   product   of  the  vectors. 

The    condition    of   perpendieularity    of   two    vectors  is  that  their 
geometric  product   vimishes. 


l-l) 


S»n+  SiB5»ff-j-  SisSa3  =  0. 


5.  Moments.  Consider  a  frxnä  veetor  AB,  Fig.  2. —  The  product 
of  the  length  AB  and  the  perpendicnJar  distance  of  0  from  AB  is 
called  the  moment  of 
AB  about  0.  It  is 
ari  thmetically  eqnal 
to  twice  the  area  of 
the  triangle  OAB. 
The  sign  of  the 
moment  will  change 
with  the  direction  of 
AB.  If  we  draw 
a  line  through  0 
whose  length  is 
equal  to  the  magni- 
tude  of  the  moment 
and  whose  direction 
is  perpendicular  to 
the  plane  OA  B,  this 
line  is  called  the  axis 

of  the  moment,  and  in  a  certain  way  reprosents  the  latter.  We  shall 
draw  it  in  such  a  direction  that  a  person  standing  on  0  with  his  back 
against  the  axis  would  see  motion  from  A  to  B  as  from  right 
to  left. 


Fig.  a 
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The  coordinates  of  the  axis  may  be  found  from  those  of 
the  vector  AB  and  of  0.  If  we  choose  0  for  origin,  OAB 
for  the  plane  of  XY, 
(Ing.  3)  and  let  the  co- 
ordinates of  A  be  x,  y,  tlie 
projeetions  of  AB,  sx,  ss, 
we  have  for  the  area  of 
the  triangle   OAB 

^{(x+s^iy+syyxy-sts,) 

~ysx=^(xs„-ysx). 

^     Accordingly  we  haYe  for 

m,   the  moment  about  0 

~~£^  of    a   vector   whose    pro- 

"""«,,       /  jections    are    Sx,    s„    and 

7  whose    initial    point    has 

•'  F.   g  the  coordinates  x,  y, 

m  =  xsy~  ysx. 

find  the  moment  of  the  resultant  of  two  vectors  drawn  from 
initial  point,  whose  plane  contains  0,  their  projeetions  Ixiing 
sj,  Sy,  sj,  sx",  sy",  st",  we  have 

m-x(lj+l,")- y  (*.'+*.") 

thus  the  moment  of  the  resultant  is  equal  to  the  sum  of  the  mo- 
ments.  If  the  plane  of  OAB  is  noj  one  of  the  coordinate-planes, 
we  may  projeet  the  triangle  OAB  upon  the  three  coordinate-pliuies. 
and  obtain  three  moments  mx,  mg,  mz.  If  the  direction  cosines  of  the 
axis  of  m  are  cos  a,  cos  ß,  cos  <y,  we  have  hy  the  rule  for  the  projectiuii 


To 

the  same 


jms=  mx*-\-  my2-\-  m*. 

Therefore  the  moment  m  has  three  coordinates,  mx,  mn  ms,  and  may 
itself  be  considered  a  vector  m.  Since  the  coordinates  of  the  pro- 
jeetions of  A  and  AB  on  the  YZ  plane  are  y,  s,  sS)  s,,  we  have  by 
the  preceding  formnla 


12) 


jj  =  ys,  —  zSy, 


-ysx. 


In  the  language   of  Hamilton  m  is  the  vector  produet  of  the  vector 
OA  into  the  vector  AB.   We  have  evidently 
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xmx  +  ymy  -J-  am,  =  Q 

that  is,  the  vector  product  of  the  two  vectors  is  perpendicular  to 
tlieir  plane.  From  the  definition  of  moment,  or  by  reference  to  Fig.  3, 
its  magnitude  or  tensor  is  equal  to  the  product  of  their  tensors  tiraes 
the  sine  of  the  angle  inclnded  ljetwecii  them.  (It  is  to  be  noted  that 
the  projections  of  the  first  factor  in  the  vector  product  follow  each 
other  in  cyclic  order  in  equations  12),  those  of  the  second  factor  in 
reverse  order.)  It  is  at  once  evident  that  the  moment  of  the  resul- 
tant  of  two  vectors  with  the  same  initial  point  is  the  resultant  of 
their  individual  moments.  Thus  moments  are  to  be  considered  in  all 
Iike  vectors.  It  is  evident  that  the  moment  of  a  vector, 
,  with  initial  point  x,  y,  s,  about  a  point  |,  ij,  %,  has  the 
projections: 

M.  =  (i,-n)8s-(j!-  0  Sy 

13)  «s  —  C*  —  0«-  —  C*— 0«. 

ms  =  (x  —  X)  s„  —  (y  —  i\)  s«. 
6.  Velooity.  As  a  second  nieans  of  description  of  the  motion  of 
a  point  we  may  give  the  georaetrical  locus  of  the  positions  that  it 
occupies  at  different  instants.  This  is  called  the  path  of  the  point, 
and  if  it  is  straight,  the  motion  is  said  to  be  reetilinear.  This  ahme 
does  not  snffice  to  describe  the  motion,  for  the  same  path  may  be 
descrihed  with  different  speeds.  We  must  thereibre  give  soiiiuthing 
whieh  shall  determine  what  positions  are  roiiclwd  at  various  instants. 
If  we  call  s  the  distance  the  point  has  traversed  in  its  path,  counting 
from  a  fixed  poiut,  and  give  the  value  of  s  for  every  value  of  t 
s  =  <p(t),  this  together  with  the  equations  of  the  path,  wbich  may  be 

14)  Fs(x,  S,  »)  -  0,    F,(x,y,s)-0, 

completely    specines    the   motion,    makiug   as    betöre    three    eqnatioiss. 
The  -aitocity  of  tbe  poiut  is  defined  as  the  limit  of  the  ratio  of  the 
longtb   of  the  path   As   descrihed  in  an   interval  of  time  At  to  the 
time  At  wheu  both  decrease  without  limit,  that  is, 
,->  ,.       As       ds 

lo)  •~jS.S-3t' 

Velocities  of  the  same  numerical  magnitude  may  however  have 
different  directions,  accordingly  to  completely  specify  a  velocity  we 
must  give  not  only  its  magnitude,  hat  also  its  direction.  It  is  there- 
fore  a  vector  quantity.  Its  direction  is  that  of  the  tangent  to  the 
path  at  the  point  in  question,  and  its  direction  cosmea  are 
dx  dy  du 
ds         ds'       d$ 
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A  veloeity ,   like    any  other  vector,   may  be  resolved  into  com- 
ponents, 

äx       ds  dx dx 

x  ds  ~~  dt  ds         dt 

16) 


dy 

ds  dy 
dt  ds 

dy 
dt 

ds~  = 

"dt  ds  ~ 

dz 

dt 

,i=tl  —  =  --  ---- 


or  the  projection  of  the  veloeity   on  any  direction  is  the  veloeity  of 
the  projection  of  the  point  on  that   direction.1)     We  have  therefore 

»)  »'=©'=©*+(»)'+©' 

A  third  method  of  description  of  a  motion  would  be  to  give  as 
before  the  equations  of  the  path  and  to  give  the  veloeity  as  a 
funetion  of  the  time, 

»-§=*(')■ 

An  Integration  of  this  differential  equation  would  give  us 

s  =  eonst  +fi!(t)dt  =  <p(t), 
and  we  should  have  the  same  form  as  before. 
Pourthly  we  might  have 

is)   v.-§=m,  •,-U-r,®,  '.-U-F'f> 

together  with  the  initial  conditions 

x  =  %o,    y  =  y0,    #  =  0o,    when  t  —  t0. 
An  integration  of  these  three  siraultaneous   equations  would  give  us 
ü  description    äquivalent  to  1). 

In  equations  1),  if  (  is  any  parameter,  not  necessarily  the  time, 
we  have  what  is  called  the  parametric  representation  of  a"  curve. 
By  the  elimination  of  t,  we  may  obtain  two  coordinates  as  funetions 
of  the  third,  If,  on  the  contrary,  we  have  only  the  path  given, 
whereas  the  geometry  of  the  motion  is  known,  kinematieally  the 
description  is  incoinplefce,  as  the  speeification  of  the  time  is  kekiug. 
To  remedy  this  defect  of  the  geometrical  representation,  Hamilton 
introduced  the  Hodograph,  which  is  a  curve,  the  locus  of  a  point 
related    to    the   moving   point   on   the   path   by   having   its  position 
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vector  with  respect  to  a  point  taken  as  origin  equal  to  the  vector 
veloriiy  of  the  moving  point.  Tims  the  radius  vector  of  any  point 
on  the  hodograph  is  parallel  to  the  tangent  at  the  correspnnding 
point  of  the  path.  If  X,  Y,  Z  are  the  coordinates  of  a  point  on 
the  hodograph,  we  have  for  the  relation  between  the  two  curves, 


19) 


dt 


so  that  having  ustublished  the  correspondence  of  point  to   point,   we 
oi>irmi  the  time  from 


20) 


S\ 


y  x*+  y>  +  z* 


We  shall  call  any  vector  which  is  related  to  another  vector  as  the 
vector  X,  Y,  Z  is  to  the  vector  x,  y,  s,  the  veloeity  of  the  vector, 
and  by  a  natural  extension,  shall  call  the  locus  of  the  end  of  the 
second  vector  drawn  from  a  fixed  origin  the  hodograph  of  the  first 
vector.  Thus  we  call  Hamilton'*  hodograph  the  hodograph  of  the 
Position  vector  of  the  first  point. 

7.  Polar  Coordinates.    If  a  point  moves  in  a  plane  it  may  he 

wmvenient    to    speeify    its    position    by    means    of   polar    coordinates. 

Let  r  be   the   distance   of  the  point 

from  the  origin  0,  <p  the  angle  that 

the     radius     vector    makes    with     a 

fixed    line    through    the    origin.     If 

now    the    point   moves   from    A    to 

B  (Fig.  4)   in  the  time  At,    describ- 

ing  the    Space   As,   so  that  r   turne 

through  the  angle  Afp,  afc  the  same 

time  increasing   by    Ar,  we   may   re-  Ftg.4. 

solve    the    veloeity    into    two     com- 

ponents,  one  proportional  to  AG,  where  AC  is  perpendieular  to  OB, 

the   other  proportional  to  OB.     We   have  then  the  following  vector 

equation 

'AG   . 


*suig  i 


>  the  limit 


-      ,.      (ÄG   .    GB\ 


21) 


The  two  components  of  v  may  be  called  the  radial  veloeity, 
Vr=  dt'  ajl^  *^e  $rmsvef'se  veloeity,  v9=r-£-  The  rate  of  increase 
of  the  angle  tp  is  called  the  angular  veloeity  ■  J,-  The  vector  equation 
21)  gives  rise  to  the  scalar  equation 
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\dt)  \dtj  "■"  ^dij  ' 


tliat  ia, 
22) 

which   might  have  been  obtained  from  the  expression  for  the  lengths 
of  the  arc  in  polar  coordinates. 

8.  Sector  Velocity.  Let  the  polar  coordinates  of  a  point 
at  the  time  (  be  r,  cp,  and  let  the  area  of  the  sector  enclosed  between 
the  path,  the  flxed  litte  of  reference, 
l\rdy>  and  the  radins  veetor  be  denoted  by  S. 
If  s  denote  the  angle  made  by  the 
tangent  to  the  path,  in  the  direction 
of  raotion  with  the  direction  of  the 
radius  veetor  from  the  origin,  we 
have  (Fig.  5) 

dr  =  ds  cos  e, 
rdtp  =  ds  sin  s, 
and  if  in  the  time  dt  the  area  of  the 
sector  increases  by  dS,   we  have 

Wb- 5-  dS  =  -ä>'ds  sin  e  =  -^r2d<p. 

The  rate  of  increase  of  the  area  of  the  sector 

£Ai  dt      a r  dt' 

may   be    called    the   sector   velocity,    and   making   use   of  the   vafue 
~  "-'■»  s,   we   see   that  it  is  equal  to  one-half  the  product  of  the 


idt7 


magniiude  of  the  velocity  ;,  ;okI  the  [>erpendicular  distance,  d  —  rvine 
from  the  origin  to  the  line  of  direction  of  the  velocity,  that  is,  to 
one-half  the  moment  of  the  velocity.  Therefore  the  sector  velocity 
may  be  represented  by  a  vector  perpendicular  to  the  plane  OAB, 
the  components  of  which  will  be 


dSx 


and  we  also  have 

25) 


dSy_    1    , 

dt  '     2  <8i 
dt        -2  v* 

-(t;+(t)*+(t)" 
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9.  Acceleration.  If  tlie  velocity  of  a  point  is  variable  with  the 
time  we  define  the  acceleration  of  the  point  as  the  limit  of  the  ratio 
of  the  increment  of  velocity  Av  to  the  increment  of  time  At,  as 
both   approach   zero.     We  niay  consider  either  the  numerical  change 

,.    .   Av       äv       dss 

j™  Äi  =  äi  =  dF*: 

or  the  geometrioal 
If  we  draw  a  veetor  AB 
(Fig.  6)  to  represeni  the  velo- 
city at  the  time  t  and  the 
veetor  AG  to  represent  the 
velocity  at  the  time  t -\-  At, 
and  draw  the  arc  of  a  circle 
BD,  DG  will  represent  the 
numerical  change  of  velo- 
city, Av,  not  considering  its  Mg.  f 
direction,  while  BC  re- 
presents  its  geometrieal,   or  veetor  change,  A~v,  i 

ÄB  +  BC  =  AC 

BC^A~Ö-ÄB  =  Av. 


-  lim 


;  tlie  veetor  ;;i.|.e.t_'l<xmt;u.i.).  <■ 


Since  the  projeetions  of  the  geometrieal  difterence  of  two  vectors 
are  the  differences  of  tbe  projeetions,  the  eomponents  of  «  in  any 
direction  will  be  proportional  to  the  changes  of  the  correspondins 
eomponents  of  the  velocities,  that  is 


2(5) 


In  the  language  of  %  6,  the  acceleration  is  the  velocity  of  the 
velocity -veetor. 

The  veetor  acceleration  ~~ä  being  the  resultaut  of  the  eomponents 
<W#s,  «:,  h;ls  tlnj  numerical   value  or  tensor 


=i/(S)"+(S)'+(0)' 
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This  is  not  in  general  equal  to  -rrs>  whieh   is  the  aceeleration  of 
the    scalar  velocity.     The    direction    of  a    is   given  by   its   direction 

A'JLl,,     „„.^  _*!_/„ 


27)       cos  (ax)  =  -jrr  a,     cos  (ay)  —  —/«, 


•<.")- jöh- 


10.  Aceeleration  Compouents.  We  may  now  find  the  com- 
ponent  of  the  aceeleration  in  the  direction  of  the  tangent  to  the  path. 
The  direction  cosines  of  the  tangent  being,  by  §  6, 


L'3) 


;  for  the  tangential  component  by  9) 


vi  dt    dt1 
ßut  differentiating  equation  17) 


_  dy  d*y 

dt   dt* 


dt   dt"       dt    dt1 
and  dividing  by  v  and  comparing  with  28) 


dy    tC-y 
dt    dt3'  ~i 


that  is  the  aceeleration  of  the  scalar  yelocity  i 
vector   aceeleration    on   the 


i  the  protection  of  the 
This    is    called   the    tangential 
aceeleration,     or    aceeleration 
in  the  path. 

We  may  obtaiu  a  con- 
venient  expression  for  the 
reinaining  component  of  the 
aceeleration.  If  Pand$(lTig.7) 
be  two  "conseeutive "  points 
of  the  path,  the  plane  con- 
taining  the  tangent«  at  P 
and  Q  is  called  the  osculating 
plane,  or  plane  of  prineipal 
ourvatore.  Normals  drawn 
in  this  plane  are  called 
prineipal  normals,  and  the 
point  0  where  they  intersect, 
the  center  of  curvature.  The 
radius  ÖP=p  is  called  the 
radius    of    curvature.    If  the 

angle  between  the  consecutive  tangents  is  Ar  and  the  distance  between 

the  points  P,  Q  is  As,  the  curvature  is  defined  as 
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Since  the  angle  between  the  tangents 
norm  als 


egual   to  that  between  the 


If  as  before  we  draw  lines  AB,  AG  (Fig.  6)  representing  the 
velocities  at  P  and  Q,  the  aeceleration,  lim  — '■,  is  in  the  plane  of 
AB  and  AG,  that  is  the  vector  aeceleration  is  in  the  oscnlating 
plane.  As  we  have  already  found  the  component  parallel  to  the 
tangent,  there  remains  only  the  component  parallel  to  the  prineipal 
normal.     Since  BG  is  proportional  to   the  aeceleration,  DO  is  pro- 


portional   to    the     tangential     aecderatkni. 
aeceleration  ay,  and  since  the  angle  at  A  i 
BD  =  vät 


BD    to    the    normal 
and  the  side  ABis  v, 


Also  s 
30) 


This  normal   aeceleration    is   always    directed    iowarä   the    center    of 
eurvature,  and  is  otherwise  called  the  aarlripi.lid  aeceleration. 
Inserting  the  above  values  in  the  equation 
a2  —  a%  +  ($, 
we  may  obtain  an  analytical  e.xpression    Cor  the   radius    of  eurvature, 

*>    (sr+(S)'+(S)*=(s?r+7.Q4' 

Let  us  change  the  independent  variable  from  (  to  s.     We  have 
dx       da:  ds 


and  differentialing  ;- 


and  similarly 


l  by  *, 

d'ic dx  d*s        d1?,  (ds\ 

Ji*  ~  Is  dt*  ~*~  ~d$*  \di ) 

ä*y dy  d^s         d'*y  I  ds\ 


"  ds  dt*    ■    ds*  \dt  I 
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Squaring  and  adding,  31)  becomes 

dy<Py       de  <?»g  1    .    (dsy  ifd*x\*      (d*y\*      (££\*\ 
"*"  äsds*  ^  ds  äs*}^~  \dt)    1\<W  ^Kds*)  ^  \dssj  i 

_(d^y+±(ds\\ 

\dt')  x  9a  \dt  j 

HowT8ha,e(-y+(g)'+(|i)'=l. 

Differentiating  this  by  8  gives 

d    t(dx\i      (dyy,(dz\%\  tax  ä*x,    dyd*y    ,dx  d>s\_n 

ds  {(dt)  +  \dS)  +  {-Ts)  l=2  Idid^  +  äS-iri+ds-d^}-0- 

Therefore  equation  32)  reduces  to 

(§)"+  (S)*  ((&)'+  (S)'+  (S)'l =(£)'+  *(£)■ 

or 

BB)  MS)"+(S)'+(S)° 

If  ||  =  v  =  1,  rfs  =  dt  and  the  right  hand  member  of  33) 
becomes  the  Square  of  the  acceleration.  We  thus  have  a  kineinatical 
definition  of  curvature,  viz.,  the  acceleration  of  a  point  traversing 
the  curve  with  ruht  velocity.    This  agrees  with  the  original  expression 

30),  ar  =  —  j  for  if  v  =  1,  at  =  0,  the  acceleration  is  entirely  normal 

1  Q 

and  av  =  -  =  k. 
p 
We  may  in  like  manner  resolve  the  acceleration  into  components 
along  the  radius  vector  and  at  right  angles  to  it.  Let  us  consider 
the  case  of  motion  in  a  plane,  that  of  XY.  We  will  call  the  radial 
component  of  the  acceleration,  or  the  radial-  acceleration,  ».,.,  and  we 
shall  find  that  it  is  not  equal  to  -yrr>  which  is  the  scalar  acceleration 
of  the  radial  veloeity.  We  will  denote  the  component  perpendicular 
to  the  radius  or  the  transverse  ac.eleralion  by  a,f  which  is  not  equal 

to  the   angular  acceleration  ■.-?>  nor  to  the  acceleration  of  the  tniu.;- 
dt* 

verse  veloeity,  -*?■• 

Differentiating  the  formulae  for  the  change  of  coordinates 

x  =  rcosrp,     j/  =  rsinip, 
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Differentiati 

:1g    ilglljjl 

dsx  _  dar 
dt'  ~  dt'    c 

„    .         da  dr              .         dsa> 
o,tp-2*m.<pit-3r-r«n-T-3Jr- 

-  rcostp  | 

fd<p\ 
\dt) 

däy         d*r 
W  ~  dt*   a 

,    a            dtp  dr    ,                d''w 

-  r  sin  tp 

{dt, 

The  direction  cosines  of  tlie  radius  vector  are: 
coa(rx)  =  eos  tp,  aos(ry)  =  sii 
so  that  we  obtain  by  resolution, 


34! 


dt" 


heing  less  tlnin  the  sealar  aeceluration  of  the  radial  velocity  by  the 
product  of  the  radius  vector  and  the  Square  of  the  angular  velocity, 
(If  -jrr=0,  the  motion  is  cireular,  anil  ar  is  the  normal  acceleration.) 
The  direction  cosines  of  a  line  perpendicular  to  r  and  in  the 
direction  of  increasing  tp  are,  —  sin  tp,  cos  tp,  so  that  for  the  trans- 
verse  acceleration  we  obtain, 

d*x     .  ,    d*y  d'tp    ,    adw  dr 

f  dt*         T        <Z(a         r  a*1  dt  dt 

which  may  be  written 

"^  ^  _  r  dt  V     <W 

Of  conrse  we  have 

a*  =  <tf  +  o*. 

11.  Moment  of  Acceleration.     The  expression  in   the  paren- 

thesis  of  ;55)  is  by  2;i)  equal  to   twice   the  sector  velocity  -jr-     Let 
us  call  -jTi-   the  sector  acceleration.     Thus  in  plane  motion 


:-iro 


,.-2" 


d8S 


Suppose  (Fig.  8)  AB  represents 
tlie  acceleration  a,  then  AC  per- 
pendicular to  r  represents  av, 
therefore  rttq,  is  twice  the  area 
of  the  triangle  OAB.  But  that 
is  tlie  moment  of  the  acceleration 
about  the  point  0.  Accordmgi.y 
twice  the  sector  acceleration  is 
equal  to  the  moment  of  the  accel- 
eration about  the  origin,  or 


2-77F  =  «<V 


■  y  <**>■■ 


WSBSTEK,  Dynami 
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If  the  motion  is  not  in  one  plane,  we  have,  differentiating  the  sector 
velocity  components  24) 

d*Sx         d-z         ä'y 
dt1  ==^dti~Bdli' 

d*S„         d*x         ä*z 

37)  *-&  —  ■&-*■&> 


The  resultant  of  these  is  the  moment  of  the  aoceleration.  The  fact 
that  the  moment  of  the  acceleration  is  the  esact  time  derivative  of 
the  moment  of  veloeity  leads  to  an  important  general  principle  of 
inechanies,  the  so-called  Law  of  Areas. 

12.  Kepler 's  Laws.  We  may  now  obtain  Newton's  conclusions 
from  Kepler's  three  laws  of  planetary  motion,  which  were  purely 
ti n em alicn!  and  baeed  on  a  great  amount  of  observational  material 
eolleeted  hy  Tyelio  Brahe.  The  first  law  states  that  the  areas  swept 
over  by  the  radius  vector  clrawn  from  the  sun  to  a  planet  in  equal 
times  are  equal.     (The  motion  is  in  one  plane.)     That  is 

dS 

■^,  =  eonst., 

dt  ' 

df 

therefore  from  37)  the  moment  of  the  acceleration  with  respect  to 
the  sun  is  zero.  Con^et jvicnr.lv  tlio  Imc  of  di  rectum  of  iku  itcculura 
tion  passes  through  the  sun,  or  the  acceleration  is  central. 

The  second  law  states  that  the  planets  describe  ellipses  about 
the  sun  as  a  focus.  The  ellipse  heing  alwaye  coneave  toward  the 
focus,  the  acceleration  is  directed  toward  the  sun.  In  order  to 
deduce  the  quantitative  meaning  of  the  second  law,  we  will  use  the 
polar  eqnatkm  of  a  conic  section  rel'errerl  to  the  focus, 
J>  =  a(l-Q  /) 


'i+'i  =  CT=20-    P-«(l-e*)- 
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tnd  will    find   the   value  of   the  central   acceleration.     We   have  34) 


but  from  Kepler's  first  law, 


Now  changing  the  variable  from  t  to  cp, 

dr  dr  dg>        h   är ,    d    1 1 

dt        dq>  dt         c5  d<p  d<p  \  r 

Differentiating  by  t, 

d*r  -,    di   /l\dqi A8    ds   , 

dt*  d<p*  \r  /  dt  r*  d cp8 ' 

From  the  equation  of  the  path  we  obtain 

1        1    .    e 

—  =  -  -  4-  -   cos  cp, 
»-         £        p         T' 

<Z    /l\  e    . 

d1  /1\  e  1         1 

T-»   —    =  —  —  costp  = — ■ 

Inserting  this  value  above  gives 

d*>  __  _    As      ,     hs 
di>  ~        jiVa  +  ~rs'' 

and  finally, 


Thus  the  i'act  that  the  path  is  a  conic  seetion  shows  that  the  central 
acceleration  varies  inversely  as  the  Square  of  the  length  of  the  mdius 
vector.  The  negative  sign  shows  that  the  acceleration  is  toward 
the  sun. 

The  third  law  states  that  for  different  planet  s  the  Squares  of 
the  times  of  describing  the  orbits  aro  proportional  to  the  cubes  of 
the  major  axes. 

Since 

dt  ' 

if  T  is  the  time  of  a  complete  period  hT  is  twice  the  area  of  the 
orbit. 
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^-(1-A 


Now  since  =  is  by  the  third  law  constant  for  all  tlie  planets,  the 
factor  by  which  the  inverse  Square  of  the  radius  vector  is  nmltiplied 
in  order  to  obtain  tbe  central  acceleration  is  the  same  for  all  the 
■plimrfs  und  denends  only  on  the  sun.  We  have  thus  obtained  a 
complete  lrinematieal  statemenfc  of  tbe  law  of  gravitation  for  the 
planets. 

.Newton  tested  tbe  law  of  the  inverse  square  by  applying  it  to 
the  motion  of  the  moon  about  the  earth,  and  comparing  its  accelera- 
tion  with  tbat  of  a  body  at  the  surface  of  the  eartb  as  directly 
observed.  Supposing  the  moon's  orbit  to  be  circular,  of  radius  a, 
with  period  1,  since  the  tangential  acceleration  is  zero,  its  veloci.ty 
is  constant,    and   equal  to  ■      Its    acceleration,    which    is    entirely 

normal,  will  aecordmgly  be  by  30) 

«m  =  --■■  = -y-s-' 

If  the  acceleration  varies  inversely  as  the  Square  of  the  distance,  the 
acceleration  experi.enced  by  a  body  at  tbe  earth's  surfaee  a,  will  be 
given  by 


,  2jtjR  =  4'107  meters, 

(i  _  ,  rn  eters 
^i>,uu  ■  60  sec.j2  '         sec.s 

Now  terrestrial  oh^ervaüotis  give  l'or  the  mean  acceleration  of  bodies 
at  the  earth's  surface  9.82  '  '  V  .■  which  by  a  more  exaet  cakulation 
is  in  agreement  with  the  predieted   result. 

13.  Physical  Axioms.  Lavs  of  Motion.  It  is  necessary  in 
order  to  pasa  from  the  kinematical  speeifleation  of  motion  to  the 
dynainical  one  to  make  use  of  knowledge  drawn  from  a  consideration 
of  terrestrial  phenomena.  This  knowledge  is  snmmed  up  by  Newton 
in   his   tliree   A:ciomaio,   ni<;c   Lei/es  Motus.     An   axioni   is   i 


where    li 

is  the 

earth's 

radius.     Theret'ove 

a,= 

'  a™~B*  ~~'B*fT' 

Now  we 
a  =  WJR. 

have  T=27d 
.  from  which 

.  7h, 

43  m.  =  39,343 

2a 

■  60"  ■ 

4  ■  10' meters          q 
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Thomson  and  Tait1)  as  a  proposition,  the  truth  of  which  must  be 
adinitted  as  soon  as  the  terms  in  which  it  is  expressed  are  elearly 
und  erst«  od.  These  physical  axioms  rest  not  on  intuitive  perception, 
but  on  convictions  drawn  from  Observation  and  experiment. 

The  manner  of  summing  up  the  results  of  our  experience  is  to 
a  great  extent  unimportant,  provided  tliat  it  is  sufficiently  all- 
embraciug.  We  are  not  concerned  wifch  the  aietapliysical  question 
of  the  causes  of  motions,  but  merely  with  the  physical  question  of 
stating  what  is  actually  fovmd  to  take  place  in  nature.  The  statement 
may  be  made  by  means  of  a  Single  analytieai  Ibvmula,  as  was  done 
in  different  ways  hy  Lagrange,  Hamilton  and  Hertz,  or  we  may 
consider  the  various  asstimptions  upon  wbich  such  formulae  are 
founded,  niaking  detailed  Statements,  emploving  tioneeptions  with 
which  we  are  familiär. 

This  is  what  was  done  by  Newton,  and  although  bis  laws  have 
received  eonsiderable  crii.icism,  they  have,  when  properly  nndemood, 
heen  generaliy  admitted  to  be  better  than  anything  that  has  been 
proposed  in  their  place. 

Lex  I.  Corpm  omne  perseverare  in  statu  suo  qwescendi  vel 
'iitor.cndi  müformiier  in  directum ,  niai  quütmua  a  viribus  -impressis 
cogüivr  statu/m  sultm  miliare. 

Every  body  persists  in  its  state  of  rest  or  of  uniform  motion 
in  a  straight  line,  exeept  in  so  far  as  it  may  he  compelled  by  force 
to  change  that  state. 

The  property   of  persistonc«  thus   defined  is  callcd  Incriia. 

Thia  gives  a  criterion  for  finding  whether  a  force  is  aoting  on 
a  body  or  not,  or  in  other  words  a  negative  deflnition  of  force. 
Force  is  acting  on  a  body  when  its  motion  is  not  uniform.  By 
uniform  we  mean  such  motion  that  the  vector  velocity  is  constant. 
If  the  body  be  a  matctial  point,  that  is  a  body  so  small  that  the 
distances  between  its  difterent  parts  may  be  neglected,  the  motion  is 
uniform  if 

38) 


dx  dy  dz 

dt  ~"~  Cl'      3t  =  "*>      dt   ~' 


ds%  =  ä*y  =  dH  _  -, 
dt1        dts        dt* 

Aecordingly  we    see    that  the   force  and  acceleration  vanish  together. 
hilvgrating  the  eq  uations  38), 

x  =  e1t  +  dlf     y  =  c2t+  a\,     z  =  c3t  +  dz, 
39)  x-d,  _  y-ds  __  z~äs 


1)  Tlioniooii  aiul   Tn.il..  Xaturiil  iTiilosophj,  J  24a. 
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the  path  is  a  straight  line,  and  since 


it  is  traversed  witb  constant  velocity.  We  may  on  the  other  hand 
interpret  the  statement  as  giving  us  a  means  of  measuring  time. 
Internate  of  time  are  proportional  io  the  eorrcspondinf/  (Hxt-mices  traversed 
by  a  materied  point  not  actcä  on  by  forces. 

Obviously  this  sta.tement  gives  us  an  absolute  definition  neither 
of  time  nor  of  force,  hat  only  a  relation  between  them.  It  is 
difncult  or  impossible  for  us  to  realize  experiinental  conditions  in 
which  a  body  shall  be  withdrawn  from  the  influence  of  all  force. 
However  we  may  ap proximale  toward  I.his  Kondition,  which  must  at 
any  rate  give  us  the  ideal  niPsisnr(.'moiit  of  time.  However  we  find 
in  nature  auguhir  motions  which,  by  an  application  of  the  first  law, 
give  us  a  practica!  means  for  the  measurement  of  time. 

The  second  law  gives  us  in  a  moTe  positive  manner  than  the 
first  a  measure  of  a  force. 

Lex  IL  Mutatiouem  motu?;  proportionalem  esse  vi  motrici  im- 
presso*}, et  fieri.  seeundum.  tineom  rectum  qua  vis  illa  imprimiim. 

Change  of  motion  is  proportional  to  force  applied,  and  takes 
place   in   the   direction   of  the  straight  line   in  which  the  force  acts. 

By  change  of  motion  is  meant  acceleration.  If  all  our  experiments 
were  made  with  a  single  body,  there  would  be  no  advantage  in  the 
iiir.i'oduction  of  the  term  force  over  that  of  acceleration,  the  mul- 
Uplicfttion  of  names  benig  us'eless  when  no  new  ideas  are  thereby 
mtrodueed.  The  eotivenience  of  the  term  force  arises  from  the 
consideration  of  the  third  law.  In  the  case  of  more  than  one  body 
the  factor  of  proportionality  mentioned  above  requires  separate  defini- 
tion for  the  different  bodies. 

Lex  III.  Aäio-ni  coiitnwio.iu  semper  et  ae</ua!em  esse  reactwnem: 
sime  corportvm  dnoram  actiones  in  se  mutno  semper  esse  aeqaaks  et  in 
partes  contrarias  dwigi. 

To  every  action  there  is  always  an  equal  and  contrary  roacÜoii : 
or,  the  mutual  actions  of  any  two  bodies  are  always  equal  and 
oppositely  directed. 

If  we  have  a  certain  action  between  two  bodies  1  and  2,  and  if 
the  a.dio  were  proportional  only  to  the  accelerations,  we  should  have 
d^Xj  d^Xj,       rö5«/,  ^ys        äsij  d2zs 

which  is  not  found  to  be  the  case.  We  must  accordingly  iniroduce 
a  factor  of  proportionality,  or  (for  synraietry)  two  factors,  so  that 
we  write 
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in?-  ■    "»'Ü' 


Experiment  ehows  that  the  factors  m1  and  m2  are  constant  for  a 
given  body  that  undergoes  no  changes  other  than  those  of  position. 
These  factors  are  ca.IJ.ed  the  masses  of  the  bodies.  The  nature  of  the 
actions  between  tha  two  bodies  may  he  of  any  sort,  and  may  be 
transmitted  by  the  help  of  any  number  oF  mtervening  bodies.  For 
instance,  the  actions  of  two  heavenly  bodies  on  each  other,  trans- 
mitted we  know  not  how,  or  the  actions  of  two  bodies  kept  at  a 
fixed  distance  by  means  of  a  rod  or  string  or  connected  by  an 
elastic  spring,  or  attracting  or  repelling  eac.li  other  by  magnetic  or 
eiectric  agencies,  are  all  illustrations  of  the  third  law.  It  is  obvious 
that  if  we  could  observe  the  inotions  so  as  to  obtain  the  coordi.uates 
of  both  bodies  as  fnnctious  of  the  time,  equations  40)  would  enable 
us  to  detennine  the  ratio  of  the  masses.  For  example,  consider 
the  toy  consistiug  of  two  horse-chestnuts  or  bullets  connected  by  a 
string ,  and  suppose  fchis  fco  be  whirled  about  and  projected  into  the 
air  so  that  the  two  bodies  describe  complieated  paths,  the  whole 
apparatus  ds>si;ribmg  in  general  a  parabolic  path.  If  we  take  a  series 
of  photographs  of  it  in  rapid  succession,  by  means  of  a  kinetoscope 
or  similar  device,  we  may  by  measurement  obtain  the  coordinates  of 
the  two  bodies  as  functions  of  the  time.  This  ülustrates  perfectly 
the  dynamical  meaaurement  of  mass  and  the  means  of  obtaining  the 
relative  masses  of  fche  heavenly  bodies.  We  have  no  means  of 
deiining  tlu:  nlisohde  mass  of  a  body.  As  a  further  example  of  the 
third  law,  let  us  suppose  the  action  is  transmitted  frorn  one  body  to 
the  other  by  means  of  a  flexible  string  passing  over  frictionless 
pulleys,  as  in  the  case  of  Atwood's  machine.  The  assumption  here 
made  is  that  the  tension  of  the  string  is  unchanged  by  passing  over 
the  pulleys. 

A  more  practical  means  of  realizing  the  dynamical  comparison 
of  masses  would  be  by  experi mental ly  establisliing  the  equality  of 
both  sides  of  equations  40)  with  the  same  quantity.  For  example 
let  the  body  be  made  to  describe  a  horizontal  circular  path,  say  by 
means  of  a  whirling  machine.  It  will  be  found  that  it  must  be 
retained  in  this  path  by  external  means  such  as  the  tension  of  a 
string.  Let  this  he  passed  over  a  pulley  at  the  center  of  the  path  and 
exactly  bulüiice  .Hs  pull  against  that  of  a  weiglit  si.ispended  i'rom  it.  The 
resultant  of  the  cömponents  m     '''?  m  =■¥>   is   by   30)   equal  to   -  -> 
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where  r  is  the  radius  of  the  cireular  path.  The  resultant  is  directed 
toward  the  curiifr»!',  anu  meiisnrtis  tili:  eifoet  of  the  tension  of  the  st  ring 
on  the  motion.  If  we  repeat  the  experiment  with  another  body  for 
which  the  correspondiug  quantities  are  deuoted  by  accents,  inaking 
use  of  the  same  counterbalancing  weighh,  t.lie  tensions  of  the  string 
in  the  two  cases  are  obviously  equal  and  consequently  we  have, 


M.Oü.sLi.ring    the    velocitiefi    and    radii    tiitvnsfore    e.uables    us  to   uompare 
the  masses. 

The    Teetor    defined   by  the   product    of  the   scalar   quantity  mass 

by   the  vector  quantity   acceleralkm,  «hose  comp  Orients  are 

41)  X^m-Tjrf     T=  tu  -=-f ,     ^  =  m  -jv,- 

'  Av  dt*  dt* 

is  called  the  force  acting  upon  the  body,   and  is  the    vis  impresso,  of 

the    second   law.      The   second   and  third  laws    taken   toguther  aecord- 

i'iigly  giv<!  ns  a  eoiuplete  deßnition  and  mode  of  measurement  of  force. 

The  introduction  of  the  new  term  is  jnstified  by  the  third  law.    For 

we  find  that  force  is   eapable   of  representing   the    dual  nature   of  the 

interaetion.  between  two  bodies,  while  the   acceleration  is  not,   there 

being  two   differait.  aceeleratiou.s   ibr  the  two   dillerent  bodies. 

The  two  sided  natnre  of  the  action  between  two  bodies  is  often 
expressed  by  calhng  it  a  stress. 

The  equations  41)  are  called  the  differential  equations  of  motion 
of  the  body.  This  st  at  erneut  neetis  some  e\pbmation.  The  introduc- 
tion  of  the  terra  force  has  given  us  no  explanation  of  the  cause 
of  motion,  for  whereas  the  second  law  teils  us  that  the  change  of 
motion  is  proportional  to  the  force  applied,  and  we  are  accus  tomed 
to  say  that  the  force  is  the  cause  of  the  change,  no  additional 
Knowledge  of  the  motion  is  given  us  by  this  statement.  When  we 
say  that  a  body  moves  because  we  pnsh  it,  all  we  mean  is  that  the 
motion  and  the  push  exist  simultan  eously.  Worts  we  accustomed  to 
b  different  point  of  view,  we  might  be  as  much  struck  with  the  fact 
that  the  body  puBhes  back  when  it  moves  as  that  we  push  it,  This 
is  what  the  third  law  calls  to  onr  attention. 

It  is  vmdoubtedly  true  that  onr  fundamental  notions  of  dynamics 
are  derived  throngh  what  may  be  called  the  muscular  sense,  which 
is  affected  when  we  make  ourselves  one  of  the  bodies  of  a  system. 
We  then  perceive  the  reactions,  and  we  have  learned  to  correlate  our 
pereeptions  to  the  motions  of  the  other  bodies  of  the  system. 
Nevurthek'Bs,  Lad  we  not  possessed  this  extremely  impertant  sense, 
we  raight  have  elaborated  the  same  system  of  dynamics  that  we  now 
have  nierely  by  the  sense  of  sight,  as  illustrated  hy  the   example  of 
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the  two  particles,  fixiug  our  attention  on  the  facts  embodied  in 
equations  40),  Had  we  been  merely  astronoraers  this  is  what  we 
should  have  been  obliged  to  do.  We  may  perhaps  doubt  wbetber 
we  should  bave  in  this  way  arrived  at  the  conceptions  of  force 
which  we  possess  with  tbe  aid  of  botb  senses.  At  any  rate  no  one 
can  doubt  that  an  individual  newly  arrived  in  this  world  learns  its 
properties  as  much  through  tbe  muscular  sense  as  through  tbe  more 
generally  appreciated  sense  of  sight. 

Let  us  now  reverse  tbe  mode  of  looking  at  equations  41). 
Suppose  tbat  we  find  that  under  given  conditions  a  certain  ageney 
will  produce  a  certain  force,  as  shown  by  the  motion  of  some  body, 
and  suppose  that  as  the  circumstances  are  ehiinged  we  can  always 
measure  the  force.  If  then  it  is  possible  to  submit  a  second  body 
to  the  aetion  of  the  same  -Agent  rrnder  simihoiy  varyjng  circumstances, 
we  shall  be  able  to  find  tbe  motion  of  the  second  body.  The 
equations  41)  under  these  circumstances  furnisb  merely  another 
means  of  describing  motions.  We  might  go  on  obtaining  still  further 
descriptions  by  means  of  higher  derivatives  of  the  coordinates,  but 
expei'ieuce  shows  us  that  nothing  is  gained  thereby,  for,  in  the 
great  majori  ty  of  cases  with  which  we  have  to  deal,  it  is  found  that 
the  components,  X,  Y,  Z,  are  expressible  as  functions  of  only  the 
coordinates  of  the  bodies  involved,  or  at  most  of  the  coordinates 
and  their  first  time  derivatives. 

There  is  a  further  advantage  in  tbe  introduction  of  the  notion 
of  force,  in  that  if  a  body  be  submitted  to  the  aetion  of  two  ageiicies 
at  different  times,  so  as  to  move  under  the  inflnence  of  definite 
forces,  and  then  be  submitted  to  the  aetion  of  hoth  simultaueoMsly, 
the  force  now  found  to  be  acting  will  be  tbe  resultant  of  the  two 
original  forces.  This  statement,  that  forces  are  eompounded  as 
vectors,  being  the  equivalent  of  the  so-ealled  statement  of  tbe 
paralielogram  of  forces,  is  implicitly  contained  in  Newton's  second 
law  of  motion. 

Under  certain  circumstances,  an  agent  which  would  under  other 
conditions  cause  motion,  may  cause  no  motion.  We  then  say  that 
its  effect  is  counteracted  by  that  of  some  other  agent,  or  otherwise. 
that  the  two  forces  are  in  equilibrium.  According  to  tbe  third  law, 
the  two  forces  are  equal  and  opposite,  either  being  tbe  re aetion 
with  respect  to  the  other.  Such 'reactions  are  ealled  slatic  reactions, 
as  opposed  to  the  kinetic  reactions  exerted  by  bodies  undergoing 
acceleration. 

As  has  been  stated  above,  most  of  the  forces  which  oeeur  in 
nature  depend  only  on  the  positions  of  the  bodies  upon  which  they 
act,  or  at  most  upon  their  positions  and  velocities,  but  not  upon 
the  hijfher  derivatives  of  tbe  eoordinates.     Forces  of  the  former  sort 
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are  called  posit  zonal  forces,  those  of  the  latter  mothmal  forces.  As 
an  exaniple  of  the  latter,  we  know  that  a  body  moving  througli  r-ii« 
air  experiences  a  negative  aeceleration  which  is  greater  the  greater 
the  velocity  of  the  body,  and  we  say  that  the  motion  is  retarded  by 
a  force,  which  we  call  the  resistemee  of  the  air. 

Supposing  now  X,  Y,  Z  to  he  given  fanßtions  of  the  coordinates 
and  velocities,  tlie  Integration  of  the  difterential  equations  41)  con- 
stitntes  the  prohlem  of  the  rneebanics  of  a  single  particle.  It  is  in 
this  sense  that  the  problems  of  mechanics  in  general  are  to  he 
considered.     (See  Note  I.) 

Returning  to  the  "ehange  of  motion"  mentioned  in  the  second 
law,  it  is  customary  to  characterize  the  produet  of  the  mass  hy  the 
vector  velocity  as  the  momentum  of  the  body,  a  vector  whose 
eomponents  are 

42)  M*  =  m%      My  =  m-,y-,      M,  =  m^t- 

'  dt  y  dt  dt 

This  is  the  mokts  whose  rate  of  chau.ge  measures  tlie  force,  so  that 
equations  41)  may  be  written 

dfüf,  dM„  dM. 

1  dt  '       dt  '       dt 

14.  Units.  The  speciücation  of  any  qnant.ity.  scalar  or  vector, 
involves  two  factors,  first  a  numerical  quantity  or  numeric,  and 
secondly  a  concrete  quantity  in  terms  of  which  all  qnantities  of  that 
kind  are  numeri.cally  expressed,  called  a  unit.  The  simplest  unit  is 
that  of  the  geometrical  quaiitil  v,  l.ength.  We  shall  adopt  as  the 
unit  of  hmgtli  tho  centhnder,  defined  as  the  one-hundredth  part  of 
the  distance  at  temperature  zero  degrees  Oe.ntigraile,  aiid  pressure 
760  millimeters  of  mercury,  between  two  parallel  lines  engraved  on 
a  certain  bar  of  platinum-iridium  alloy,  deposited  in  a  vault  in  the 
laboratorv  of  the  "Comite  International  des  .Pohls'  et  Mesures",  at 
Sevres,  near  Paris.  This  bar  is  known  as  the  "Me&re  Ifototype", 
and  serves  as  the  hasi*  of  length  ivioasurements  for  the  eivilized  world1) 
(eseept  the  British   Empire  and  Russia2). 

It  was  proposed  by  Maxwell  to  use  a  natural  unit  of  length, 
namely  tlie  length  of  a  wave  of  light  corresponding  to  some  well 
defiued  line  in  tlie  speetrum  ofsome  element,  at  a  detinite  temperature 
and  pressure,  as  it  is  highly  probable  that  such  a  wave-length  is 
extremely  constant.  Measurements  were  carried  out  at  Sevres  by 
Michelson,  with  this  end  in  view,  whieh  established  the  ratio  between 


1)  See  Guillaume,  La  Convention  du  Metra. 

2)  The  TJnitecl  States  yard  ia  defined  as  3600/3Ü37  jneters. 
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the  above  meter  and  the  wave-Iength  in  air  of  a  red  cadmium  ray 
as  1,553,1 63.5.1) 

The  nnit  of  mass  will  be  assumed  to  be  the  gram,  defined  as 
the  one-thousandth  part  of  a  pieee  of  platinum  -  iridium,  deposited  at 
the  pla-ce  above  mentioned  and  known  as  the  "KMiti/mmme  P>vk>fi)pr:'\ 

As  the  unit  of  tirne  we  shall  take  the  mean  solar  second,  obtained 
from  astronomica!  ohservations  on  the  rotation  of  the  earth.  The 
unit  of  time  eannot  be  preserved  and  compared  as  in  the  case  of 
the  nnits  of  length  and  mass,  but  is  fortunately  preserved  for  ns  by 
nature,  in  the  nearly  constant  rotation  of  the  earth.  As  the  earth 
is  gradually  rotating  more  slowly,  however,  this  unit  is  not 
absoluf-ely  constant,  and  it  has  been  proposed  to  take  for  the  unit 
of  time  the  period  of  "Vibration  of  a  molecule  of  the  substance  giving 
off  light  of  the  Standard  wave-Iength.  To  obtain  such  a  unit  would 
involve  a  measurement  of  the  velocity  of  hght,  which  eannot  at 
present  be  made  with  the  aecuraey  with  which  the  mean  solar  second 
is  known. 

15.  Derived  Units  and  Simensions.  It  can  be  skown  that 
the  measurements  of  all  physical  quantities  with  which  we  are 
acquainted  may  be  made  in  terms  of  three  independent  units.  These 
are  known  as  fundamental  units,  and  are  most  conveniently  taken  as 
those  of  length,  mass,  and  time.  Otlier  units,  which  depend  on 
these,  are  known  as  derived  units.  If  the  same  quantity  is  expressed 
in  terms  of  two  different  units  of  the  same  kind,  the  numerics  are 
inversely  proportional  to  the  size  of  the  nnits.  Thus  six  feet  is 
otlierwise  expressed  as  two  yards,  the  numerics  6  and  2  being  in  the 
ratio  3,  that  of  a  yard  to  a  foot.  If  we  change  the  magnitude  of 
one  of  the  fundamental  units  in  any  ratio  r,  the  iiumeric  of  a  quantity 
expressed  in  derived  units  will  Vary  proportionately  to  a  certain 
power  of  r,  r~n,  the  derived  unit  is  then  said  to  be  of  dimensions*)  n 
in  the  fundamental  unit  in  question.  For  instance,  if  we  change  the 
fundamental  unit  of  length  from  the  foot  to  the  yard,  r  =  3,  an 
area  of  27  sq.  ft.  becomes  3  sq.  yds.,  the  numeric  has  changed  in  the 
ratio  3  :  27  =  1 :  3S  =  r~2,  and  the  unit  of  area  is  of  dimensions  2 
in  the  unit  of  length.     We  may  express  this  by  writing 

[Area]  =  [Z*]. 
The  derived  unit  inereases  in  the  same  ratio  that  the  numeric  of  the 
quantity   decreases.     In   our   system   the   unit   of  area   is   the  Square 

1)  Travaux  et  Jiemoires  du  Buniau  Internat  Ion  al  des  Poids  et  Meenrns, 
Tome  11,  p.  85. 

B)  Tlio  idca.  of  tllmi'iitHifjiiH  of  unit-  on::'nated  with  furnier:  Theorie  ana- 
lytique  de  la  Chaleur,  Section  IX. 
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ceii  lim  st  er,  written  1  cm2,     In  like  manner  the  unit  of  volurne  is  of 
the    dimensions    [L8]    and    the   unit   is    1  em3.     The    dimensions    of 
velocity  are  \-f\>  or  as  we  write  for  convenience, 
Velocity  =  Length/Time. 

Two  quantities  of  different  sorts  do  not  have  a  ratio  in  the 
ordinary  arithmetical  sense,  but  such  equations  as  the  above  are  of 
great  use  in  physiea,  and  give  rise  to  an  extended  meaning  of  the 
terms  ratio  and  product. 

The  above  equation  is  to  he  interpreted  as  follows.  If  any 
velocity  be  apecified  in  terms  of  units  of  length  and  time  the 
mnnorieal  factor  is  greater  in  proportion  directly  as  the  unit  of 
length  is  smaller,  and  as  the  unit  of  time  is  greater.  For  instance 
we  may  write  the  equation  expressing  the  fact  that  a  velocity  of 
30  feet  per  second  is  the  same  as  a  velocity  of  10  yards  per  second 
or  1800  feet  per  minute. 

30^-  =  l0-g-  =  1800-J-- 

We  may  operate  on  such  equations  precieely  as  if  the  units  were 
ordinary  arithmetical  quantities,  for  the  ratio  of  two  quantities  of 
the  same  kind  is  always  a  number.     For  instance 

SO  _  yd.  sec. 

1Ö—   ft.  sec.' 

The  ratio    ?r'  is  the  number  3,  while  — -  =  1.     Also 


yd.. 


=  3-60. 


Such  an  expression  as       ■■  is  read  feet  per  second. 

The  unit  of  velocity  is  one  centimeter-per-seeond,  written, 


Since  acceleration  is  deflned  as  a  ratio  of  increment  of  velocity  to 
increment  of  time,  we  have 

or  the  numerie  of  a  certain  acceleration  varies  inversely  as  the 
magnitude  of  the  unit  of  length,  and  directly  as  the  square  of  the 
unit  of  time.  For  instance,  an  aeceleration  in  which  a  velocity  of 
10  feet  per  second  is  gained  in  2  secouds  is  aqua]  to  one  in  which 
a  velocity  of  9000  feet  per  minute  is  gained  in  a  minute, 
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The  unit  of  acceleration  is  one  centimeter-per-second  per  second, 
written  -:j  =  cm.  sec.-  ä.  (It  is  to  be  noted  that  in  a  derivative 
such  as  jtjj  the  numerator  heing  a  differential  of  no  matter  what 
order  is  of  the  same  dimensions  as  s,  while  the  denominator  heing 
the  squa/re  of  a.  differential  is  of  dimensions  [T8]). 
Since  momentan!  =  mass  ■  velocity,  we  haye 


[M  omentnm]  = 


[Mass]  ■  [Leagth]  _  FML1 
[Time]  ~~L    T  J 


Since  force  =  mass  ■  aeceleration, 

The  unit  of  force  is  one  gram-centimeter-per-seeond  per  second. 
It  is  ealled  a  dyne. 

Moment  of  a  force  being  force  ■  length  is  of  dimensions 
rML'l 


m 


The  dimensions  of  an  angular  magnitride,  being  those  of  the 
ratio  of  two  quantities  of  the  same  kind,  arc  and  radius,  are  zero. 
Angular  Yelocity  heing  defined  as  -~^      is  of  dimensions  \-=  ■ 

All  physieal  equations  must  he  homogeneous  in  the  various 
units,  that  is,  the  dimensions  of  every  term  must  be  the  same.  This 
gives  us  a  Talnable  check  on  the  correetness  of  our  equations. 

For  an  exeellent  accovnit  oF  Ilse  theorv  of  dimensions  the  read er 
may  consult  Everett,  The  C.  G.  S.  System  of  Units. 

16.  Universal  Gravitation.  We  may  now  convert  the 
kjnematieal  statement  of  §  12  regarding  the  planetary  motion  into 
the  dynamical  one,  that  the  snn  attracts  the  diii'erent  plancts  with 
i'orces  proportional  directly  to  the  produet  of  their  masses  and  in- 
versely  to  the  Square  of  their  distances  from  itself.  From  this  we 
may  pass  to  Newton's  great  «i'wierati/.at.ion-.  Every  pariidc,  of  matter 
in  the  universe  aÜraets  emy  oll/er  parl-icie,  -with  a  force  ivliose  directum 
is  that  of  the  li/iic  jo-ininy  the  two,  and  whose.  maymtwk  is  directly  as 
the  produet  of  their  masses,  and  iiw.-crsely  an  the  aqmirc  of  their  äisttmee 
from  each  otker1), 

the  Eactor  of  proportionality  y  being   the   same  for  all  bodies.     This 

is  the  law  of  Univemal  Gravitation. 

1)  Thomson  and  Tait,  Treatise  oc  Natural  Philosoph? ,  Part  II,  p.  9. 
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The  numerical  vaJue  of  y,  the  Newtonian  constant  of  gravit&tion, 
depends  upon  the  System  of  units  used.     Its  dimensions  are  those  of 

_[Foroe]_12_Lra.gth^  __  r  L*  1 
[Maas»]  '       lMT*I 

It  is  possible,  and  in  astronomy  is  convenient  to  choose  the 
units  in  such  a  manner  as  to  make  y  equal  to  unity.  If  this  were 
done,  we  should  get  a  reSation  between  the  dimensions  of  mass, 
length  and  time,  for  by  supposing  that  y  has  no  dimensions,  we 
should  have 

Tims  we  sliould  need  only  two  fundamental  units  instead  of  three. 
This  is  an  example  of  the  soinewhat  arbitrary  nature  of  the  dimen- 
sions of  physical  quantities.  What  is  not  arbitrary  however  is  the 
statement  that  every  physical  equation  must  he  dimensi  oaall  y 
homogeneous.  For  the  purposes  öl'  p.hysics  it  is  customary  to  retain 
the  three  fundamental  units,  giving  y  the  dimensions  specified  above. 
Determinations  mulei-taken  to  ascertain  the  numerical  value  of  y  by 
terrestrial  observations  have  been  made  in  great  numbers  from  the 
time  of  Oavendish  to  the  present.  One  of  the  most  accurate,  that 
of  Boys1),   giyes   in   the  units  which  we  have.  adopted, 

y  =  6.576  -lCr3-^-5  v 

that  is,  two  spherical  masses  each  of  mass  one  gram  with  Centers 
one  centimeter  apart  attract  each  other  with  the  force  of  y  dynea.8) 

If  two  partieles  have  coordi.iiiit.es  xil  yl}  e-t)  xs,  y2,  Ss  and  distance 
apart  ra,  the  direction  cosines  of  the  üne  drawn  from  1  to  2  are 


and,   since   the   force   exerted   by  2  on  1   has   the   direction   of  this 
line,  the  equations  of  motion  for  1  are 


1)  Boys,  Phil.  Trans.  1896,  I. 

2)  It  will  ha  slioiv«   1  Liter  t-hat  lioniosrüneous  üpliet-cö    aUract  each  other  i 
if  their  massns  were  all   euni'eiitrated  at  theiv  i-eriters. 
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% 


dt*  ' 


The  Integration  of  fchese  six  equations  is  easily  carried  ont  (see 
§  102),  and  gives  us  for  the  case  of  the  sun  and  a  planet  a  slight 
modincation  of  Kepler's  laws,  for  the  sun  does  not  remain  absolute!? 
at  rest.  If  there  are  three  bodies  their  equations  of  motion  are 
similarly, 
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The  problem  of  integrating  Üiese  iMjmitions  is  Imown  as  <;the 
problem  of  three  bodies"  and  has  not  been  completely  solved.  The 
problem  of  the  solar  system  is  still  more  complicated,  but  by  meana 
of  approximations,  the  perturbations  of  the  different  planets  upon 
each  other,  causing  slight  variations  from  Kepler's  laws,  have  been 
calculated.  It  is  in  this  manner  that  the  observations  of  astronomers 
from  the  time  of  Newton  until  the  present  have  furnished  the  most 
brilliant  verifieation  of  Newton'»  great  discovery. 

17.  Absolute  Systems.  The  ahove  system  of  units,  which 
has  for  its  fundamental  units  the  centimeter,  gram,  and  seeond,  is 
called  the  C.  6.  S.  system,  and  was  reeommended  by  a  committee  of 
the  British  Association  for  the  AdTancement  of  Science  in  1861.  It 
is   aometimes   incorrectly   spoken   of  as   the   alisoluk   System  of  units. 
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An  absolute  System  is  any  System,  irrespective  of  the  magnitudes  of 
the  units,  by  wkicli  physical  rfiiani.itieK  can  he  specified  in  terms  of 
the  least  number  of  fundamental  units,  whieh  shall  be  independent 
of  time  or  place,  and  reproducible  by  copying  from  Standards.  A 
System  based  on  the  foot,  pound,  and  minute  is  just  as  much  an 
absolute  System  as  the  C.  G.  S.  System.  The  idea  of  an  absolute 
System  is  due  to  Gauss. :) 

The  ordinary  method  of  measuring  force,  used  by  non-seiuutillc 
persons  and  engineers,  though  very  convenient,  does  not  belong 
to  the  absolute  system  of  measurements.  The  unit  of  force  is 
taken  as  the  weight  of,  or  downward  foree  exerted  by  the  earth 
upon,  the  mass  of  a  Standard  piece  of  metal,  such  as  the 
Standard  pound  or  kilogram.  To  measure  tbe  force  in  absolute  units, 
we  must  know  what  acceleration  the  earth's  pull  would  cause  this 
mass  to  receive,  if  allowed  to  fall.  As  stated  above,  the  atliaction 
aecnvling  lo  ilie  Xewtonian  Luv  exercised  by  the  eai-th  is  the  same 
as  it  would  be  if  the  whole  mass  were  concentrated  in  a  very  small 
region  at  its  center.  Consequently  the  more  remote  a  body  is  from 
the  center  the  less  will  he  the  earth's  pull  upon  it,  or  its  weight. 
If  however  we  consider  a  region  so  small  that  its  dimensions  may 
be  negier  ted  m  efsiripjirison  with  those  of  the  earth,  the  force  exerted3) 
upon  a  given  body  at  any  point  of  the  region.  may  be  considered  as 
constant,  and  exerted  in  a  constant  direction,  called  the  vertical  of 
the  place.  Dividing  the  weight,  which  is  proportional  to  the  mass 
of  the  body,  by  the  mass,  we  find  that  the  acceleration  experienced 
by  all  bodies  at  a  given  place  is  the  same.  This  was  proved  exper- 
imeutally  by  Galileo,  to  tbe  great  astonishinent  and  scandal  of  the 
philosophers  of  the  time.  (On  account  of  the  disturbing  action  of 
the  air,  this  statement  is  exactly  true  only  for  bodies  falling  in 
vaeuo.)  The  value  of  this  acceleration  is  denoted  by  g,  and  its 
value  at  the  sea-level  in  latitude  45°  is 

g  =  980.606  ^- 

Aceordingly  the  force  exerted  by  the  earth  on  a  mass  of  m  grams 
is  mg  dynes,  or  the 

weight  of  a  kilogram  in  laiitude  45°  =  980,606  dynes. 

Now  the  value  of  the  acceleration  g  is  not  constant,  hut  varies 
as  we  go  from  place  to  place  on  the  earth's  surface,  ascend  mountains 
or   descend  into   mines.     Aceordingly,   the   weight   of  a   kilogram  is 

1)  Gauss,  Intcnüia*  i:U  maffudici'-r.  icrrexiris  ad  numsurum  iibsnlutam  rem- 
cala.     «öttingen,  1832.     Ges.  Werke,  V.  p.  80. 

2)  For  the  etfeut  of  the  earth's  rotation,  see  §  104. 
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not  an  invariable,  or  absolute  Standard  of  force.  At  the  center  of 
the  earth,  a  kilogiam  would  weigh  nothing.  Its  mass  is,  however. 
invariable. 

The  ordinary  method  of  comparing  masses  by  means  of  the 
balance  is  in  reality  a  comparison  of  two  forces,  the  weights  of  the 
bodies.  As  these  are  proportional  to  the  masses,  the  method  becomes 
one  for  the  comparison  of  massiv,  being  a  statical  one,  as  distinguished 
from  the  kinetic  method  of  §  13.  If,  however,  we  should  make  use 
of  a  balance  with  arms  so  long  that  the  two  mas^s  compared  were 
situated  in  regions  for  which  the  values  of  g  were  different,  equality 
of  weights  wonld  not  connote  equality  of  massig.  An  mstvummt 
which  shows  the  variable  weight  of  a  body  as  ifc  changes  locality  is 
found  in  the  spring -balance,  another  in  the  pendulum. 

The  valne  of  g  at  points  on  the  earth  in  latitnde  X  and  ~h  centi- 
meters  above  the  sea-level,  is  given  by  the  l'ormula,  originally  given 
bv   Clairaut1), 

g  =  980.62  -  2.6  cos  2X  -  0.000003 h. 
For  further  Information  with  regard  to  units,  the  reader  may  consult 
Everett's  The  O.  G.  S.  System  of  Units. 


CHAPTEE  n. 

IMPORTANT  PARTICÜLAR  MOTIONS 
OF  A  MATERIAL  POINT. 

18,  Constant  Accelerations.  Let  us  examine  the  motion  of 
a  particle  experiencing  a  constant  vertica!  downward  aceeleration  g. 
If  the  axis  of  Z  be  taken  vcrtically  upward,  we  have  for  the  equations 
of  motion, 

'  dt*  '      dt1  '      dt2  y 

Integrating  with  respect  to  t  we  have 

2)  —  =  V       ^  =  V       —  - 
>  dt        **>     dt  *>      dt 

where    Yx,  Vv,  Ve  are  constani.s  representing  the  component  velöeities 

at  the  time  t  =  0. 

Integrating  again, 

3)  x-xü  =  VJ,    y-ya  =  Tst,    M-it--±gt>  +  V.t, 


t  +  y., 


1)  Everett,  The  C.  G.  S.  System-  of  Uiüls,  Cbitp.  VI.     Tlie   abovc  eonstants 
are  adopted  by  Helmert, 

WbeSTEE,  DjaamiOB.  S 


/Google 


34  II.  PAKTICULAß  MOTIONS  OF  A  POINT. 

where  x0,yQ,sa  are  the  eoordinates  of  the  point  at  the  time  t  =  0. 
Eliminating  t  between  the  first  two  of  equations  3),  we  obtain 

which  shows  that  the  motion  is  in  a  vertieal  plane.  (The  twisted 
curves  sometimes  described  by  a  base-ball,  golf  or  tennis-ball  or 
rifled  shot  are  the  resnlts  of  actions  due  to  the  air  and  the  rotation 
of  the  ball  and  not  here  contemplated.)  If  we  choose  this  vertieal 
plane  for  the  plane  of  XZ,  we  shall  have  y  —  0,  Vv  —  0,  and  the 
equation  of  the  path  ia  fonnd  by  eliminating  t  between  the  first  and 
third  of  equations  3)  giving 


- 


«(a:_^)__ 


*£. 


the 


vertieal.     If  V,  i 
that  ia  a 


positive,  the 


a  of  a  parabola  wi 
projeetile  will  riae  until  -=-  =  0,  or  -tt 
The  height  reached  at  thia  point  is 

It  will  be  observed  that  this  is  independent  of  the  horizontal  component 
of  the  velocity,  Y#,  and  is  therefore  the  height  that  would  be  reached 
by  a  projeetile  thrown  vertically  upward,  or  in  other  worda 


is  the  velocity  that  wonld  be  attained 
by  a  body  falling  from  rest  vertically 
through  the  height  h. 

If  a  be  the  angle  of  elevation 
of  the  path  at  the  start,  V  the 
velocity  of  projeetion,  we  have, 


and  the  ränge  or  horizontal  distance 
traversed  by  the  projeetile  until  it 
has   fallen   to    the    original  level  is 


twice  the   value   of  (x  —  x0)    calculated    for    the   highest   point, 


As    we    vary    the    elevatioi 
when  k  =  45°. 


is    accordingly 
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These  formulae  are  of  little  practica!  value  in  gunnery,  because 
beside  the  attracfcion  of  the  earth  a  projectile  is  acted  on  by  retard- 
ing  forces  due  to  its  motion  relative  to  the  air,  and  depending  on 
the  velocity  of  the  projectile. 

19.  Harmonie  Motions.  Next  in  simplicity  to  motions  under 
constant  forces  are  those  in  which  the  force  is  directed  toward  a 
fixed  point,  and  depends  upon  the  distance  of  the  particle  from  it. 
The  simplest  way  in  which  it  can  depend  upon  the  distance  is  by 
being  proportional  to  it.  If  the  particle  moves  in  a  straight  line 
with  an  acceleration  toward  the  origin  proportional  to  its  distance  x 
from  it,  we  have 

8)  -jts  =  —  M2%,  where  «  is  a  constant. 
The  integral  of  this  dirferential  equation  is 

9)  x  =  Acoani  +  Baiant, 

where   A   and   B  are    arbitrary    constants.     If  we   pnt   A  =  a  cos  a, 
B  =  a  sin  a,  this  may  be  written 

10)  x  =  a  cos  (nt—a), 

which  as  before  contains  two  arbitrary  constants,  a  and  a. 

Obviously  by  giving  «  a-  value  differing  by  —  we  may  use  the 
sine  instead  of  cosine.  If  we  increase  nt  by  2%  the  value  of  the 
sine  and  cosine  is  unchanged,  corjsecpienfcly  the  motion  is  periodic, 
or  the  point  is  found  in  a  given  position  at  times  separated  by  an 
interval  T,  called  the  period,  given  by  nT  =  2it,  so  that  we  may  write 

11)  x  =  a  cos  \~y  -  —  «)• 

The  maximum  exeursion  of  the  point  on  either  side  of  the 
origin  is  called  the  amplüuäc  a,  and  it  is  to  be  noticed  that  it  does 
not  oeeur  in  the  diHmvnnal  cquation  8).  Since  x  takes  on  positive 
and  negative  valiies  in  symmetrica!  succession,  the  motion  is  an 
oscillation  with  period  T,  and  freguency,  that  is  the  number  of 
oscillations  in  unit  time, 


An  oscillation  expressed  as  above,  10),  by  a  singlu  sine  or  cosine  funetion 
of  a  linear  funetion  of  the  time  is  called  a  t-im-plc  hmmonic  motion, 
the  name  arising  from  the  oecurrence  of  such  motions  in  musical 
sounds.  The  frequeney  of  harmonic  motions  in  nature  is  due  to  the 
fact  that  in  any  system  which  is  disturbed  from  a  position  of  rest 
forces  are  called  infco  play  which  depend  in  general  on  the  magnitude 
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of  the  displacement.  Suppose  such  a  displacement  depends  upon  a 
Single  variable  x,  then  as  the  force  F  developed  will  usually  be  a 
uniform,  continuous  function  of  x,  we  may  develop  by  Taylor's 
Theorem, 

*-*.+•(©.+£(£).+■■■■ 

If  naiv  x  he  smcül  cnon-qh-,  the  term  in  the  flrst  power  of  x  is  more 
important  than  those  that  follow,  which  may  therefore  be  negleeted. 
If  we  measure  x  from  the  conti guration  of  equüibrium,  when  #  =  0, 
F=0,  so  that  we  have 

'-'Wir"*- 

If  the  coeffieient  of  x  is  negative,  the  force  tends  to  restore  the 
System  to  the  configuration  of  equüibrium,  and  being  proportional 
to  the  displacement,  the  system  will  execute  harmonic  vibrutioiis 
about  this  configuration  Tluis  smäll  vibrations  are  harmonic,  which 
explains  the  extreme  frequency  of  such  motions  in  naktre.  A  common 
method  of  realizing  such  vibrations  is  by  the  use  of  a  tuning-fork. 
If  a  point  moves  so  as  to  describe  the  resultant  of  two  simple 
harmonic  motions  of  the  sann.:  frequency  in  Hnes  iittersecüng  at  right 
angles,  its  equations  of  motion  are 

12)  *£  + «■„_(>,     §  +  „'j,^0. 

The  resultant  acceleration  is  directed  toward  the  origin  and  is 
directly  proportional  to  the  radius  vector.  The  path  is  obtained  by 
the  elimination  of  t  between  the  integrals  ' 

x  =  a  sin  (nt  —  a)  —  a  (sin  nt  cos  «  —  cos  nt  sin  a) 
'         y  =  o  sin  (nt  —  ß)  =  b  (sinnt  cos  ß  —  cos  nt  sin  ß), 
where  a,b)a,ß  are  constants  of  Integration.     Solving  for  sinnt  and 
cos  nt, 

ahmt-    "    filn(p_6K) ' 


™"»  —  em(ß-a) 

Si|iiiivuig  and  adding  we  have  the  equation  of  the  path 

which  represents  an  ellipse.     The   motion  is    called    eUiptic   harmonic 
motion.     If   a  =  ß,    that    is  if  both  components  vanish    together,  the 
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therefore  the  numerator  nrast  also,  and 


denominator  aboye  ye 
the  path  is 

which  represents  a  pair  of  comcideui.  straiglit  lines 

so  that  the  path  of  tlie  point  is  rectilinear  and  the  motion  is  simple 
harmonic.     Similarly  if  a  —  ß  =  x,  the  motion  is  rectilinear. 

The  angle  (a  —  ß)  is  called  the  phase  difference  of  the  two 
vibratious.  If  this  is  a  riglit  angle  one  component  reaches  its 
maximum  when  the  other  vanishes,  we  then  have 

5  +  £-  L 

and  the  coordinate  axes  are  the  principal  axes  of  the  ellipse.  The 
amplitudes,  a  and  b,  of  the  component  vibrations  are  in  this  case 
the  semi-axes  of  the  ellipse. 

It  is  obvious  from  13)  that  whatever  the  value  of  a  —  ß  the 
maximum  Talues  attained  by  x  and  y  are  a  and  b  respectively,  so 
that  the  ellipse  is  atways  inscribed 
in  a  rectangle  of  sides  2a  and  2b 
(Fig.  10).  If  we  allow  the  phase 
difference,  «  —  ß,  to  change  its  value, 
the  point  of  tangency  will  ran  along 
the  sides  of  the  rectangle,  the  axes 
of  the  ellipse  will  turn,  and  it  will 
Hatten  out,  in  two  positions  degener- 

ating  into  the  siraight  lines  i'onn.ing  the  diagonals  of  the  rectangle, 
as  above  stated. 

If  when  the  phase  difference  is  a  right  angle  the  two  amplitudes 
are  equal,  the  ellipse  becomes  a  circle  and  the  acceleration  being 
toward  the  eenter  and  constant  in  magnitude  the  motion  must  be 
uniform  circular  motion.  A  hannonic  motion  is  often  defined  as  the 
projecr.ion  of  uniform  circular  motion  on  a  line  in  its  plane.  From 
the  value  of  the  central  acceleration  in  a  circle  we  may  by  projection 
obtain  the  properties  of  simple  harmonic  motion. 

The  composition  of  two  simple  harmonic  motions  in  intersecting 
perpendi ciliar  lines  when  thcir  frequeneies  are  tlljfvmü  gives  a  class 
of   eurves    of   great   interest    in    aconstics   known   by    the   name    of 


If  the   ratio   of  the   frequencies   is  a  rational  number   the  least 
multiple  of  the  poriods  of  the  component  vibrations  will  be 
a   period  for   both   and   the   curves   are  reentrant  aud  algebraic.     In 
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,  where  one  frequency  is    twice    the   other, 


x  =  asin(nt  —  s), 
'  y  =  o&mznt. 

Expressing  sm2nt  in  terms  of  cosnt  and   eliminating  the  functions 
of  t  we  obtain 

16>        S+f»™2 


4±iy; 


ilatiniializiag  this  we  shall  obtain  t 


—  ~,-eos2c. 

of  the  fonrth  order  1 
one  donhle  point,  shown 
in  Fig.  11,  for  s  —  0.  If 
f  =  — i   16)  becomes 

a  jütrabolii  (Fig.  11).  Sinee 
we  may  always  express 
sinm-x  rationally  in  terms 
of  sin«,  cosa;,  when  m  is 
an  integer,  the  elimination 
may  always  be  performed 
and  the  curves  will  be 
algebraic. 

20.  Central  Forces.  Having  now  dealt  with  two  cases  in 
which  the  aceeleration  passes  through  a  fixed  point,  —  that  of  the 
motion  of  the  planets  and  harmonie  motions,  it  will  be  convenient 
to  treat  the  general  case.  In  §  12  we  found  the  nature  and  magnitude 
of  the  aceeleration  by  the  differentiation  of  the  equations  expressm«; 
the  motions.  We  will  now  consider  the  inverse  problem,  that  of 
obtaining  the  eqnations  describing  the  motion  by  Integration  of  the 
differential  eqnations  of  motion  when  the  force  is  given. 

We  have  by  §  10,  34)  and  35)  for  the  radial  aceeleration  in 
the  direction  away  from  the  center, 

18)  a'-ä¥-r(s) 

and  for  the  transverse  aceeleration, 

If  the  aceeleration  is  central  a,f  =  0  and  we  have  by 


i'O  i 


t's  law  of  areas. 
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It   will  now   be   convenient  to  change  the  independent  variable 
from   (  to  tp   and  at  the  same  time  to  introduce   tue  reciprocal  of  r, 
_  t^ 

r  dr       dr  dq> 

dt        df  dt ' 


d, 

•       r»  av 

'ifferer 

Ltiating 

again 

and 

proceedmg  h 

i  lue 

manner, 

3  tha-t 

finally, 

dt3 

-- 

-  Ä  j — 5  ^T  = 

<J  (f.  -  u  t 

-h'u 

ad*M 

21) 

- 

V*q 

*;+• 

)■ 

If  «.,.  is  given  as  a  function  of  the  diatance,  thia  ia  the  differential 
equation  of  the  path.  As  an  example  Iet  us  consider  attractions 
varying  acicording  to  the  Newtonian  law.     We  have  then 


and  the  differential  equation  beeomes 


or  as  we  may  write  it, 

£,(»-&)  +«-x-o. 

Thus  w  —  i  is  given  in  terma  of  <p  by  an  equation  like  equation  8), 
whose  integral  is 

u~~  V ■  =  »«»8(9'  —  «) 
...  ah* 

or  puttmg    ■  —  =  e, 

23)  *-T—b  (!  +  ««"[?>-«])• 

This  is  the  equation  of  a  eonic  section  with  which  we  starfced 
the  investigation  of  §  12.  In  order  to  find  the  eceentricity  e  let  us 
conaider  the  initial  circumstancea,  or  the  magnitude  and  direction  of 
the  veloeity  for  a  given  position  of  the  body.  Let  the  body  be 
projected  from  a  point  y  =  0,  r  =  B  with  a  veloeity  V,  making  an 
angle  £  with  the  radius  vector.     Now  we  have 

24)  tane  =  r3—  >     cot  s  =  —  -=—  = -j—  ■ 

'  dr  r   da>  u  dm 
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Putting  f  =  0  in  equation  23)  gives 

-^  =  £(1  +  6  COS«)     or 
25")  — -l=ecoa« 

Differentiating  equation  23) 

i^--{,e, in  (<,--«). 

Introducing  fchis  into  24)  and  putting  <p  =  0, 

cot  e  =  —  -p-  sm  «,     or 

26)  .*,.—  »£t 

Squivring  and  adding  25)  and  26) 

a«J  e   -^cosec  £      ^  +  1. 

Also  dividing  26)  by  25) 

00-,  7i!  cot  p 

28)  "»«-BiTTp' 

Now  7*  being  the  constant  moment  of  velocity  (§  8),  is  equal  to  the 
value  when  ip  =  0, 

29)  h-^VRsms. 
Inserting  thia  in.  27)  and  28)  givea 

31)  tan«  =    r_Faüsm3E   ' 

According  aa  Fa  ia  lese  than,  equa^  to,  or  greater  than  -^>  e  will 
be  less  than,  equal  to,  or  greater  than  1,  and  the  orbit  will  be 
respectively  an  ellipse,  parabola,  or  hyperbola. 

The  critical  veloeifcy,  V,  has  a  simple  phyaical  significanee. 
Suppose  we  consider  a  particle  falling  from  infinity  straight  toward 
the  eenter  of  attraetion.     Its  equation  of  motion  is 


Hultiply  by  -j->   both    sides   become    esact    derivatives    and   we   may 
integrate,  obtaining 

32)  l-  (4*)  =  f  +  const. 
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If  it  starts  with  no  velocity  th.e  constant  is  zero,  consequently  V  the 
velocity  at  a  distance  B  is  given  by 


F»~ 


Therefore  we  may  state  the  result  by  saying  that  the  patli  will  be 
an  ellipse,  parabola,  or  liyperbola  according  as  the  body  is  projected 
in  any  direction  with  a  velocity  less  than,  equal  to,  or  greater  than 
the  velocity  that  it  would  acquire  in  falling  from  an  infinite  distanee 
to  the  point  of  protection. 

21.  Constraiued  Motion.  We  have  so  far  considered  the 
moving  particle  as  free  to  move  in  any  direction.  This  is  however 
by  no  means  usually  the  case,  since  in  the  majority  of  cases  with 
which  we  have  to  deal  the  particle  forms  part  of  a  body  which  is 
possibly  itself  a  part  of  a  machine,  and  is  guided  by  contact  with 
other  bodies  to  travel  in  certaiu  definitc  paths,  although  the  velociti.es 
with  which  it  travels  may  be  left  undetermined.  Such  limitations  to 
the  freedom  of  movement  of  a  body  are  known  as  cmist-rainls,  and 
they  are  speciüed  by  certain  equation«  having  a  gcomelncal  sismificanee. 
In  the  case  of  a  single  particle,  the  siraplest  constraint  is  that  in 
which  the  particle  is  constrained  to  move  upon  a  certain  surface. 
For  instance,  if  the  surface  is  a  material  one,  the  particle  may, 
during  the  whole  motion,  press  against  its  inner,  or  coneave  side, 
the  material  preventing  the  particle  Crom  passing  aevoss  the  geonietrieal 
surface.  The  surface  may  itself  be  in  motion,  in  this  case  the 
constraint  is  said  to  be  varying,  and  the  equation  of  the  surface  will 
contain  the  time,     Let  the  equation  expressing  the  constraint  be 

33)  g>(a>,ff,e,t)=f>. 

It  is  evident  that  a  particle  cannot  move  subjeet  to  constraints 
without  callmg  into  play  certain  reactions  due  to  the  constraints. 
In  other  words  the'  acceleration-  experienced  by  the  particle  under 
the  influence  of  given  forees  will  no  longer  be  the  same  as  if  the 
particle  were  free,  but  there  will  be  a  certain  action  and  reaction 
between  the  surface  and  particle  which  may  be  represented  by  an 
extra  force  whose  components  are  Xl}  Y1,Zl,  applied  to  the  particle. 
The  equations  of  motion  may  then  be  written 

34)  m~  =  X+X1;     m^£  =  Y+Y1,     m~i  =  Z+Z1, 
>  dt*  "  dt3  "         dt*  l' 

where  X,  Y,  Z  are  the  components  of  the  given  forces  and  X1,  Ylf  Zt 

are  the  components  of  the  force  exercised   by  the  surface   upon   the 

particle,  that  ie  the  reaction  of  the  surface.     These  are  to  be  found 

by  means  of  the  equation  of  condition,  <p  =  0,   which   holds   for  all 

values  of  (.     Differentiating  by  t, 
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„ . .  f)_ätp_8<pdx       drjidy       8<p  dz       dtp 

}  dt       das  dt  "*"  dyät  ~*~  dz  dt~*~  dt' 

-1  dfä'       8«rf(a  "T  dyät*  +  3z  d** 

"t"  a»*  \d* ;  ^  v  U*  /  "•"  es9  \dt)  ~l~  3t* 

q    3S?  daidy       9  g'y    dg  dg       9  JÜ2_dfl!  de 

"*     dxdy&t  dt  +     8^2  dt  d>  "i~     0*33  d't'd* 

"*"  Ä3a;3*df  "*"     dy'öt  dt  ~r     3s  3(  St 

if  we  put  the  unknown  forces,  Xlf  Z,,  21?  equal  to  an  untnown 
function  i  multiplied  by  certain  known  functions,  bymserting  the  values 
of  ■ ,  a-j  -j-yi  -tt^  from  34)  in  36)  we  obtain  an  equation,  linear  in  X, 
permitting  us  fco  find  ifcs  value  in  terms  of  x,  y,  2,  t,  -jji    ■?> 

If  the  surface  is  smooth,  it  is  evident  that  ifc  cannot  äffe  et  a 
motion  of  the  particle  which  would  nafcurally  take  place  on  the 
surface,  Consequently  the  reaefcion  has  no  componenfc  tangential  to 
the  surface,  bnt  is  in  the  direction  of  fche  normal.  This  is  otherwise 
a  (U;jiv-iMon  of  a  smooth  or  frictionless  surface.  The  components  of 
the  reaetion  X^,  Ylf  Z1  are  accordingly  proportional  to  fche  direction 
i  of  the  normal  to  the  surface  <p  =  0,    so   that   we  may  write 


37)  Xi=l5 


.dtp 


*3T 


When  X   has   been   determined   as  above  we  have  for  the  magnifcudi 
of  the  reaetion, 


*='VW^M: 


+  7 


As  an  example  let  us  consider  the  motion  of  a  particle  acted 
upon  by  gravity  and  constrained  to  move  on  the  surface  of  a  fixed 
sphere  of  radius  l.  If  the  constraint  is  caused  by  attaching  the 
partiele  fco  a  fixed  point  by  means  of  an  inextensible  string  whose 
mass  is  negligible,  we  have  the  so-called  ideal  pendulum.  The 
equation  of  constraint  is 

39)  9-=^(x^  +  f+^-ls)  =  0r 

and   doee    not   contain  t,   so    that  ^|=0.     If  the  z?-axis   be  taten 
vertically  downward  the  equations  of  motion  are 
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^%  —  X^  —  l», 

d'-z         ,  dg,    .  .       . 

Now  inserting  these  in  36)  we  have  to  determine  X, 

*6'+*,+O  +  f  +  ®"+®,+  (S),-0 

and  sinee  #2  +  y2  +  #2  =  £2, 

4i)         i=^[-9»-{(g)'+(g)-+Q-}]. 

Using   this   value    of  X   in  tbe  differential  equations  40)   we  have  to 
U*  l*  I*   \\dt)  +  \dt)  ^  \dt)  j> 

42)   u=-^^{(-)V(S)V(ifr}, 

S— £-*{.&)  ,+69,+  (S'}+ »■ 

Now  differentiating  the  equation  of  constraint  39)  by  t  gives 

,„,  dx    ,      dy   ,       de       -> 

iS>  ^M+fäi  +  'äi-^ 

Multiplying  the  equations  42)  respectively  "by  -,-'  jf»  -ji>  adding 
and  making  use  of  43)  we  may  integrate  at  once  and  obtain 

«)         (£)'+ SSW- »<*+»>. 

where  A  is  an  arbitrary  constant  of  Integration.  Tbis  integral  gives 
us  tbe  square  of  tbe  velocity  and  shows  tbat  it  depends  only  upon 
tbe  initial  velocity  and  tbe  beigbt  through  wbicb  tbe  particle  bas 
fallen,  for  if  it  bas  a  velocity  v0  wben  s  =  Blt,  we  have 

to  determine  h. 

Making  use  of  44)  in  41)  we  have 

45)  i 
and  from  38) 

46)  S 


,::■   ■   2h 
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Multiplying  the  second  of  equations  42)  by  i 
it  the  first  multiplied  by  y  we  obtain 


lubtracting   from 


which  expresses  the  fact 
that  the  horizontal  compon- 
ent  of  the  aceeleration  has 
no  moment  abont  l:h.e  origin, 
as  in  §  12.  We  may  therefore 
integrate,  obtaining, 
dy 


*',H 


-y-dt=e> 


where  c  is  another  constant 
of  Integration  represuiumg 
themomentof  the  hori/ontn-1 
eoinponent  of  the  velocity 
about  -the  origin  and  cor- 
i-esponding  to  the  h  of  §  20. 
It  will  be  convenient  to 
introduee  po 
such  that  (Fig.  12) 


x  =  isüi^cos^p, 

48) 

y  =  £  sind- sing?, 

ifterenti 

8  =  lcOB&. 

ating  we  have 

dx  =  l  (cos  &  cos  tpd 9  —  sinö'sinyrfqu), 

dy  =  Z  (cos  #  simpel  -f  sind'  cos  tpdip), 

dz  =  —  Is'mM(i'i). 
dx2  +  df  +  ds2  =  P  (d&2  +  sh 
xdy  —  ydx  =--  Zäsm2  &df. 
Thus  our  first  integrals  44)  and  47)  become 


491 
50) 
Substitutiv 
51) 


m 


+  B 


■%dip%), 


K&  +  K), 


l ä  ein2  <&  -i-  =  c. 
the  value  of  -tt  derived  from  50)  in  49)  we  have 
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from  whieh 

52)  dt  =  +  W^>_ f 

or  reinserting  z  and  integrating, 

Since  the  integral  contains  the  Square  root  of  a  polynomial  of  the 
tlii.nl  degree  in  z,  the  time  is  given  as  an  elliptie  integral  in  z,  or  s 
is  an  elliptie  fimtiwn  of  the  time. 

Inserting  the  value  of  rfi  from  52)  in  50)  we  have 


tüniiü 

of 

Ü  (/.: 

*y2Psin! 

iölcoj 

&  +  Ä)  -  c 

ve 

-±A 

elän 

!-»iy5?; 

'-«")(J 

•  +  »)-«■ 

22.  Plane  Pendulum.     If  c  =  0,   hy   50)    cp  =  cojssf.  and   we 
have  plane  motion  of  a  pendulum.    The  integral  49)  then  reduces  to 

f)  (£)-»(*-♦+£)■ 

Differentiating  this  gives 

2-^Ta--rr  = r1  sm  #  "ii '     or 

«ta  dt  l  dt 

the  differential  equation  of  plane  pendular  motion,  whieh  might  have 
been  directly  obtaiued  for  this  parlicular  case. 

If  now   during   the  motion  fr  always  remains  so  small   that  its 
Square  may   be  neg.lected  in  comparison  with  unity,  we  may  put 

sin#  =  #, 

so  that 

£+*•-<>• 

The  integral  of  this  is  (cf.  §  19,  8) 
representiug  a  harmonic  motion  with  period 

56)  r=2*y^- 
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The  fcime  taken  for  a  Single  swing   is  one  half  tlüs.     Here   we  have 


example  of  a  small  Vibration,  which  is  harmoni 
In   order   to   find  the   degree  of  approximati 
we  must  examine  the  exact  equation.     Determini 


c,  as  stated  in  §  19. 
on  of  this   Solution 
!ng  the   constant  of 
Integration  h  by  putting  for  the  velocity  when  #,  =  d,li, 

we  have 

Subtracting  this  from  55)  we  ohtain 

(f)-¥-H(»»»-«»*.). 

from  which  it  follows, 

57)  t-±f-  = 

There  are  three  cases  according  as  ~^- —        —  ■---  is  less  than,  equal 
to,  or  greater  than  1.    We  shall  consider  the  first. 

Let  us  write  in  57)  cos  &  —  cos  &0  =  2  (sina  ■-'•  —  sin8  --) ' 


58 1 


59)  lg,      °-f<l 

we  have 


^h 


Let  us  now  infcroduee  a  new  variable  ijt  such  that  hsxn.il>  =  sin  -^i  fchen 
heosipäip  =  cos  —  t#(y)> 
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The  integral    /    _. — —  is  an  dUptic  integral  in  Legendre's  normal 

form  and  is  denoted  by  F(ty,  7c).     In  this  notation 

61)  (  -  ±Yj(.m>,  *]  -  F[%,  *D. 

and  the  upper  or  lower  sign  is  to  be  taken  according  as  the  pm-ticle  is 
rising  or  falling  at  &0.  For  call  tm  the  time  of  reaching  the  lowest 
point.     When  &  =  0,  i/>  =  0  and  since  F(0,  fc)  =  0,  we  haTe 


(,  =  =F")/|-F(*.,'0. 


Since  this  is  to  be  positive,  we  see  that  the  lower  sign  is  to  be  taken 
in  61)    if  the   particle  is   falling   at  &0.     Subtractiug  61)  from  62) 
we  have 
63)  tm-t=YjF^,l) 

as    the   time   of  falling  from  any  inclination  &  to   the  lowest  point. 
The  particle  Swings  by  the  lowest  point  and  continues  with  nega- 
tive -fr  until  -tt  =  0,  that  is  until  &a  —  sin3  --  =  0, 

sax-g  =  —  k,     sm.tj>  =  —  1,     ty  =  —  —■ 

If  the  time  on  reaching  the  highest  point  is  4  we  have  by  63) 

*»-&■="[/-'  **(--*  >ä)     or 

«-«-Vy'fM 


The  integral 


'(f)-/^ 


is  called  the  complete  elliptic  integral,  and  depending  only  on  the 
parameter  &  is  denoted  by  K(k).  Tables  of  values  of  F  and  K  are 
given  in  Legendre's  Theorie  des  Foncüons  Elliptiques.  The  period  of 
a  double  oscillation  is  4  (#A  —  („,), 


64)  r-4]/Ii(i). 
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We  may  deyelop  K  in  a  series,  for  since 

—  =  1  +  -g  ffi  sin3  ^  4-  s~t  &4  sin*  ^  +         '  /<-c  sin*  y  - 
yl  —  £ssinsiJ>  a  J'*  ü-4-b 


.£  =  Aty  +  i-js  fsmsi>äi>  +  j^Ä*  /*sin*#d^H 

Now  ainoe 

*-!{i  + (i)>+(^+&S)"*'+-}- 

If  «  be  the  maximimi  value  of  5-,  for  which  if>  =  —  j  ft  =  sin  -  -> 
and  the  period  is  given  by 

■)'-"yfi'+(TK+a,*T+p,<+-)' 

This  is  the  formula  which  is  used  to  correct  our  result  56)  for  iinite 
oscillafcions.  If  a  is  1°  the  correction  is  less  than  one  pari  in  fiffcy 
thousand,  and  if  a=  5°  it  is  less  than  one  in  two  1 


23.  Spherical  Pendulum.    Let  us  now  return  to  equations  l 
and  54),  ■which  we  will  write 


66)  t-±f^l 

6?>  '^/sd 


v  ■(/*(.-) 


where  *(»  =  2  (P  -  z2)  (gs  +  h)  -  c\ 

As   the   integrals  are   real  <&(s)   must  be  positive  for  all  values 
of  z  tbat  occur  in  the  motion. 

Substituting  sui;i:essively  for  g,  —  oo,  —  l,  z„,  +  l  we  find 

68)   $(-oo)  =  +  oo,    $(-Z)  =  -cs,    #(*0)>0;    #(7)  =  -ea. 

Accordingly  the   polynomial  &(n)   has   tkree   real   roots.     If  we    call 
these  a,  ß,  y  in  the  order  of  magnitude,  they   lie  so  that 

l>a>sa>  ß>  —  1>Y, 
Fig.  13  is  the  graph  of  0(n)  as  Ordinate,  with  z  as  abscissa. 
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Sinee 

0(«)  =  -  2gg"  —  2h32  +  2glss  -f  2hl 

--2g{ä~a)(,~fi(M-V), 

we  have,  equating  the  coefficients  of  z, 

from  wbich 

7                      *+P 

Since  u   and  ß   both   lie        \ 

between   — l   and   l   the 

k 

numerator      ia      positive 

irrespective    of  the    sign   '?J(0 

of  either,  and  since  j>  is 

negative,  the  denominator 

must     be     positive,     or 

k  +  ß  >  0.   Since  hetween 

/3  and  j>  3*(#)  is  negative, 

e  cannot  in   the   motion 

lie  in  this  region  (for  '\/&(s)   must  be  real).     Ni 


<■(#-•». 


when  0(s)  vanishes  j  is  a  maximnm  or  minimnm,  hence  the  motion 
tatee  place  hetween  two  horizontal  circles  at  depths  z  =  a  and  z  —  ß 
below  the  origin.  Althongb  ß  may  bo  negative,  yet  since  ß  +  «  >  0 
the  mean  position  of  the  particle  is  below    the  Center  of  the  sphere. 

Since  by  50)  -j-  =  ,,_  ,  >  (p  always  varies  in  the  same  sense 
and  when  &  equals  k  or  ß  the  path  has  a  horizontal  tangent,  for 
-=-  =  0,  while  -jj  is    not    equal   to   zero. 

If  £0  is  a  root,  that  ja  if  the  particle  was  originally  on  one  of 
the  limiting  circles,  we  must  take  the  positive  sign  for  the  radical 
in  the  integrals  if  en  =  ß  (so  that  -J  may  be  positive  aud  3  increase), 
the  negative  sign  if  30  =  k. 

The  time  of  passing  from  the  highest  to  the  lowest  point  is 


~J  VW) 


The    meridian    planes    passing    through    the    points    of    tangency 
with    the    parallels    a    and    ß   are    planes    of    symmetvy  for    the    path. 
Webstee,  Djnamiia.  i 
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For  if  we  consider  two  points  P,  P'  of  azinraths  <p,  <p'  lying   on  the 
same  parallel  and  oo  opposite  sides  o£  a  vertex  A  (Fig.  14), 


'"'Vö 


<  (f-i'iYm 

and  since  the  radical  chunq'es  sum  on  uassing  tkrough  a  Vertex, 


Vi 


■»•»Vi«     r      T' 

Therefore    the   points  P,  P'    are  symmetrical  about  A  and   the  times 

lu    lila1 


•« 


of  traveling   the  arcs  PA  and  J.Pf  are   equal   to    / 

manner  it  can  be  shown  that  the  path  i.s  symmetrica!  about  an  upper 

vertex  B.  The  path  is 
aceordingly  composed 
of  equal  parts  continu- 
ally  repeated.  It  of 
course  is  not  generativ 
true  that  the  path  will 
be  reentrant  after 
Fig.  14.  going  once  aroiwd  the 

sphere. 
will  now  consider  the  horizontül  projection  of  the  path. 


1°.  Suppose    botli    Iiniit.ing    parallols  are  below  the    equator,   the 
protection  of  the  eircle  s  =  a  is  within  that  of  s  =  ß,   and  the  path 
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(fr.mi'Amsüx  ov  tiieouy  and  KXPK.mu^vr. 


is  similar  to  Fig. 
15,  the  angle  sub- 
tended  at  the 
center     by     two 

FiUt.'.iM'hM'ivf'-      j.lüillts 

uf  iirntfciiey  being 
greater  than  a 
i'islii,  angle,  as  we 
shall  see. 

Figs.  14,  loa, 
15b,  15c,  16a, 
axe  reproductions* 
ufphol. ographs  of 
aetual  awinga  of 
a  pendulum.  A 
brass  ball  was 
swung  by  a  st  ring 
iiüat'hwl  to  a 
acrew  -  eye,  and 
carried  a  small  in- 
candeacent  larap. 
On  the  floor 
below,  and  at  one 
aide  were  pkced 
euneraswithopen 
sliutters,  ina  darb 
room.  When  the 
ball  waa  swung, 
the  light  waa 
turned  on  for  a 
Mil'hrif.rir.  mim'iier 
of  Swings,  and  the 


the  photo^t-npliic 
plate.  On  the 
photograph  Fig. 
15c,  the  inaxinium 

and  minimum 
radii  were  mea- 
surpd,  fi'Oin  which 
could  be  calcu- 
lü.ti.'d  the  roots  a, 
ß,  and  thence  y. 
Then  from  equa- 
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tion  67),  by  an  arithmetical  approximate  quadrature,  cp  was  ealcnlated 
for  a  number  of  values  of  S,  from  which  with  the  polar  coordinates 
tp,  r  =yi3  —  z1 ,  the  horizontal  projeetion  Fig.  J5d  was  drawn.  Jt 
will  be  observed  that  it  almost  exaetly  coineides  with  the  observed 
curve  Fig.  15c.  From  the  projeetion  and  the  values  of  e  the  per- 
spective Fig.  16b  was  construeted,  which  in  like  manner  nearly 
eoineides  with  the  observed  Fig.  16a.  The  eye  is  below  the  shaded 
Square  in  the  hgure.  Figures  15d,  16b  were  construeted  bv  Mr.  Joseph 
G.  Coffin. 


2°.   If  ß  is  negative,   the   projeetion   of  the  circle  e  =  a   is  still 
within  that  of  2  =  ß,  for  since  «  +  ß  >  0,  the  lower  circle  is  farther 


from  the  center  thau  the  upper.     The  projeetion  of  the  path  i 
taugen t  to  the  equator, 

The   angle  AOB  in  Fig.  15a  has  the  value 


'S; 


(Z'-^y^z) 


Inserting  the  vaJue  y  = ±g     *n 

,(.)  — 2j(.-.)(^»(»-,), 
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Now  pntting  s  =  lr 

writing  J.=y(Z  —  «)  (;  —  0), 


70) 


){i-fl{»(«  +  «  +  «p+IM 


In  order  to  find  liinits  between  which  this  integral  lies  for  all 
possible  valnes  of  «  and  ß,  we  notice  that  the  coefficient  of  z  in 
the  last  factor  ia  positive,  and  that  the  value  of  the  factor,  varying 
always  in  the  same  sense  as  z,  necessarily  lies  between  the  two 
values  it  would  have  when  s  had  its  extreme  valnes,  l  and  —  l.  Bnt 
these  are  Bs  and  A",  so  that 

B*>s(a+ß)  +  l*  +  aß>A*. 

Substituting    in    the    radical    a    value    that  is  too  great   or  too  sraall 

will    make   ibe   integral  have  an  error  in  the  «ppositc  sense,  therefore 


Ä  f )&z. <  W<B  f- 


oyc* -»)(«-? 


The   uolyaoinial  nnder  the    radical  oeing  now  of  only  the  second 
degree,  the  integral  can  be  easi.lv  caloulated,  as  follows. 

r läz  _  =  1_  f  dz  __i_  f dg 

J  <P-*nfo-*i<ß-fi~  V(*+i)V<" -*)<*- 05    2J(«H)V(«-»K»-0> 
p  ß  ? 

=  t(,b +37' 
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II.  PARTICULAE  MOTIONS 

OF  A  POINT. 

Aceordingly  we  have 

f(1  +  y)<y<ll 

(*+!> 

therefore  W> 

':  i  as  above  stated.1) 

If  in  the  integral  70)  we  Substitute  for  the  faetor 

\e(tt  +  ß)  +  l*  + 

•0] 

the  greatest  and  least  values  tliat  it  takes  du  ring  t-lie  motio.u,  namely 
z  =  a  and  Z  =  ß,  we  shall  get  closer  limits  between  which  ip  lies. 
If  we  then  make  a  and  ß  approach  l,  W  will  approach  a  rigbi  angle, 
so  that  the  horizontal  protection  tends  to  be  a  cloaed  curve. 

This  case  may  also  be  treated  directly.    Our  equations  40)  were 


Now  we  have  s  =Yl'  —  (a?  +  ys)  =  1(1  —  — tfH  ssii  developing 
by  the  binomial  theorem, 

If  now  x  and  y  are  small  with  respect  to  l  and  we  negleet  small 
quantities  of  the  second  Order,  s  is  constant.  Then  j-^  =  0,  and 
from  the  third  equation  above, 


Inserting  tbia  value  of  A  in  the  first  two  gives 

dsx  ___        y  diy g 

~diT  ~  ~  Tx>     ~dt*"~~~T'y' 

the  integrals  of  whieh  are 

x  =  a8m(y-gj-t—  <x), 


t,*=hBm(yft-ß), 


where    a,  b,  a,  ß    are    arbitrary    constants,    giving    elliptio     harmomc 
motion  of  the  same  period  as  that  of  the  small  plane  harmonic  motion. 
Another  important  case  is  that  in  which  the  two  roots  «  and  ß 
are  equal.     We  then  have  s  and  %■  constant,  and 


i)  Tliis  trfiiitmcjir  ii=  tiini'-ji  t'n'im   ApivX   ~\h';ua)ii<\ue-  liationette.     The  proof 
that  W  >  —   is  due  to  Puiseus. 
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coNiCA.1.  pendclum. 


The  condition  for  equal  roots  is  that  <5u:)  and  CP'(V)  have  a  c 
root.     Now 

0(0)  =  -  2gs3  —  2h2*  +  2gPs  -j-  2A*!  —  c%, 
0'(g)  =  —  Ggs»  —  4:hg+  2(jV. 
li  then  <&'(%)  =  0,  we  have 

2Ä  = 
together  with 


gP-tgs,,* } 
ff(«p)  =  2  (5*0  +  ft)  ((■  -  V)  -  c2  =  0, 

iE. 


from  which 

c'-2(^D  +  *)(P-V)- 

=  -±")/|  ('■-».■)■ 

We  accordingly  have  for  the  value  of 

^9>  __      c ,  1  /  9_ 

dt  ~  l*-x*       -  K  «0 
We  thus  obtain  for  tbe  time  of  revolution 

Tbe  time  of  revolution  of  a  conical  pendulum 
is  the  same  as  that  of  a  complete  oscillation  of 
a  plane  pendulum  of  length  s0  performing 
small  vibrations. 

As  &  approaehes  a  right  angle,  sa  and 
therefore  T  approaehes  zero,  that  is  tbe  velocity 
increases  without  limit.     We    have    in    this  case 


=  Esin^ 


-Vi  v 


V). 

l  tbe  circular 


Now  the  centripetal  acceleration  i 

motion  is  (§  10), 

**_    =    V1*-*»'—    t     & 

An  acceleration  g  directed  downward  together 
with  the  rca-ction  11  directed  toward  tbe  center 
of   the    sphere    will    Compound    iuto 

horizontal  directum  (Irg-  .17).    Accordingly  if  the  particle  is  projeeted 
horizontally  with  the  velocity  v,  it  will  tlescribe  a  cirele. 
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CHAPTEK  UI. 

GENERAL  PRINCIPLES.    WORK  ÄND  ENERGY. 

24.  Work.  If  a  point  he  displaeed  in  a  straigkt  line,  under 
the  aetion  of  a  force  which  is  constant  in  niagnir.ude  and  direetion. 
the  product  of  the  length  of  the  displac ement  and  the  component 
of  the  force  in  the  direetion  of  tlie  displacement,  that  is,  the  yeomdrir 
product  of  the  force  and  the  displacement  §  4,  10),  is  called  the  work 
done  hy  the  force  in  producing  the  displacement.  If  the  comp o Muts 
of  the  force  F  are  X,  Y,  Z,  and  those  of  the  displacement  s  are 
sx,  sy,  s1}  the  work  W  is 

1)  w=  sFco*{Fs)  =  Xsx  +  Yss  +  Zs,. 

It  is  at  once  evident  that  if  a  force  is  resolved  into  components,  the 
snm  of  the  works  of  the  components  is  eqnal  to  the  work  of  the 
resultant,  for  if 

X  =  X,  +  Xs, 

z=z±  +  z,, 

W1  =  X1sx+  Y1ss  +  Z1stl 

Wa=X2Sx+YtS!l  +  ZiSI, 

W=  (X,  +  X,)  s,  +  (Y1+  r3)  s,  +  (Z1  +  Z,)  s,  =  Wt  +  Wa. 

Sinee  work  is  dolüied  as  force  xdisi.n.uce,  \ve  have  for  ita  dimensions. 

[MLl 


[Work]  =  |X]  p£J]  =  \_MI?  T-*\. 


The  C.  G.  S.  vrnit  of  work  is  the  work  done  when  a  force  of 
one  dyne  produces  a  displacement  of  one  eentimeter  in  its  own 
direction.     This  nnit  is  called  the  erg  =  gm  ■  cms  ■  sec- s. 

If  the  displacement  be  not  in  a  straight  line,  and  the  force  be 
not    constant,    the    work    done  in  an  infinitesimal    displacement  äs  is 

2)  aw^xg  +  Tg  +  zß*., 

and  the   work   done   in   a   displacement   along  any  path  AB  is  the 
line  integral 

3)  *.-/(*£ +  *£  +  **)*.. 

The  components  of  the  force  are  supposed  to  he  given  as  func- 

tions  of  s  and  the  derivatives   Vi    /  •     /'   n''('  known  as  functions  of'-s 
as     da     da 

from  the  equations  of  the  path. 
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Uiiflfii^tfoicliiiif  this,  we  niay  write 

4)  WAB  =  fxdx  +  Ydy  +  Zäz. 

25,  Statics.  Virtual  Work.  Suppose  that  we  have  a  system 
of  n  material  points.  If  they  are  entirely  free  fco  move,  they  require 
3w  coordinates  for  their  specification.     If  however  they  are  subjected 

to  geomotrical  constramt,  as  esplamed   in  §  21    for  a  single  partiele, 
there   must   be   certain  relations   satisfied  by  their  coordinates.     Let 

fliese  üpicdioD/i  nf  contli.ti.on  or  eonstraint  be 

<Pi  (xi>  Vi>  gu  "hi  Vt>  H>--'  x»>  y»> g«)  =  °> 
9>ü  (»ii  Vi,  *i,  %,  Di,  **,  ■  ■  ■  »«i  2/«i  s»)  =  °; 

5)  


yt  fe»  ?n  #u  %>  ^1  ss>  ■  ■  •  x»>  y«>  *»)  =  °- 

Such  constraints  may  be  caused  in  a  great  Yarjety  of  ways. 
Particles  may  be  caused  to  iie  on  certain  fixed  or  moving  surfaces, 
may  be  connected  by  inextensiblc  st  rings  which  may  pass  over 
pulleys,  or  "by  rigid  links  Yariously  jointed. 

For  instance,  if  two  particles  1  and  2  are  connected  hy  a  rigid 
rod  of  length  l,  either  partiele  must  move  on  a  sphere  of  radius  i  of 
which  the  other  is  the  center,  and  we  have  the  equation  of  condition 
9  —  0%  —  ^Y  +  Oi  -  2/j,)3  +  («i  -  %)s  -P  =  0. 

(We    might    hare    constraints    defined   by    inequalities,  e.  g.,    if  a 
partiele   were    obliged    to    stay   on   or   within.   a   spherical  surface  of 
radius  l  the  eonstraint  would  be  only  from  witliout,  and  we  should  have 
(x  -  a)2  +  (y-  of  +  (e~  cf  -  Za  <  0. 

We  shall  assume  that  the  eonstraint  is  toward  both  sides,  and 
is  defined  by  an  equation.) 

If  any  partiele  at  xr,  yr,  sr  is  displaced  hy  a  small  amonnt  so 
that  it  has  the  coordinates 

x,.  -\-  öx,.,     y,.  -\-  dyr,     sr  +  Ssri 
in  order  that  the  constraints  may  hold  we  must  have  for  each  q>, 

<f  {xr  +  Sz„  „r  +  Sy„  i,  4-  in,., . .  .)  -  0, 
and  if  rp  be  a  continuous  funetion,  deveioping  by  Taylor's  Theorem, 

rfir  +  txr,  y,  +  Sy„  s;  +  «<„  .. .)-»(*.,  *,*,...)  +  ** |J  + 
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Accordingly,  taking  aceount  only  of  the   terms   of  the  first  order  in 
fche   small   quantities   8xr,  8ijn  dzr)   and   using  equations  6)   we  have 


If  a  number  of  particles  are  displaeed,  we  must  take  tke  sum  of 
oxpressions  like  the  above  for  all  the  particles,  or 

8>  |[{£«*  +  iä> +  £.**}-«. 

as  the  conditions  wliich  must  be  satisfied  by  all  tli.e  displacoiiiuiits 
dxr,  Syr,  Ssr.  There  must  be  one  such  equation  for  eaeh  function  <p. 
Such  displacements,  whicb  are  purely  arbitrary,  except  tliat  they 
satisfy  the  equations  of  condition,  are  called  Virtual,  heilig  possible, 
as  opposed  to  the  displacements  that  actually  take  place  in  a  motion 
of  the  system.  If  the  equations  of  constraint  contain  the  time,  t  is 
supposed  to  be  kept  constant  during   the  virtual  displaceinent. 

The  number  of  independent  coordinates  possessed  by  a  system 
is  called  the  number  of  degrees  of  freedom  of  the  system,  whioh  may 
be  otherwise  defined  as  the  number  of  data  necessary  to  fuüy 
specifv  its  posilion.  Eetween  the  3m.-  ehanges  8x,  Sy,  8s,  occurring  in 
an  equation,  there  are  k  linear  equations,  lience  only  'An  —  k  of  them 
may  be  taten  arhitrarily,  and  this  is  the  number  of  degrees  of 
freedom  of  the  system. 

It  has  long  been  customary  to  make  a  subdivision  of  the  subject 
of  Dynamics  ei.ilil.led  Btaiia  ivhich  deals  with  only  those  prohlems 
in  which  forces  produce  equilibrium.  A  system  is  in  equilibrinm 
when  the  impressed  ibrees  npon  its  varions  particles  together  with  the 
constraints  balanee  each  otber  in  such  a  way  that  there  is  no  tendency 
toward  motion  of  any  part  of  the  system.  The  Prineiple  of  Virtual 
Work  is  the  most  genoral  analytical  statement  of  the  conditions  of 
equilibrium  of  a  system.  It  was  used  in  a  very  simple  form  by 
Galileo,  but  its  generality  and  its  utility  for  the  Solution  of  problems 
in  statics  was  first  recognized  by  Jean  Bernoulli,  and  it  was  made 
by  Lagrange  the  foundation  of  statics.1) 

If  the  system  consists  of  a  single  free  particle,  in  Order  for  it 
to  be  in  equilibrium  the  resultant  of  all  the  forces  applied  to  it, 
i  are   X  =  TXr,  J=  ZYr,  Z=  TZr,   must   vanish, 


9)  X  =  Y=Z=0. 


1)  For    the    hiatory  of  the    priii  uiple  see   l'jajn-aiiijc;,  J\H-c<mi<nM  J'iitihilrtt'.i', 
I"  Partie,  Scution  I.  SS  16  and  11. 
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If  we   multiply    these   equations   respectively  by  the   arbitrary   small 
quantities  Sx,  Sy,  Sz,  and  add,  we  get 

10)  X8x  +  Yöy  +  ZSs  —  0, 

which  states  that  the  work  done  in  an  infinitesimal,  d'splacement  of 
a  point  from  its  position  of  equilibrhira  vanishes.  The  equation  10) 
is  equivalent  to  the  equations  9),  for  sinee  the  quantities  Sx,  Sy,  fiz 
are  arbitrary,  if  X,  Y,  Z  are  different  .  from  zero,  we  may  take 
Sx,  Sy,  Sz  respectively  of  the  sa.me  sign  as  X,  Y,  Z,  —  each  prodnet 
will  then  be  positive,  and  the  snm  will  not  vanish.  If  the  sum  is 
to  vanish  for  all  poasiU'--  choices  of  Sx,  Sy,  Sz,  X,  Y,  Z  must  vanish. 
If  the  particle  is  not  free,  hut  constrained  to  lie  on  a  surface 
<p  =  0,  dx,  Sy,  Sz  are  not  entirely  arbitrary.  but  must  satisfy 

7)  ^Sx+p-Sy+^Se  =  0. 

'  dm  '    dy     J    '    es 

Let  us  multiply  this  by  a  quantity  1,  and  add  it  to  10),  obtaining 

U)     (x  +  x  <jf)  Sa:  +  (y+  jf|)  Sy  +  (#+  l§S)*.-0. 

We  may  no  longer  conclude  that  the  coefficienta  of  Sx,  Sy,  Sz 
must  vanish,  for  Sx,  Sy,  Sz  are  not  arbitrary,  being  connected  by 
the  equation  7).     Two  of  tliem  are  however  arbitrary,  say  Sy  and  Ss, 

%  has  not   yet   been   tixed  —  sirppose  it  determined  so  that 

x  +  a||  =  o. 

Then  we  have 

(r+l§|)»»+(*+l§?)*.-0, 

in  which  Sy  and  Sz  are    purfi.'ctly   arbitrary,    it    tberefore    Collows    of 
necessity  that  the  eoefficients  vanish. 

Y+X8*  =  0,     Z+X^  =  0. 
Sy  '  Cs 

By    the   introduetion    of  the   multiplier   X    we    are    accordingly 

enabled  to  draw  tliü  sa-äiie  conclusion  as  if  Sx,  Sy,  Sz  were  arbitrary. 

If  X,  Y,  Z  refer   to   the   resnltant  of  the  impressed    i'orces  only,  not 

including  the  reaction,  equations  9)  do  not  hold,  but  if  we  suppose 

10)  to  hold,  we  shall  obtain  the  conditions  for  equilibrium.    Elimin- 

ating  Jt  from  the  above  three  equations  we  get 

—  =  —  =  — - 

d<f>  dtp  dtp 

da         ~dy        ~dz 
Now   the   direetion    cosines  of  the  normal   to  the  surface  <p  =  0 
are  proportional  to    ,.  '  1  .,    >  .  ^  conscquently,  the  components  X,  Y,Z 
being  proportional  to  these  direetion  eosines,   the  resultant  is  in  the 
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direction  of  the  normal  to  the  surface.  But  owmg  to  the  constraint 
the  motion  can  be  only  tangential.  utmsequuLitly  i.lie  particle  caiuior, 
move,  and  the  applied  forces  together  with  the  reaction  produce 
equilibrium. 

Tbe  Principle  of  Virtual  Work  is  as  follows.  If  any  System  of 
as  many  bodies  or  particles  as  we  plcasc,  eacb  acted  upon  by  any 
forces  whatsoever,  is  in  equilibrium,  and  a  sraall  arbitrary  Virtual 
displacement  is  given  to  eacb  point  of  the  System,  the  work  done 
by  all  tbe  forces  will  vanisb  (at  least  to  the  iirst  order  of  smaÜ 
quantities").  For  instand:  n  particle  placed  on  a  smooth  surface  under 
the  action  of  gravi ty  experiences  a  foree  mg  vertically  downward. 
If  we  displace  it  a  distance  äs  the  work  done  by  the  foree  will  be 
■mcjds,  if  the  ,e  coordinate  is  takeii  positive]}'  downward.  We  may 
write  this 

äW=  mg-j-ds, 

and  if  this  vanishes  whatever  the  value  of  ds  for  all  directions  of 
displacement  on  the  surface  -,-  must  be  zero,  that  is  the  tangent 
plane  to  the  surface  is  horizontal.  But  the  particle  is  in  equilibrium 
at  such  a  point. 

Conversely,  if  the  surface  is  not  horizontal,  d\V  will  not  vanish 
for  all  possible  displacenients,  neitber  will,  tbe  particle  be  in  equili- 
brium.  (It  is  to  be  noticed  that  in  the  neighbourbood  of  a  point 
where  the  tangent  plane  is  horizontal  ds  is  proportional  to  ds*,  so 
that  the  work,  although  vaninhüig  to  the  first  order,  does  not  vanish 
to  tbe  second,  s  is  in  this  case  a  maximum  or  minimum.) 

Simple  Illustration*  of  the  principle  of  Virtual  work  are  fumis.bcd 
by  the  so-called  mechanical  powers.  Consider  in  particular  the 
pulley.  The  mechanical  ad v anlag«  or  multiplying  power  as  regards 
foree,  that  is  the  ratio  of  the  foree  sustained  by  the  movable  block 
to  tbe  tension  on  the  cord,  is  equal  to  n,  the  nuniber  of  cords 
Coming  trom  the  movable  block,  -for  the  fundamental  assumption  is 
that  the  tension  of  the  cord  is  everywhere  the  same.  If  the  end  of 
the  cord  is  displaced  a  sraall  distance  in  its  own  direction,  the  block 
is  displaced  1/«'"  of  that  distance,  consequently  the  work  of  tbe 
two  equilibrating  forces  is  equal  in  absolute  magnitude,  but  one 
being  positive  and  the  other  negative,  their  sum  is  zero. 

By  means  of  this  principle  Lagrange  gave  a  simple  general 
proof  of  the  principle  of  virtual  work.  He  supposed  eacb  foree 
applied  to  a  point  of  the  System  to  be  replaced  by  a  pull  of  a  block 
of  pulleys,  the  number  of  pulleys  in  eaeb  block  being  so  chosen. 
that  the  proper  foree  conld  be  produced  by  the  tension  of  a  Single 
cord  passing   over   all   the   pulleys  and   fastened  to   a  weight  at  one 
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end,  fche  other  being  fixed.  If  now  the  forces  are  in  equilibrium, 
an  arbitrary  small  displacement  of  all  the  bloeks  will  iieither  raise 
nor  lower  tlie  weighfc  at  the  end  of  tlie  string.  Thus  hy  the  applica- 
tion  of  tlie  property  of  the  pulley  the  prineiple  was  proved.1) 

We  shall  not  liere  undertake  to  giYe  a  more  formal  proof  of 
tbe  prineiple,  which  may  be  given  by  an  analysis  of  the  various 
kinds  of  eonstrsimt,  such  a  proof  is  found  in  Appell,  Traitn'  de 
Mi'c.iH'.i<j_ue    lli't'nm'jrlh::,  Tom.  I,  Chap.  7. 

If  the  forces  X%,  71}  Zx  act  npon  the  particle  1,  Xa,  Y,,,  Z*  upon 
tlie  particle  2,  etc.,  the  conditkui  of  eqnilibrium  is 

12)  X19xl  +  Yldyl  +  Z1dst  +  Xt6cel  +  Ytd9%  +  Zligt+---Z*d0n  —  O, 

or  as  we  may  write  it, 

13)  2  (Xöx  +  T9V  +  Z8^  =  °' 

This    is    tbe    analytical  e.\pression   of  tlie    Prineiple    of  Virtual  Work. 
If  the   particle«    safcisfy  tlie   equations   of  constraint  5)   the  dis- 

plsiceme.uts  must  satisfy  tlie  equations 

14)  ' 


Mulfiplying  the  equations  .Ifj  respectively  by  ).lf  k2,  .  .  .  Xk,  and  addi.ng 
to   12)  we  have 

+  (2l  +  ll||-M,|a+...J,|5)^ 

15)  l  dm  <)m  Ow,\ 


Of   the    3«    quantities    Sxlf  .  .  .  Ssn,    only    3»  —  h    are    arbitrary,    we 
may   however   determine   the   li  multipliers  l  so  tbat  the  coeffieients 


/Google 


62  Hl  GIIXKKAL  .l'HINüIPLKS.     WORK  AKD  KNKRGY . 

of  the  k  otlier  tf's  Yanish,  tben  the  coeffieients  of  tlie  3«  —  ~k  < 
ä'a  must  vanien,  so  that  we  get  the  3w  equations 

x,  +  xtl^  +  xjs±  +■■■  ikl^-o, 


16) 


x,  +  hd£-  +  k¥:+-k£-o, 


'+•■•1, 


Eliinmaiifig  Crom  these  the  k  quantities  l,  we  haye  3n  — &  equations 
«ipressing  the  eonditioiis  of  cquilibrium,  heilig  as  many  as  the  System 
has  dcgrees  of  freedom. 

The  equations  16)  were  given  hy  Lagrange1),  to  whom  the 
principle  of  the  use  of  the  indeterminate  multipliers  X  is  due.s)  One 
great  advantage  of  the  principle  of  Virtual  wort  is  that  it  enables 
us  to  dispense  with  the  calculation  of  the  reactions,  for  in  a  dis- 
placcmcnt  compatible  with  the  coiist-.raiii.ts  the  wort  of  the  reactions 
vanishes. 

As  an  example  let  us  find  the  position  of  equilibrium  of  two 
heavy  particles  of  mass  mx  and  mi,  connected  by  a  rigid  bar  without 
weight,  of  length  l,  and  placed  inside  of  a  smooth  sphere  of  radius  r. 
The  equations  of  constraint  are 

xi   +  2/iä  +  si   —  *'s  =  0. 

V  +  y*  +  sf  -  r3  =  o, 
(x,  -  xsf  +  fo  -  y,y  +  (h  -*tf-l*°-  o. 
The  equation  of  Virtual  wort  is 

m1gdsi  +  mtgSsi  =  0, 
where  Ös1  and  ö.i\2  satisfy  the  equations 

x18x1  +  y1Sy1  +  g1S01  =  O! 
x%Sx2  +  ysdya  +  0aäea  =  0, 
(*,  -  x2)  (Sx,  -  Sxa)  +  (jh  -  us,)  (*»,  -  #ft)  +  K  -  h)  (d*  -  #%)  =  0. 
These  are  four  linear  equations  between  the  six   quauritk'; 

dx1;    ö&,     Ssu    Sxif    fiys,    Sns. 
We   may  therefore    täte   any  two    of  thern    arhitrarily.     Suppose  we 
assume    dys  —  dy2  —  0.     We    tben    have    four    linear    equations    in 
dx1,  Self  $x%,  #5ä,  and  in  order  that  they  may  be  satisfied  for  values 

"T;  Lasrran^i;.  M'Jvainqac  Anuhitiqnc,  tom.  I,  p.  79. 
3)  See  Note  II. 
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of  the   <fs   other   than   0,   the   determinant   of  tbe   coefticients  must 


or  reducing, 

(%«!  -I-  m^x^)  (fljg^j  —  x1si)  =  0. 
The    Solution   that   applies    is    given   by  the    vaniahing    of  the   ürst 
factor,  that  is, 

»ij^j  +  rn^Xg  =  0. 

In  like  manner  if  we  had  assumed  dx1  =  dxs  =  0,  we  should  have 
obtained 

m1y1  +  mtys  =  0. 

This  equation  witli  the  preceding  gives  by  the  elimination  of  m1}  m%, 

Vi  ~  Vi ' 
Hence  the  points  lie  in  a  vertical  plane  containing  the  Center  of  the 
sphere.  The  two  equations  express  the  fact  that  a  point  dividing 
the  line  eonnecting  tlie  particles  in  the  inverse  ratio  of  their  masses 
is  vertically  below  the  center  of  the  sphere.  The  azimuth  of  the 
plane  containing  the  particles  is  indeterminate  on  aceount  of  the 
symmetry  ab  out  the  vertical. 

26.  D'Alemnert's  Principle.     The   equations   of  motion   of  a 
pai'tiule  may  be  written 

dsx 

dt1  ' 

17)  rr-mr~t;-  =  o, 

dt' 

Multiplying  tju'KR  cciuatiojis  respeetiveh  by  the  arlntrarv-  iiuini.tit.ies 
Sxr,  dyr>  §%,.,  adding,  and  taking  the  snm  for  all  values  of  the 
suffix  r,  belonging  to  the  ditf'ere.ut  oarticl.es  of  a  system, 

18)  ^{fc—nS)  »*+(*— '%)**  + 

+  (^-»'S)äs'l-°' 
This  equation  may  be  caüed  the  iirridaniental  equation  of  dynamics, 
and   is    the    analytical   statement   of   what   is   known  as   d'Aletith^rt'a 
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Principlr.  Lagrange  made  it  the  basis  of  the  entire  subjeet  of 
dynamics.1)  We  may  interpret  18)  in  terms  of  the  principle  of 
Virtual  work  by  means  of  the  introduction  of  the  coneeption  of 
effective  forces  due  to  d'Alembert. 

If  a  System  of  partieles  is  not  free,  when  acted  on  by  certa.in 
impressed  forces  it  will  not  take  on  the  same  motion  as  if  there 
were  no  consfcraint,  the  reaetions  causiug  it  to  deviate  from  this 
natural  motion.  Having  found  the  actual  motion,  we  know  the 
system  of  forces  that  would  produce  it,  if  there  were  no  consi.ramts. 
These  are  termed  the  eifective  forces  and  if  we  represent  them  by 
Xr',  YJ,  Zr,  they  are  given  by  the  equations 

d*x  d'y  &#,- 

X;  =  mr  -  ,-s--j     Tr  =  mr—,lS->     Zr  =  mr  -j-»-- 
at  at  dt 

The  equation  18)  accordmgly  stute-s  that  tli.e  reversed  effective  forces, 
—  X',  ■—  T',  —  Z'  together  with  the  impressed  forces,  X,  Y,  Z,  will 
form  a  system  in  equilibrium. 

We  may  regard  the  principle  from  another  point  of  view. 
When  a  hody  is  set  in  motion  with  an  acceleration,  it  reacts  on  the 
agent  which  produces  the  motion,  and  this  Jcinetic  reaction  has  the 
properties  of  any  force  whatsoever.  For  instance  if  the  accelerating 
agency  is  due  to  contact  with  a  second  moving  body,  the  second 
body  is  refcarded  by  a  force,  and  this  force  is  the  reaction  of  the 
first.  This  kinetic  reaction  is  measured  by  the  components 
rfsar  ä*y  d*/! 

"•»«■'   ~mv   ~mw 

and  is  thus  in  the  opposite  direction  to  the  acceleration  experienced 
by  the  body.  The  reaction  is  offen  termed  the  Force  of  Inertia.  a 
very  expressive  term,  representing  in  tangible  form  the  fundamental 
property  of  inertia,  possessed  by  all  matter,  this  property  heing  that 
matter  reacts  against,  or  in  ordinär y  Iruiguage  rvsists,  heilig  put  in 
motion.  (By  the  use  of  the  term  resists  we  in  no  wise  mean 
prevention  of  motion  —  the  use  of  the  term  has  been  objected  to, 
and  Maxwell-)  Sias  jokiiigly  remarked  that  we  mighfc  as  well  say  that 
a  cup  of  tea  resists  heing  sweetened,  because  it  does  not  become 
sweet  until  we  add  sugar.  The  meaning  here  is  precisely  similar  — 
we  mean  that  matter  does  not  move  until  it  is  moved  by  siane  agent 
external  to  itself.  It  is  hardly  likely  that  cout'usion  can  be  caused 
by  the  use  of  such  common  phrases,  which  indeed  seem  to  attribute 
volition  to  matter  —  -we  shitll  accordingly  make  no  attempt  to  avoid 
them.)     We  may  thus  deti.ii«  matter  as  that  which  can  exert  forces  of 

1)  Lagrange,  Mecmrique  A.n'.ih/tiqiie,  t.I,  p.  267.    The  equation  18)  although 

Ilrst  explieitly  given  by  La^ran^e,  wiil  be  referrei'l  as  "(l'Alcmbert's  equation", 
:is   briefer  tbau  "Lagi-auja'-'s  equiHicm  of  iV'Alera'bevt's  Priuciplo". 

2)  Maswell,  Scientific  l'upers.  Vol.  II,  p.  77P. 
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inertia.  This  is  the  only  universal  definition  of  matter  now  possible. 
(It  is  to  be  noticed  that  tliis  definition  includes  tlie  luminiferous 
ether.) 

We  may  then  state  d'Alembert's  Principle  io  these  words:  The 
imuressed  forees,  rngether  with  the  Forces  of  inertia,  form  a  System 
in  equiübrium.  Tims  the  principle  is  not  new,  but  merely  expresses 
Xcwtou's  third  law  of  motion,  embodving  at  the  same  time  the  other 
two,  in  the  expression  of  the  fbrces.  The  great  service  done  by 
d'Älembert  was  in  reducing  the  statement  of  a  problem  in  motion 
to  that  of  a  statical  problem. 

A  practical  advantage  frequently  of  great  nse  in  applications  is 
similar  to  that  possessed  by  the  principle  of  Virtual  work,  naraely, 
tnat  the  reactions  of  the  constraints  do  no  work,  and  may  fcherefore 
be  omitted  froni  the  equation  18),  for  it  is  evident  that  the  reactions 
due  to  all  constraints  hetwcen  bodies  act  eqnally  in  opposite  directions 
on  both,  so  that  the  work  done  in  the  motion  of  fcheir  common 
point  of  application  vanishes. 

As  a  simple  example  of  the  meauing  of  force  of  inertia  consider 
two  locomotives  pnlling  in  opposite  directions  at  the  ends  of  a  train, 
the  ptills  being  transmitted  by  spring  dynamometers.  If  the  train 
remains  at  rest,  the  pull  reeorded  on  both  dynamometers  will  be  the 
same.  If  now  one  locomotive  be  given  more  steam,  so  that  the 
train  beglns  to  move,  tlie  indieations  of  the  dynamometers  will  be 
found  to  be  unequal,  tlie  greater  pull  being  that  of  the  locomotive 
on  the  side  toward  which  the  train  is  moving,  the  difference  being 
found  to  be  exactly  equal  (disregarding  friction)  to  the  product  of 
the  mass  of  the  train  by  tlie  acceleration  which  it  gains.  Thus  the 
difference  of  pull  is  balaneed  by  the  force  of  inertia,  or  kinetic 
reaction. 

Agam,  consider  a  person  standing  in  a  street-car,  when  the  car 
starts.  An  acceleration  is  impressed  on  bis  body  in  the  direction  of 
the  motion  of  the  car.  The  kinetic  reaction  is  thus  directed  horizont- 
ally  to  the  rear.  The  force  of  weight  of  tlie  person  being  vertieally 
downwards,  the  remaining  force,  namely,  the  statte  reaction  of  the 
Soor  of  the  car,  mnst  be  such  as  to  equilibrate  these  two,  and  is 
found  by  the  triangle  of  vectors  to  be  directed  upwards  and  inelined 
forwards.  Thus  the  person  must  lean  forward  in  order  to  preserve 
equilibrium.  Similarly  when  the  car  stops,  the  acceleration  being 
directed  tlie  other  way,  he  raust  lean  backward.  Tliis  application  of 
d'Alembert's  Principle  is  a  matter  of  common  knowledge,  where 
eleotric  railroads  are  common. 

27.  Energy.     Couservative  Systems.     Impulse.     If  in  the 

equation  of  d'Alembert's   principle,  18),   we   put   for   Sx,  Sy,  äs  the 

W'KUS'IM-Ilt,  Dynnmics.  5 
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displiicfimenta   which   take  place  in  the  aetual  motion   of  the  System 
in  the  titne  dt, 

die.  äyr                        dar 

$%r=   tt  dt,  ö'yr  =  -,,-dt,     ofsr  —  -n-dt, 

r        dt       '  JT        dt       '                  dt       ' 

we  obtain 

__.  f       id?x  dx         d*y   äy         d2fs    der\ 
19)     2l\m>-  \~W  dt  +  SP  Ht  +  ~W  ~dt ) 


<PxLdxr  _  l    d  i       /d«f\ä) 

mr    df      dt     ~    2    dt  \mr\  dt    }    ]' 

tlie  sum  of  the  first  three  terms  is  the  derivative  of  the  sum 
and  tlie  equation  may  he  written,  omitting  the  factor  dt. 


-2i*£- 


*'%■+*-. 


The  expression 

the  half-sum  of  the  produets  of  the  raass  ol'  each  particle  by  the 
sqnare  of  its  yelocity,  is  called  tlie  Kinäic  Energy  of  the  system. 
It  is  one  of  the  most  important  dynamical  quantities.  If  we  denote 
it  by  T,  eqnation  20)  has  on  the  left    ,    ■     Since 

Xrdxr  +  YTdyT  +  Z,dsr 
is  the  work  done  upon  the  rth  particle,  the  terms  und  er  the  summa- 
tion  sign  on  the  right  denote  the  total  work  done  by  the  impressed 
forces  in  unit  time,  or  the  Aclhi/y')  of  tlie  forces.  The  eqnation  20) 
is  called  the  equation  of  activifcy,  and  states  that  the  rate  of  increase 
of  kinetic  energy  of  the  system  is  equal  to  the  activity  of  the  im- 
pressed forces. 

1)  The  word  "arfto"  is  nsed  by  Newton,    in  a   scholium  on   the  fchird  law, 

whei'e  he  siiys.  "If  the  activity  of  an  ajjeiir  (forciO  be  measuivd  by  its  simount 
and  its  Yelocity  eonjointly ;  .  .  .  ad.ivity  and  eoimf:^rai',tivity,  in  all.  eoiäii.'iiuitkm* 
;if  maciiiiics.  will  bo  enual  and  opfjusitc:."  The  activity  will  somiitiauss  hu  denoted 
,      dA 

by  -dl' 
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Integrating  equation  20)  with  respect  to  t  between  the  limits  t0 
and  t1! 

The  sqnare  brackets  with  the  affises  t0;  tt  denote  that  the  value 
o£  tlie  expression  in  brackets  for  i  =  t0  is  to  be  subtracted  from  the 
value  for  t  =  tv 

The  integral  on  the  right  of  21),  which  may  be  written 


./' 


XrdxT  +  Yrchjr  +  Zrü 


denotes  the  werk  done  by  the  f'orces  of  the  System  on  the  particle  »i, 
during  the  motion  from  t0  to  tlf  and  the  sum  of  such  integral* 
denotes  the  total  work  done  by  the  forces  acting  on  the  System 
during  the  motion.     The  equation  21)  th.us  becomes 

22)  Th  -  Za  =  V,  f(X,.dx,.  +  Yräyr  +  Zrdsr), 

This  is  called  the  equation  of  energy,  and  states  that  the  gain.  of 
kinetic  energy  is  equal  to  the  work  done  by  the  forces  during  the 
motion. 

The  equation  of  energy  assumes  an  important  form  in  the 
particular  case  that  the  forces  acting  on  the  particles  depend  only 
on  the  positions  of  the  particles,  and  that  the  components  may  be 
repreaented  by  the  partial  derivatives  of  a  single  funetion  of  the 
coordinates, 

#&,&,«!,  x2,  y,,*,...*), 

23)  Xf=™>     Yr=™r>    Zr  =  %L. 
In  this  case  the  expression 

2r{XräxT  +  Yräy„  +  ZräeT\  =^\^d^  +  W^*  +  TT  **A> 
is  the  exaet  differential  of  the  funetion  U,  and  the  integral 

Czr  (Xrdxt  +  Ytäyr  +  Zrüzr)  =  Uh  -  U,a, 

that  is  the  work  done  in  the  motion,  does  not  depend  upon  the 
paths  doscribed  by  the  vurions  particles,  bat  only  on  the  initial  and 
final  configurations  of  the  system,  since 
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XJt,  =  U(x:,  yt,  s1,  .  .  .)     and 
Pt-Bfe",  y°,  <,.,..), 

where  the"  affix  0  denotes  the  value  of  the  coordinate  at  the  time  (■„. 
The  equation  of  energy  then  is 

24)  Th  -  T^=Uh-  TJln. 

The  function  U  is  called  t,he  force-funetion,  and  its  negative 
W=  —  TJ  'is  ealled  the  Fotrnt/a!  Kuenjy  of  the  System,  hiserting 
W  in  24)  we  have 

25)  Th  +  Wh  =  Tto+  Wla. 

The  sunt  of  the  kin.etic  and  potential  energies  of  a  system  possessnig 
a  foree- function  depending  only  on  the  coordinates  is  the  same  for 
all  instants  of  time.    This  is  the  Principle  of  (.hnsrnoMon  of  Entirgii. 

Systems  for  which  the  conditions  23)  are  satisfied  are  accord- 
itigly  ealled  conserriifirc  Systems. 

The  potential  energy,  beiug  defiued  by  its  derivatives,  contains 
an    arbitrary  constant.     The    funetions    T  and  W   have    one  essential 

ä%r    dyr    &*, 
diilerence,  namely,    '!.'  coniains  only  tlie    valocities,      ,    >     .■■  >        >  ■  •  •-. 

while  W  doos  not  contain  the  veloeities,  but  only  the  coordiuate*. 
One  importioit  eonseipienee  of  Ihe  eijnatioii  of  Conservation  id.'  Energy 
is  that  if  at  any  time  in  the  eourse  of  a  motion,  all  the  points  of 
the  system  pass  simultaneously  thnragh  positions  that  they  have 
occupied  at  a  previous  instant,  the  kinetie  energy  will  be  the  same 
as  at  that  instant-,  irrespeetive  o1'  tlie  directions  in  which  the  pavticles 
may  be  moving,  for  T-\-W  is  eonstant  during  tlie  whole  raotion, 
and  W  depends  only  on  the  coordinates,  consequently  when  all  the 
coordinaies  resume  their  former  values,  the  kinetie  energy  does  the 
same. 

In  other  words,  the  work  done  on  the  system  has  been  stored  up 
oc  conserved,  to  the  amount  W,  and  may  be  got  out  again  by  bringing 
the  system  back  to  its  former  configm-ation. 

For  instance,  a  particle  thrown  vertically  npward,  or  a  pendulum 
suinging,  have  the  same  velocity  wben  passing  a  given  point  whether 
rising  or  falling. 

As  an  example,  consider  a  particle  acted  upon  by  gravi  iy.  We  have 

26)  X  =  0,     T=Q,     Z=-mg, 
so  that  TJ  =  —  mgz  +  const. 

The  ei|u;i.tion  of  eiicrmv    is 

27)  ->-«(»>-»„')--»•.?(«-».), 

or  the  velocity  depends  only  on  the  vertical  height  fallen.  Accord- 
ingly  a  particle.  descending  from  a  point  A  to  another  ß,  constrained 
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t,o  follow  any  curve,  reaches  B  always  with  the  same  vulocii.y, 
although  the  tiine  occupied  in  the  descent  may  be  very  different 
from   one  curve  to  another. 

The  equation  27)  might  have  been  applied  to  immediately  give 
us  the  integral  equation  44)  §  21.  (In  that  equation,  the  i?-axis  is 
drawn  positively  dotontvard.) 

The  principle  of  virtual  work,  §  25,  may  evidently  be  expressed 
by  saying  that  for  equilibrium  the  potential  energy  of  the  systeni  is 
a  maximum  or  minimum,  and  a  little  eonsideration  shows  that  for 
stab'te  equilibrium  it  is  a  minimum.1) 

For  instance  in  tlie  above  example  the  potential  energy 

W  =  mgz  +  const, 

e  heing  measured  positively  upward.  If  the  particle  is  in  equili- 
brium on  a  suvface  concave  upwards,  s  and  with  it  W  is  a 
minimum,  the  equilibrium  being  stable.  If  the  eoneavity  is  down- 
wards,  the  equilibrium  is  uiistable  and  W  is  a  maximum.2)  The 
question  of  stability  of  equilibrium  will  be  discussed  in  §  45. 

It  is  possible  to  have  a  force-function  di'fiued  by  equations  23), 
which  contains  the  time  as  well  as  the  coordinates.  The  system  is 
not  then  conservative,  and  it  is  not  customary  to  speak  of  its 
potential  energy.     We  have  now 


au      du 

+2iZr 

dt   + 

du 

dt  "f" 

dUdzr 
<F7r~dt 

so  that 

our  equatioi 

i  of  activity  20)  is  in 

tlll.S    IJUSe 

28) 

dT  _ 
dt  ~ 

dU 
'  dt 

du 

dt' 

In  certain  cases  we 

may  be  abl 

e  to  assign 

,,      .           dU 
the  terra     . 

rfTF 

to  a  potential 

<IW 
euergy,  as  - 

If  the   forces   depend   on   the  velocities   or   on   anything  beside 

the  coordirmioH,  t.he  System  is  not  conservative.  Such  a  case  is  that 
of  motion  with  Motion,  wliere  the  l.rietion,  bein.g  a  t'orce  that  always 
tends  to  retard  the  motion,  not  only  ehanges  sign  with  the  velocities 
but  also  depends  upon  the  magnitudes  of  the  yelocities  in  such 
resisting  media  as  the  air  and  liquids, 

The    dynamical   theory    of  heat    accounts    t'or    the    energy    that 
apparently   disappears  in  non-conservative  Systems. 

1)  Dirichlet,      über    die    StaMUtiU    de*     (rhichgmr.if]iht.      Crelle'y    Journal, 
Bd.  32,  p.  85  (1846). 

2)  See  Kirchhoff,  Mechanik,  p.  34 
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We  shall  see  later,  that  whereas  positional  forces  are  usually 
conservative,  and  motional  forces  not,  there  are  certain  conservative 
motional  forces. 

Kinetie  energy  being  defined  as  2-  -mv2  is  of  tue  dimension^ 
]  — ~E'-  j  the  same  as  those  of  wort.  Potential  Energy  is  defmed  as 
work.     The  C.  G.  S.  unit  of  energy  is,  therefore,  the  erg. 

We  have  in  this  chapter  buoii  coucerned  with  the  line  integral 
of  the  force  exerted  on  a  mov.ing  point  resolved  in  the  direction  of 
the  motion  of  the  point  of  application.  This  has  been  ealled  the 
work  of  the  force,  and  is  physieally  a  quantity  of  fundamental 
importanee.  We  have  occasionally  to  eonsider  the  time-integral  of 
a  force,  that  is,  if  F  be  a  force  always  in  the  same  direction,  the 
quantity 


<-P 


Fdt, 


which  has  reeeived  the  name  of  the  impulse  of  the  force  duriug  the 
time  from  t0  to  tt.  The  effect  of  a  force  may  be  measured  either 
by  the  work  or  by  the  impulse,  but  it  is  to  be  observed  that  the 
mfbrrmiiion  obtained  when  one  or  the  other  of  these  two  qiii.mtiti.es 
is  given  is  of  a  quite  different  nature.  Supposing  the  force  is 
eonstant  in  magnitnde  and  direction,  the  work  done  is  equal  to  the 
force  times  the  distance  nioved,  and  a  knowledge  of  the  work  teils 
us  how  far  the  point  of  application  will  be  moved  by  the  given  force. 
while  the  impulse  is  equal  to  the  force  times  the  interval  of  time, 
and  teils  ns  how  long  the  point  will  move  under  the  application  of 
the  givea  force.  If  the  force  is  variable,  cr-iisiuering  the  signiliea 
tion  of  a  deJinite  integral  as  a  mean1),  we  may  say  that  the  work 
is  the  mean  with  respect  to  distance  of  the  force  multiplied  by  the 
length  of  the  path,  while  the  impulse  is  the  mean  with  respect  to 
the  time  multiplied  by  the  duration  of  the  motion.  Thus  the  work 
answers  the  question  "how  far",  while  the  impulse  answors  the 
question  "how  long".  The  work  is  a  scalar  quantity,  its  element 
being  the  geometric  produot  of  the  force  and  the  displacement.  For 
the  element  of  impulse,  however,    we  have,    using  equation  7),    §  3, 

Fat  =  Xdt  cos  (Fx)  +  Ydt  cos  (Fy)  +  Zdt  cos  (Fe) 

thus  the  element  is  the  component  in  the  direction  of  the  force  of 
the  veetor  whose  components  are 

dl,  =  Xdt,     dlj^Yilt,     dl.  — Zdt. 

1)  See  footnote,  §  34,  p.  98. 
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For  the  whole  impul.se  we  may  then  take  as  definitions 

L  =  jxdt,   Lj^frät,  ic=Jzäts 

so  tliat  the  impulse  is  a  vector  quantity.  We  tlnis  lose  the  relation 
to  the  directum  of  the  path,  or  of  the  Force,  in  the  case  of  a  variable 
force,  but  oji  comparmg  with  equations  43),   §  18, 


we  have  by  Integration 

so  that  the  impulse  of  a  force  acting  on  a  single  particle  for  a 
certain  interval  of  time  is  equal  to  the  vector  Lucrease  of  mumentum 
diiring  that  interval. 

The  case  in  which  the  impulse  of  a  force  is  of  most  importance 
is  tbat  of  what  are  known  as  impulsive  forces,  which  arise  where 
actions  take  place  between  bodies  in  such  a  brief  interval  that  the 
bodies  do  not  appreeiably  (.'hange  tlicir  positions  dun'ng  the  action, 
although  sensible  changes  of  moiuenta  take  place.  If  in  the  equa- 
tions  above,  the  length  of  the  interval  ^  —  ta  decreases  mde.linir.ely. 
white  the  force-components  X,  Y.  Z  iuerease  indelinitely,  the  integral* 
may  still  approach  finite  liraita 

Ix=\ira    fXdt,     4  =  lim    fYdt,     J„  =  lim    Czdt. 

In  this  ease  we  can  not  mvestigate  the  forces  in  the  ordinary  manner 
for  tbe  accelerations  have  heen  infinite,  but  the  velocities  and  momenta 
have  reeeived  finite  rhanges  iu  the  vanisiring  interval.  Tbe  work 
done  is  in  like  manner  finite,  though  the  diutance  moved  vanish. 
The  impulse  aud  work  of  all  ordinary,  that  is  finite  forces  acting 
afc  the  same  time  may  thus  be  neglected,  since  tbe  integral  of  a 
finite  integrand  over  a  vanishiug  ränge  of  integration  vanishes. 

On  aecount  of  the  third  law,  the  action  and  reaction  being 
equal  during  the  Operation,  the  impulses  of  the  forces  on  tbe  two 
bodies  are  equal  aud  opposite,  so  that  what  one  gains  in  momentum 
tbe  other  loses.  It  is  in  this  manner  tbat  the  impact  of  two  billiard 
balls,  or  the  action  of  a  shot  on  a  ballistic  pendulum,  is  to  be  dealt 
with.  Many  instruments  used  in  electrica!  measurements  act  on  this 
principle,   that   the  momeutum  suddenly  eommunicated  to   a  body  at 
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rest,  which  afterward«  proceeda  to  execute  an  observed  swing, 
meiisurcs  tl 1 1.-   dme-hil-ßgi'ul  of  an    impulsive  force.1) 

In  Order  to  find  the  work  done  by  a  given  Impulse,  let  us  make 
use  of  the  equation  of  work  and  energy,  22),  whicb  says  that  the 
work  done  is  equal  to  the  increase  of  the  kinetie  energy.  The  latter 
may  be  Tratten,  bearing  in  raind  the  definition  of  momentum, 

T=  l-m(vl+vl  +  vV)  =  -j(Mxv»  +  M,Jv,J  +  M!vi). 

Suppose  dow  the  particle  set  in  raotiou  by  an  impulsive  force,  frora 
rest.  The  kinetic  energy  acquired,  und  aeeordiugly  l.ln?  work  ibmo, 
is  then  one-kalf  the  geometric  product  of  the  impnlse  and  the 
velocity  generated,  or  in  other  words,  tbu  geometrie  pro  du  et  of  the 
impnlse  and  tb.e  average  value  of  the  velocity  at  the  beginning  and 
the  end  of  the  impulsive  action.  Tbis  may  be  otherwise  shown, 
whether  the  particle  start  from  rest  or  not,  by  the  following 
«.nisideriLtiruis.";  Hinee  the  internal  of  time  and  the  distaece  moved 
are  infinitely  small,  we  may  consider  the  motion  as  rectilinear. 
Suppose  the  initial  velocity  to  be  v0,  and  the  final  value  i\,  and 
let  e  be  a  parameter  whicli  during  the  interval  mns  rapidly  through 
all  values  from  0  to   1,  so  that  at  any  part  of  the  interval 

!>_«,+  8  (»,-«„). 

But  as  the  momentum  always  increases  at  a  rate  proportional  to  the 
increase  of  velocity,  we  have  also 

3I  =  M0-\-  t  (M1  -  M0)  =  Ma  +  sl, 

1)  Sfippose  that  st  body  whidi  swlhj>-s  aceordhie;  to  Ihe  law  of  the  pen- 
dulum,  or  equation  8),  §  19,  reoeives,  when  in  its  positi.on  of  eii'iiilibrium ,  an 
impulse    T.     It  swin^s  out  aecording  to  tlü1  eir.iation 


iiiiiinfr    a    time   (  —  ji/3: 

vanishes,  and  it  turns  back     If   ita 

io  it  whilu  at  rest  as 


r  atJt-9 


)  that  if  we  know  m,  a,  and  ra  =  2n/period,  we  cau  uieasn 
ii'  impulsive  fort«.  Tliis  is  tiie  inoile  of  use  of  tbe  bal.listio 
lectronu/ter,  as  well  aa  of  the  ljuLIistii:  pendubnii.  Ibn.ii.erly 
'he  tarne  formula  applied  (sso.Clüiptnr  X),  to  the  hceliitjj  of  a 
.  fired  from  a  cannon. 

■2)  Thomson  and  Tait,   S  MS. 


/Google 


27,  38]  WORK  OF  AN  IMPULSE.  73 

where  I  is  the  total  Impulse.    From  the  equation  of  motion  we  have 

dt  dt' 

so  that  we  obtain  for  the  work 

W=JFds=jFvdt  =  lflv0+e(vi   -voy]dz=  J  I(vx  +  v0). 

Tims  we  find  as  before  for  the  work  of  an  impulsive  force  the 
product  of  the  inipulse  by  the  average  velocity  at  the  beginning  and 
end  of  the  aefcion.  It  is  evident  that  the  same  is  trne  for  the 
infinitesimal,  work  doue  by  an  ordinary,  that  is  finite  force,  during 
an  infinitesimal  mterval.  This  eonception  of  the  impulse  will  be 
useful  to  us  hereafter,  in  connection  witli  the  following.  For  a 
systeui    of  particles,  we  have  for  the  kinetic  energy, 

Now  the  kinetic  energy  is  known  when  we  know  the  veiocities  of 
every  particle  of  the  System,  as  well  as  their  masses,  no  matter  what 
tlieir  positions.  If  we  eonsider  T  as  a  function  of  the  veiocities. 
we  have  aecordingly 

MXT  =  m,.vx,  =  H  ,     Myr  =  mrvyr  =  ~-  ,     M„.  =  mrvir=  ^f  , 

or  the  momentan  components  of  any  particle  are  the  partial 
derivatives  of  the  kinetie  energy  of  the  syst  cm,  eonsidered  as  a 
function  of  all  the  veiocities  of  the  particles,  by  the 
velocity  -  comp onents.     Thus  we  may  write 

cT 


T 


1  -STt/        OT     .  cT     .  oT\ 


which  by  the  theorem  of  Euler  is  true  for  any  homogeneous  ([imdrsitic 
function. 

28.  Particular  Case  of  Force -function.  The  conditions 
nocossary  for  the  esistence  of  a  force -function  being  23),  we  must 
have,  since 

d"ü___    d!ü         d*U  __dHJ_        cH!  _    d'ü 

oxdy       oydx'      Öydz       dzdy       czdx~~  dxdz 

d  Yr        d  Xr  3  Zr        3  r .  c  Xr        d  Zr 

}  8Fr  =  ~dy~/         ~d%.  =  3^7'         ~c%  =  3^"' 

It  will  be  shown  helow  (§  31)  that  fliese  conditions  ;u*e  also  sufticient. 
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In  the  partieular  case  in  which  the  only  forces  aeting  on  the 
System  are  attractions  or  repulsions  by  the  several  particles  directed 
aloiig  the  lines  joining  them 
and  depending  only  on  theii 
mutual  distances,  a  foree - 
i'unction  always  exists. 

For  let  the  foree  between 
two  particles  m,.  and  m,  at  a 
distance  apart  rrs  be 

r—r  (<-,.)■ 

It  will  be  convenient  to  consider 
F  positive    if    the    foree    is    a 
repulsion. 
Consider   now   the    foree  Fjri  acting   on   m,   and   aeting  in  the 

direetion    frorn    mr   to    m..      Its    direction    cosines    are    those    of   the 

vector  rr„. 


;;0i 


T(r) 


rh  =  (x,  -  x,.)-  4-  (y,  -  yFy  4-  (s,  - 
differentiating  partially  by  x„ 


'2) 

^r2 

(*,- 

*), 

31) 

°il  = 

xi~xr, 

Srr.  __  y 

-yr 

Srrt 

and  aecordi 

as!y 

drrl 

dy3 

xy)  = 

F-'''l¥ 

=  <t 

df 

YJ*  = 

°y. 

—  9 

--->w, 

Z,W  = 

F!-"Tf 

-SP 

-)fe 
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NEWTONIAN  FORCE -FUNCTION. 
!  put  Uri  such  a  function  of  rri  that 


dZ7„  drrl       dTJrl 


If  now   we  find  the  resultant  F,  of  all  the  forces  acting  on  ) 
due  to  the  repulsions  by  all  the  particles  tftr,  we  shall  have 


if  we  write  t7,  =  d,  +  ?7s,  ■  ■  ■  +  ?/„,.  Thus  üs  satisfies  the  con- 
ditions  for  a  force -function  as  far  as  concerns  the  point  ms.  In  the 
summation  s  does  not  oceur  as  the  first  index. 

It  is  eYident  that  the  function  Ura  serves  the  same  purpose 
for  «v  as  for  m,.  For  the  force  i*',.M  exerted  on  in,,  by  m,  is  equal 
and  opposite  to  that  exerted  on  m,  by  mr.  Bat  rr,  is  the  same 
function  of  (—  x,)  that  it  is  of  x„  therefore 


f''"  dxt.         dxr  dxt 

We  may  add  to  U„  terms  independent  of  x„  y„  ?,,  without 
affecting  the  values  of  Xg,  Y„  Z,.  If  we  make  U  a  symmetrical 
function  of  all  the  coordinates,  c.ontaming  xh,  y„,  zt)  as  V,  does, 
then   U  will  serve  as  the  force -function  for  all  the  coordinates. 

In  partieular,  let  the  force  of  repulsion  vary  according  to  the 
Newtonian  law  of  graYitation.     Then 


33)  f(<;,)-r  ,',  '.    R.-- 
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34)  U,  -  -  r  {  ™'"'  +  ";*"*  +  • ' '  +  "!."'"'  J» 

and  the  symmetrica  fuiictiou  U  will  be 

U--  l-r\ ") '"'  +  "' "-'  +  ■  ■■  +  "^ 


35) 


--£+■■■  +  -£-* 
H  ^;—  +  ■  •  ■  +  "^^ 


^-!'22v 


linderst  and  mg  that  terms  in  wliich  J"  =  s  are  to  be  omittad. 

The  factor  —  is  mtrodnced  because  in  the  above  summation 
every  term  appears  twice.  But  in  U  each  pair  of  particles  is  to 
appear  only  onee. 

If  no  constant  be  added  to  U  as  defined  above,  both  it  and  the 
potential  energy 

36)  w-^r"^"^?-^, 

will  vauish  when  every  rr,  is  infinite,  tliat  is  when  no  two  particles 
are  within  a  finite  distance  of  eacli  otber.  Tbis  furnisnes  a  con- 
venient  zero  conti  guration  for  the  potential  energy,  and  is  the  one 
generall.y  adopted.  We  may  aceordingly  de.fine  the  potential  energy 
of  the  System  in  any  given  Konfiguration  as  the  work  that  must  be 
done  against  the  mutnal  repnlsions  ur  attraetions  of  the  particles  in 
Order  to  bring  them  frora  a  state  of  infinite  dispersion  to  the  given 
ei  Ultimi  ratio  n.  In  the  rase  of  atirii.oli.n-fi  forees  l.ike  those  ol'  gravitar.ion, 
we  shall,  with  the  notation  of  this  section,  put  y  negative1),  so  that 
the  potential  energy  of  finite  Systems  is  negative,  or  in  the  terminology 
of  Thomson  and  Tait,  the  exkaustion  of  potential  energy,  —  W,  is 
positive. 

1)  Für  the  reaso»  fov  Uie  aJopl.ion  of  t'nie  Convention  see  §  119. 
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29.  Calculus  of  Variations.   Brachistochrone.   The  question 

coneerning  tlie  nccessai-y  and  suilicienl  eondition*  ttiat  a  line  integral 


/< 


(Xdx  +  Yäy  +  Zds) 

shall  be  independent  of  the  path  of  integration,  depending  only  011 
the  terminal  points  A  and  B,  though  purely  a  question  of  the 
calculus,  is  of  so  gveat  importance  in  various  parts  of  mathi'inatica]. 
physies  that  it  will  be  considered  here.  For  the  purpose  of  this 
tre&tment  we  shall  make  use  of  the  ealeulus  of  variations,  whieh  on 
account  of  the  great  use  made  of  it  in  mechanics  will  now  be 
briefly  treated. 

In  the  differential  calculus,  we  have  to  consider  questions  of 
maxima  and  minima  of  functions.  A  function  of  one  variable  has 
a  maximum  or  minimum  value  at  a  certain  value  of  the  variable  if 
the  cbange  in  the  function  is  of  the  same  sign  for  any  change  in 
the  variable,  provided  the  latter  change  is  amall  enough.  Since  if 
fix)  and  all  its  derivatives  are  continuous  at  x, 

f(<+i)-f(«)+vw  +  "r(«)+- 

f(*  +  h)  -  f(x)  -  kf'(x)  +  £f"(d  +.... 

If  Ä  is  small  enough,  the  expression  on  the  right  will  have  the 
sign  of  the  first  term,  whicli  will  change  sign  witli  U .  Awiovdinglv 
the  necessary  condition  for  a  maximum  or  minimum  is 


f'(x)-0. 

Suppose  on  the  other  hand  that  we  change  the  form  of  the 
funetion  —  such  a  change  may  be  made  to  take  place  grailuyüy. 
For  instance  suppose  we  have  a  cnrve  given  by  the  parametric 
n.'preseutation, 

x-I\(f),    y-F,(t),    z  =  F,(t), 

where  the  I'"s  are  any  uniform  and  continuous  functions  of  an 
independent  variable  t.  If  we  change  the  form  of  the  F's  we  shall 
change  the  curve   —  suppose  we  change  to 

x-as{t),  </-<?,((),  »-o.W- 

To  every  value  of  t  corresponds  one  point  on  each  curve,  con- 
seqnently  to  each  point  on  one  curve  corresponds  a  definite  point  on 
the   other.     Such  a  change   from  one   curve  to   the  other  is  called  a 
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fcransformation   of  the   curve.     The   change   raay  be   made   gradually, 
for  example, 

*-  -flCO  +  «{»,(()  -i?M, 

l-F,(i)  +  ,\G,(f)-F,(f)). 

For  every  vakie  of  e  we  sliall  have  a  particiliar  curve  —  £oi 
£  =  0  we  shall  have  the  original  curve,  for  e=1  the  final  curve, 
and  for  intervening  values  of  a  other  curves.  A  small  change  in  s 
will  cause  a  small  change  in  the  curve,  and  if  e  is  infinitesimal  we 
sliall  call  the  transformation  an  infinitesimal  transformation.  The 
changes  in  the  values  of  x,  y,  S,  or  of  any  functions  thereof,  for  an 
infinitesimal  change  e,  are  ealled  the  variations  of.'  the  functions,  and 
are  denoted  by  the  sign  S. 

äuppose   we  denote  derivatives    by  the   indepeudent  variable  t, 

da>       ä*x  dhx     , 

->     -— i  ■  ■  ■  — r-  etc. 

dt       dt*  dir 

by  the  letters  ,        „ 

J  x',     x",     X&, 

and  by  <p  any  function  of  the  nidependent  variable,  of  the  dependetit 

variables,  and  of  their  derivatives  up  to  the  m1"  order 


<p  (h  x,  y, 

s,  x\  y'. 

.8',. 

. .  »w,  yt», 

«<*>,  .  .  .  ä»,  yt»),  «W), 

and  consider  the 

UUHNÜV 

in<p 

made  by  an  infinitesimal  transformation, 

where  we  replace  x,  y,  & 

*>y 

•SCO. 

y  +  «*co> 

where  |,  ij,  £  are  arbitrary  continuous  functions  of  £. 

m        dx  ,   .  ,        ,   ,      dx  .      di        ,  dwx  ,       dkx   .      d*| 

Then  —  or  x    is  replaced  by     - -t- £  and    — ,-  by — r  +  £— v 
dt                        r               J    rf*          dt             dt*  dt1  <Ul 

i.  e.,  by 

a«  +  »6«. 
Hence  g?  becomes 

y  (f,  a;  +  «£,  y  +  f n,  e  +  ■£,  x'  +  s%,  y'  +  ei}', . . .  *W  +  «fW), 

which    developed    hv  Taylor' s   theorem   for    any  number    of  variables. 
gives  on  collecting  terms  aeeording  to  powers  of  £ 

<p(t,x,y,ä,x',.  ..)  +  e<pt  +  ^rps  ■■■  +  |j-v*H .■ 

where 
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The     terms     etpit  £stp2!  £t<pt    are     called    the    firat,     second    and 
/,,,h  variations  of  <p  and  are  denoted  by 

e^  =  afp,     es<j>2  =  <Js<p,     s*9>i  =  ff*gj. 
If  for  ip  we  put  successively  a:, )/,  #,  je',  j/',  ss', . . .  we  get 

5.«    =£|,      ify     =£ij,      da    =eg,      <Ssa;    =  ö3y    =  d2z    =  0, 
Sx'   =  eg',     *j/'   =£1?',     ff»'   =«&',     #V   =  *V   =  ff  V   =0, 

ffjcW=  s|W,  <fy<*)=  £?/*>,  J«W=egW,  tfV*>=  *»#«=  *»»(*)=.  0. 

We  thus  see  that  the  variations  of  a;,  y,  s  are  infinitesimal  arbiträr  i)1") 
functions  of  t,  the  independent  variable,   and  from   the  last  equation 


•(£)■ 


--(4)  =  -w-i,Äx, 


that  is,  the  Operation  of  äiffermtiathn  by  the  iudepen.deut  variable  t 
and  Variation  are  commutative,  for  the  variables  %,y,s. 

If  we  consider  <p  as  a  function  of  the  variable  e,  the  develop- 
ment  by  Taylors  theorein  Cor  on>'  variable  shows  that  we  have  for 
all  values  of  1t 

so  that 

tf*  ~  _  gi  j r  \ 

V3«  */._, 

Now  the  two  variables  t  and  f  are  total ly  independent  of  each  other, 
whieh  may  be  indicated  when  necessary  by  writing  the  derivatives 
with  respect  to  (  as  partial  derivatives.  Now  since  we  may  (subjeet 
to  the  usual  limitations  as  to  eontinuity)  permute  the  Order  of 
differentiation,  we  have 

3l    d*q>  __   Sk  S'ip 


Jlukiplying  by  ik  after  having  put  £  =  0  after  differentiation,  this 
beeomes 

öiW  =  0*  —  .-> 

>u:  dt" 

so  that  the  Operations  of  differentiation  by  the  independent  variable, 
and  of  Variation,  are  commutative  for  any  function.  (It  is  to  be 
distinktiv  noted  that  this  holds  only  for  derivatives  by  tlie  independent 
variable,  that  is  the  one  whoae  Variation   is  assumed  to  be  zero.     If 

1)  The  functions   nre  arbi.ira.ry  hücauar  t.lio  functions   (?,,  (?s ,  G%    are  quite 
of  F„  Ft,  JFS  beiag  talicn  mtir<;hj  al  pleasure. 
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some  of  the  variables  x,y,e,  .  .  .,  should  dopend  ou  otliurs,  we  nriglit 
require  the  Variation  of  some  of  their  derivatives,  for  instanee  3  [  -)■ 
We  must  then,  since  both  Functions  x  and  y  are  varied,  introduce 
the  independeiit.  or  imv;i.ried    variable  t,  writing 

dy  =  äy  . -  d_x  =  y' 

dx       dt     dt        x  ' 
and  performing  the  Operation  of  Variation  on  the  quotient  y'/x', 

But  for  derivatives  by  t  we  have 

v-*S9-«"'  **'  =  *©  =  >■ 

30  that  we  may  write 

„/(Zy\  dSy      dx       dy  dö'x      IdxV- 

[dxj  ~  ~dT    dt  ~~<tt  ~dl"  '  Xdi) 

or,  once  more   rernoviug  t  froin   explicit-  appcnvyjiei.', 

b  /<3>A  t? i? j/        dy  däx 

\dx)         dx         dx  dx 

If  x  ia  the  independent  variable,  $#  =  {),  so  that  we  have  the  same 
formula  as  before.) 

Let  us  now  lind  the  Variation  of  the  integral 

I  =  f  rp  (i,  x,  y,  z,  x',  y',  z' , .  .  .)  dt. 

Changing  x  to  x  +  8x,  y  to  y  +  <?y,  sc'  to  a:'  -(-  Sx',  etc., 

i"+dz+y^j  +  ---=  f(q>  +  8<p  +  l  ä\  +--■)<«, 

and  the   variations  are 


Öl=  jd<pdt,     8*1=  fd'tpd 


that  is,  the  Operations  of  Variation  and  integration   are  com  imitative. 
(The  limits  have  been  supposed  given,  that  is  unvaried.)     These  two 

principles   of  commutativity  of  ö  with  d  and     /    form    the   basis    of 
the  subjeet  of  the  Calculus  of  Variations. 

(As  in  the  case  of  derivatives,   it  may  happen  that  we  wish  to 
examine  the  integral  with  respect  to  a  variable  whose  Variation  does 


/Google 


29]  VARIATION  Ol-'  INTEGRAL.  81 

not  vanish.     We   must  as  before   introduce  the  independent  variable, 
writing 

d  j  tpäx  =  S  j  ipx'ät=  ( \d<p-x'  +  <pdx')dt 


-j 


(dtp  ■  dx  -f  (pilSx). 


1t  may,  011   occasion,    be  more  couvenient  to  use   tliesi.1   rnore  jjeneri.il 
formulae,  not  supposing  tlie  Variation  of  any  variable  to  vanish.) 

If  the  limits  are  varied,  we  have,  indicating  the  part  of  the 
cbange  in  I  due  to  the  change  in  either  limit  by  a  suffix, 

StI=  f<pdt  -  f  ydt  =  fq>ät=ip(t1)Stil 

S2I=  ftpät—  I  =  f(pdt  =  -  }<pdt  =  -  (piQdto, 

which  are  to  added  to  the  part  already  found. 

In  tbe  application  of  the  calculus  of  variations,  we  often 
encouriter  problems  involving  a  nnmber  of  independent  variables,  so 
that  we  deal  with  partial  derivatives,  and  multiple  integrals.  The 
prim'.ipli.is  here  given  will  however  suffice  for  tlie  treatment  of  all 
the  usual  questions. 

As  a  celebrated  -median  ical  example  of  the  use  of  the  Calculus 
of  Variations  let  us  eonsider  the  question:  What  is  that  curve  along 
which  a  partiele  must  be  constrained  to  descend  nnder  the  influence 
of  gravity  in    order    to  pass   from  one  point    to  another  in  the  least 

"ole  time? 


Siuce    v  =  'v-;   we    have    for    the    time    of    descent    t  =  \       > 

dt  J    v 

naking  use  of  tlie  equation   o.f  energy  §  27,  27), 


-/w 


Let  us  take  for  the  independent  variable  corresponding  to  t  above 
the  vertical  coordinate  g.  We  suppose  the  motion  to  take  place 
in  a  vertical  plane.     We  have  then 

ds  =  }/l  +  x'3  ■  de,     x'  =  -TT- 

If  now  we  make  an  arbitrary  infinitesimal  Variation  of  the 
curve,  if  t  is  to  be  a  minimum  we  must  have  the  term  of  the  first 
Order  in  s  vanish, 
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Now 


<=iV=3&. 


For    any   particular    curve    ^    is    a    given  function    of  5.      Giving  it  a 
Variation  3%  we  have 


j  y(i+o(v-»j[«-^]) 

Making  use  of  <Ja;'  =     ,      and  integrating  by  parts1), 


Jt_  «=■** l-J8x±(r—?-—~ W 

y(l  +  0(V-«*[*-<D/      J        ^VvTl  +  a;,a)(v01-2?[e-^]); 

If  the  ends  of  the  eurve  are  fixed  da:  vanishes  for  both  Limits  #€ 
and  glf  hence  the  integrated  part  yanishes.  Consequently  for  a 
minimum  the  integral   nuist  vanish. 

Now  since  the  function  fix  is  [.uirely  arbitrarv  if  the  other  factor 
of  the  integrand  did  not  vanish  for  any  points  of  the  curve,,  we 
might  take  Sx  of  the  same  sign  as  that  factor  at  each  point.  Tlius 
the  integrand  would  he  positive  everywhere  and  the  integral  would 
not  vanish,  consequently  the  factor  multiplymg  Sx  must  vanish 
for  each  point  of  the  curve,  or 


±(,  *     l-o. 


This  is  the  differential  equatiou  of  the  curve  of  quiekest 
or  brachistochrone. 

Integrating  we  have 


y(i+rfw- 

-*9l»- 

*„]) 

Squaring  and  solving 

l'or  x' 

obfcain 

x's  = 

i- 

(V-lff[*- 

«.1 

Let  us  put  a  =  ^-  + 
involves  c),  then  we 

havi1 

=  ^ 

I5  ~2j~0* 

(6i 

x'  = 

da; 

-±V^ 

(irhitr.i'ry.    since  it 


1)  The  bar  /  sdgnifies  that  wi!  ;uv  to  subtriint  the  vaJuc   of  the  expresnion 
before  it  at  the  lower  limit  .;„   tVom.  tbe   va.hu.'.  at  tln'   uppt'r  limit  e,. 
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If  we  introduce  a  new  variable  ■&  such  that 
_a-b       a  +  b 


we  !i.avp 


_a  +  b 


a-3  =  a  +  b(l+  coa#), 
Thus  our  differeutial  equation  becomea 


Consequently 
Lntegrating, 

wliere  ä  is  an  arbitrary  constant. 
Combinmg  this  with 

*  +  6-£±i(l-MW#), 

we   have    the    equations    of   the    curve   in   terms   of  *,   a   pararaeter 
which  may  be  eliminated  from  the  two   equations, 

If  a  vertical  eircle  of  radius  ■■  —  =  A  roll  under  a  horizontal 
straight  li.ne  (Kig.  Vi),  and  &  be  the  angle  made  with  the  downward 
vertical    by  a  radiua    fixed    in    the  rolling  eircle,    the  distance  moved 


by  the  center  of  the  eircle  from  the  position  in  which  ir  =  0  is 
equal  to  the  arc  rolled  over,  A&.  A  point  at  the  extremity  of  the 
given  radiua  lies  then  at  a  horizontal  distance  A&mft  farther,  so 
that  its  horizontal  coordinate  is 

x  =  A{%  -f  sin*). 
Ita  vertical  coordinate  meaanred  from  its  initial  position  &  =  ü  is 

s  =  A(l—  cos*). 
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The  curve  described  by  a  point  on  the  circumference  of  the 
roüing  circle  is  called  a  cyeloid.  Obviously  from  the  symmetry  of 
the  case  the  curve  is  symmetrica]  about  a  vertical  axis  on  which  the 
point  lies  when  &  =  0.  Thus  our  equations  of  the  brachistoehi'oiii.' 
show  tliat  it  is  a  cyeloid  with  vertical  axis. 

The  arhitrary  constants  of  integration,  i  and  d,  are  determined 
by  the  two  points  through  which  the  curve  is  to  pass.  The  discovery 
that  the  cyeloid  is  the  brach  isto  dir  one  for  gravity  is  due  to  Jean 
Bernoulli. 


30.   Dependence   of  Line   Integral    on   Fath. 
Theorem.      Curl.      Oonsider  now  our  linc-mtugral, 


Stokes's 


-fix 


dx  +  Ydy  +  Zde). 


We  have  first  to  introduce  an  indepeud  ort  variable  corresponding  to 
the  t  of  the  previous  section,  Variation  of  which  sha.ll  cause  the  point 
of  Integration  to  move  along  a  given  curve.  Let  us  call  this  s. 
which  to  fix  the  ideas  may  (through  this  is  unnecessary)  be  considered 
as  the  distance  measured  along  the  curve  from  the  point  A.  Thus 
we  write 


i-f  {*£+*%+*%»■ 


The  funetions  X,  Y,  Z,  being  given  for  every  point  x,  y,  S,  the 
integral  I  will  in  general  depend  on  the  form  of  the  curve  AB.  If 
we  make  an  infinitesimal  transformation  of  the  curve,  the  integral 
will  changu,  and  n;e  shall  now  seek  an  expression  for  the  Variation. 
We  have 


81 

Now 


f(äX-p  +  Xdp^SY-^  +  Yöd/  +  SZd/  +  ZS^)dS. 
J  \  ds  ds  ds    '         ds    '  da  dsj 


SX  = 


*X  , 


H 


sdX=d{Sx) 
We  may  perform  upon  the  term 


/ 


d{Sx) 


ii'a 
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au  Integration  by  parts, 

Now  we  have 

rfX_  ex  da;       eX  dy       SA'  <7z 
ds  ~~  3*  ds  +  Sy  ds  +  03  ds' 

Piu-fbrming  similtir  Operations  on  the  other  terms  we  have 
31=  (Xdx  +  YSy  +  ZSä)j  +  /"[df  »a 

.     /dXdx    ,    dXdy    ,    3X(i2\ 

-d:Cls^d7  +  -^d7  +  -9TälJ 

.     fdYda        SYdy        SY  dz\ 

- d^  \Ti  Js  +  37  d7  +  w  sy 

-3e(-^ä7  +  Jy-di  +  JFds)\ds- 
Now   if  in   the   Variation  the   ends   of  the   curve  A  and  B  are 
fixed,    dx,  8y,  Ös    vanish    for   A    and   B,    and   the   integrated    part 

XSx  +  YSy  +  7j8z  j   vanishes.     Collecting    thoae    terms   under    the 

äign  of  Integration    that    do    not  cancel,  and  removing   the  factor  ds 
we  have, 

tl-J  [(«»«« -  '»*»)^f-|J)  +  (<»»*»  — **<*»)^f—|f) 

+  (»*d» -*,*>:)  (|f-^)]- 

Now  the  determinant 

dyrfs  —  ##(£»/  <S/\ 

is    the    area    of  the   parallelogram  in  s^       I     \ 

the  F-Z-plane  the  protection  of  whose  s^        ds/      '"^ 

sides    on    the     Y-    and     2-axes     are  Z1^  / 

dy,ds,3y,dg.     That   is,   if  we  con-  /  / 

sider    the    infinitesimal  parallelogram  /  j^~"£ü """"" 

whose  vertices  are  the  points  s,  s  +  tfs,  /  s^ 

and  their  transformed  positions,  the  /  s^  f* 

above  determinant  is  the   area  of  its       /    s^ 

1 1  rojcc-tion  on  the   Y,?-plane.     If  the  _.i^___ ^ J 

area  of  the  parallelogram  is  dS  and  «  & 

is  the  direetion  of  its  normal,  we  have 
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dyde  -  Study  =  dScoa(nx), 
Szdx  ~  Sxds  =  dScos(ny), 
Sxdy  —  dydx=  dS  cos  {nz), 


t-m- 


IT\ 


/er     0x\      ,    o 


which  is  in  the  form  of  a  swrface 
integral  over  the  strip  of  infinite- 
simal width  bounded  by  the  two 
curves  of  Integration. 

If  vre  again  make  an  infinite- 
simal transl.'ormation,  and  so  continue 
until  the  path  lias  swept  over  any 
finite  portion  of  a  surface  S,  and 
Bum  all  the  Variation»  of  /,  we  get 

for   the   final    reault    that   the   dift'erence   in  I  for   the   two    extreme 

paths  1  and  2  is  the  surface  integral 


lim  261=12-1 


-mm- 


dY\ 


cos  in;/:) 


+  (?#  -H)eos(«j/)  +  (iz  -äf)c°sMpÄ 

taken  over  the  portion  of  the  surface  bounded  by  the  paths  1  and  % 
from  A  to  B.  Now  —  ^  may  he  considered  the  integral  from  B 
to  A  along  the  path  1,  so  that  I.2  —  Ix  is  the  integral  aroiind  the 
closed  path  which  forme  the  contour  of  the  portion  of  surface  S, 
We  accordingly  get  the  following.  known  as 

Stokes's  TBEOiiEu,1)  The  line  integral,  around  any  closed  contour 
of  the  tangential  component  of  a  vector  R,  whose  components  are 
X,  Y,  Z,  is  equal  to  the  surface  integral  over  any  portion  of  surface 
bounded  by  the  contour,  of  the  normal  component  of  a  vector  to, 
whose  components  |,  17,  £  are  related  to  X,  Y,  Z  by  the  relations 

-  _SZ  _SY 

$  ~  dy       dz  ' 
BX        dZ 


1)  The-    proof   here   given   is   from    the    smtiior's    uotcs    on   the   lecture«    of 
■n   Helmliolta.     A    sünilar    treatment    iß    given    by    Pioard ,     Traue 
d'.hmlme.  Tom.  I,  p.  73. 
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The  normal  must  be  drawn  toward  that  side  of  the  surface  fchat 
shall  make  the  rotation  of  a  right-handcd  screw  advaiieing  along  the 
normal  agree  with  the  directum  of  ti'avt'i'äina'  the  closed  contour  of 
Integration. 

37)      fli  cos  (li,  da)  ds  =  JXdx  +  Ydy  +  Zdz  =  j  Ja  cos  (an)  dS 


-ffi 


£  cos  (nx)  +  i}  cos  (ttp)  4-  S  cos  (nd))<lS. 

The  vector  r>  related  to  the  vector  point-function  II  by  the  differ- 
ential  equations  above  is  ealled  the  rotation,  spin  i.OIifford),  or  curl 
(Maxwell  and  Heaviside)  of  R.  Such 
vectors  are  of  frequent  oecurrence 
in  mathematical  physics.  (See 
Part  in.) 

The  significance  of  the  geo- 
metrical  term  curl  can  be  Seen 
from  the  physical  example  in 
which  the  vector  li  represents 
the  velocity  of  a  point  instant- 
aneously  oooapying  the  position 
X,  ij,  ä    in   s   rigid   body  turning  -* 

about  the  Z-axis  with  an  angular 

velocity  li.  Then  the  vector  11  =  rap  is  perpendicular  to  the  radins  q 
and  its  components  are  (Fig.  22), 

X  —  li  cos  (Rx)  =  —  Esid.{qx)  =  -  liy-  =  —  ym, 

Y=J?cos(.%)=      Ecos(oa;)  =      R  *  =      xm, 

where  (■)   is   con  staut,   and 

0r_0x  =  „ 

^        3»  ~~ 
So    that   the  ,:-component  of  the  curl  of  the  linear  velocity  is    twice 
the  angular  velocity  about  the  Z-axis.    Further  examples  are  prusunted 
to  us  in  the  theory  of  fluid  motion. 

31.  Lamellar  Vectors.  In  fmding  the  Variation  of  the  integral  1 

in  the  previous  section,  sin.ee  Ltie  variations  öx.  d'y,  cf.s  are  perfectly 
arbitrary  Eunctioniä  of  s,  if  the  integral  is  to  he  independent  of  the 
path,  61  must  vanish,  which  can  happen  for  all  possible  choiees  of 
Sx,  tiy,  8z,  only  if 


38) 


dZ       %Y       dX.        dZ       dY       cX 


that  is  if  the  curl  of  li  vanishes  ■ 

is  satiafied,  7  depends  only  on  the  positioni 


.    In  case  this  condition 
of  the  limiting  points  A 
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and  B,  and  not  on  the  patb  of  Integration.     Consequently,  as  stated 
without    proof   in    §  28,    the    eonditious  38]  are    sul'tieient  as  well  as 


If  A  is  given,  I  is  a  point-function1)  of  its  upper  limit  B,  let 
us  say  rp.  If  B  is  displaced  a  distanee  s  in  a  given  direction  to  B', 
the  change  in  tlie  function  <p  is 

•Pe'  —  <Pb^"  f  (Xdx  -f  Ydy  +  Zäi), 
and  the  limit  of  the  ratio  of  the  change  to  the 
d8a)  lim —  = 


is  the  derivative  of  (p  in  the  i 

If  we  take  S  uucceBsively  in  the  direetions  of  the  axes  of  coordinates, 

38b)  l*-Z>    P-r,    TT.~Z- 

ox  oy  '      dz 

A  veetor  whose  components  are  thus  derived  from  a  Single  sealar 
function  ip  is  ealled  tlie  veetor  iWffermtkit  parmneter  of  <p. 

Accordingly  the  three  equations  of  condition  38),  equivalent  to 
eurl  B  =  0,  are  simply  the  conditions  that  X,  Y,  Z  may  be  represented 
as  the  derivatives  of  a  sealar  point-function.  In  this  case  the 
(•xpression 

""-^ 

is  ealled  a  perfect  äiffermtial. 

From  the  definition  of  the  parameter  of  a  sealar  point-function 
38b),  we  see  that  the  components  of  the  veetor  R  at  any  point  are 
proportional  to  the  direction  eosines  of  the  normal  to  the  aurface 
tp  =  comt.  passing  through  the  point  in  question,  that  is  B  is 
perpendicular  to  the  surface.  A  surface  for  which  a  sealar  point- 
function  is  constant  is  ealled  a  level  surface    of  that   function.     Since 

d x       dy        dz 

tis        du       As 

are  the  direction  eosines  of  the  Langem  to  the  are  <(s,  we  see  that 
equation  38  a)  states  that  the  derivative  of  tp  in  any  direction  is  the 
projeetion  ol'  its  veetor  parameter  on  that  direction,  Since  a  veefcor 
is  the  maximum  value  of  any  of  its  projeetions,  we  see  that  the 
direction  of  the  normal  to  the  level  surface  of  q>  at  any  point  is  the 
direction  of  fastest  increase  of  ip  at  that  point.  Also  if  we  take 
for  q>B-  and  rpB  in  38a)  the  constant  values  belonging  to  two  infinitely 


1)  A   function  of  the  cüordinates  of  a  point. 
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near  level  aurfaces,  we  see  thafc,  the  numerator  being  constant,  the 
derivative  in  the  direction  of  the  normal,  that  is  the  value  of  the 
veetor  parameter  H,  is  mversely  proportional  to  the  normal  distance 
between  the  two  infinitely  near  level  surfaces  of  the  function  q>. 

auch  a  pair  of  surfaees  will  be  called  a  thin  level  sheet  or  lamina. 
For  this  reason  a  veetor  point- function  that  may  be  repreaented 
everywhere  in  a  certain  region  as  the  veetor  parameter  of  a  scalar 
point -function  will  be  called  a  laminar,    or  lameUar  veetor  (Maxwell). 

The  scalar  function  tp  (or  its  negative)  will  sometimes  be  termed 
the  potential  of  the  veetor  R. 

32.  Motion  of  the  Center  of  Mass.  Suppose  that  a  System 
of  particles  is  under  the  inrluence  only  of  forces  aebing  between  the 
particles  aud  depending  on  their  mutual  distances,  and  that  the 
eonstraiats,  if  tliere  be  any,  are  such  as  to  permit  of  a  Virtual  dis- 
plaeemenr,  wbicli  is  ropresented  by  equal  vectors  for  all  the  particles, 
Then  in  our  equation  of  d'Alembert's  principle  (18)  let  ue  put  eacb 
dx,-  equal  to  the  same  quantity  ).,  eacb  öy,.  equal  to  ,«-,  and  eaeh  dzr 
equal  to  v. 

Supposing  the  System  to  he  conservative.  and  using  equations  23) 
we  have 

Now  as  the  forces  depend  only  on  the  mutual  distances  of  the 
particles,  and  Uierefore  only  on  the  differenees  of  their  coordinates, 
if  we  put 

tl         =  x\  —  %«>  Vi         =tfl  —  y«>  Sl         =  #1  ~  %n, 

la       =xi-  x„,         ij,       =  yt  —  y,„         %.,      =  %  —  s„, 


S.-1-«.. 

-1  -  x„     5?n-l=J/B- 

-1-9.,    S.-1 

-H.-1- 

we  sliall  have 
Aecordingly 

U=U(iltVl,[ 

;„  ■ . .  e„-i). 

cU 

BU  SS,        du  SS, 
'dl  9«,  +  8S,  dx]' 

Sirs,, 
"•'s,,  8«,  T 

817 
SS, 

and  likewise 

du    _ 

SU 
SS' 
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On  the  other  hand 

Äff)  ZV__dU_SU dV_ 

-  ex,~     06,     96«  ae„_! 

t'oiBüquently 

9)7   ,    0g   ,         8ü  =  "Vl£  =  0 

fc'^j         £%  ?#„       /)   ossr  ' 

Thus  391  becomes 

4i)     ijvv + "2™-  ** +  "2m- «''  -  °- 

But    sinee  1,  jt,  -v    are    perfectly    arbitrary    this    is    equivalent    to    the 
three  equations 

4ä>    2'"',«-'-°-  2"'*-°'  2*"'«^=0- 

Since    the    jm'b    are  .independent   of  the   time,   we   may    differentiate 
outside  of  tha  aummation  and  write  tlie  above 

43)        f.,  Ertnrx,.  =-  0,     £  Srmryr  =  0,     £-  ^.»,*r  =  0. 

If  we  deiiue  tlie  eoordinates  of  a  point  #,  «/,  >   by  tlie  equations 
xZ,.m,.  =  Srmrxr,     ySemr  =  2rmryf,     1Hrmr  =  2rmrsr 
and  if  we  consider  a  mass  m  to  eonsist  of  m  partioles  of  unit  mass, 


being  tlie  sura  of  tlie  x-  coordinates  of  tlie  whole  mimber  of  unit 
partielos  divided  by  their  number  is  tlie  arithmetieal  raean  of  the 
a-coordinates.  If  in  is  not  an  integer,  by  tlie  method  of  limits  we* 
extend  tlie  motion  of  tlie  raean  in  the  usual  inanner.  Tlie  point 
x,  y,  H,  tlie  raean  mass  point  thus  defined  is  called  the  center  of  mass 
of  the  system.  (Tlie  common  terra  center  of  gravity  is  poorly  adapted 
to  express  the  idea  here  inTolved  and  liad  better  be  avoided.  We 
shall  see  in  the  cha.pt er  on  Newtonian  Attractions  that  bodies  in 
general  do  not  possess  «enters  of  gravity.': 
The  equations  43)  thns  hecome 

«)  j'f-o,   U-o,   Ö_o. 

1  dt-  '       dt*  '      dt' 

Therei'ore  the  center  of  mass  of  a  System  whose  parts  exert  forces 
npon  each  other  depending  only  on  their  mutual  distances  moves 
with  eonstant  velocity  in  a  straight  line.  This  is  tlie  Principle  of 
Oonservation  of  Motion  of  the  Center  of  Mass.  It  evidently  applies 
to  the  solar  system.  What  the  absolute  velocity  of  the  center  of 
mass  of  the  solar  system  is  or  what  its  velocity  witli  respect  to  the 
so-called  fixed  stars  we  do  not  at  present  know. 
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Ret urning  to  the  equations  39),  wljetl.iur  there  is  a  force-funetion 
or  not,  X,  (X,  v,  being  the  same  for  each  term  of  the  summation, 
may  be  taken  out  i'rom  under  tliu  summation  sign  aiul  beiug  arbitrary, 
the   equation   39)   is  equivalent  to  the  three 

oi'  as  before 

46)  5z,»,-«,     Öftv-M,     Sin-fti, 
'        dl"     '  '     dt*  '     dt*  ' 

that  is:  The  center  of  mass  of  any  System  of  the  kind  speeified 
moves  as  if  all  the  forces  applied  to  its  various  parts  were  applied 
at  the  center  of  mass  to  a  Single  particle  whose  mass  is  equal  to 
the  mass  of  the  whole  system. 

This  principle  of  the  motion  of  the  center  of  mass  reduces  the 
prohlem  of  the  motion  of  the  system  to  that  of  finding  the  motion 
of  a  single  particle  together  with  that  of  the  motion  of  the  parts  of 
the  system  with  respeet  to  the  center  of  mass. 

A  rigid  body  is  a  system  of  particles  Coming  ander  the  case 
here  treated,  since  the  only  eonstraints  ave  such  as  runder  all  the 
mutual  distances  of  individual  points  konstant.  Therefore  the  only 
new  principles  required  in  order  to  treat  the  motion  of  a  rigid  body 
are  such  as  determine  its  motion  relativo.ly  to  its  center  of  mass. 

If  the  center  of  mass  is  to  reinain  at  rest  or  move  uniformh^ 
we  mnst  have 

47)  2,.Xr  =  0,    2rYr  =  Q,     2rZr  =  Q. 

This  will  always  be  the  case  as  shown  aboYe  for  inutually  attracfcing 
particles,  since  to  every  action  there  is  an  equal  and  opposite 
reaction.  The  three  equations  47)  furnish  three  necessary  con- 
ditions  for  th.e  equJlibrium   of  a  rigid  body. 

If  we   introduce    the    relative    coordioates   of  the  particles  with 
respeet  to  the  center  of  mass  into  the  expression    for  kinetie  energy 
i  a  remarkable  form.     Let  us  put 

X-,-  =  X  +  %n       yf  =  f+  IJr;       *,■  =  *  +  t; 
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«>      *~±2->l&M%)'+&)'\ 

">"      dt    d(  +      dt   dt  +  "'  d*    dt 

+  &)'+&)'+&)} 

and  taking  outside  of  tbe  sign,  of  suiLunution  üie  iactors  common  to 

.,    ,.       ,  ...        äx    dy     dz 

all  the  terms  mvolvmg  w  -J,  jj, 

«)  ^=1  [{(#)'+ (f)V(f)>* 

da:  ^-i       dg  dj/  ^-,       rfj]  ^3^-t       ^£,-1 

+  2 n2""'jr  +  2äi2""'  w  +  2  ^2""' *T 

Now  in  the  last  three  terms  we  may  write 

2s  r  dt  dt^"m'^'  dt\i*rmr), 
if  |  is  the  2-coordinate  of  the  center  of  mass  in  the  %,  tj,  %  System. 
But  since  the  center  of  mass  is  the  origin  of  the  relative  coordinatea 
%}ij,£,  this  is  equal  to  zero.  Similarly  for  the  terms  in  ?;,.  and  %,.. 
Thns  we  have  remaining  if  we  write  M  for  the  mass  of  the  wliole 
System, 

r=^{(f)"+ (§)'+©*) 


!  „       l/äL\*      /rf>;:\s      /d£Vl 


The  first  term  is  the  kinetie  energy  of  a  particle  who.se  mass  is  equal 
to  the  total  mass  of  the  system  plueetl  a.t  the  center  of  mass,  wliile 
the  second  is  the  relative  kinetie  energy  of  tliu  System  witli  respeet 
to  the  center  of  mass.  Tims  the  absolute  kinetie  energy  is  always 
greater  tban  its  relative  kinetie  energy  with  respeet  to  the  center  of 
mass  (unless  the  center  of  mass  he  at  rest).  The  center  of  mass  is 
the  only  point  for  whicli  such  a  decomposition  of  the  kinetie  energy 
is  generally  possible 

If  the  principle   of  the  conaervation  of  motion  of  the  center  of 
mass  holds  we  liave 

dx  rlij       -,       dz 

jr  =  a>      jT  =  &,     jt  =  c. 
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and    inserting    these   in   the    equation    of  energy  for   a    conservative 

systein,  T+  W  =  h, 

«>  ^{©+£)+(£)V-*-4^+»*'i-* 

In  this  case  accordingly  the  prineiple  of  conservuiioii  of  energy  holds 
also  for  the  retaf/re  kinetic  energy,  the  constair!  /<  htung  ehanged. 
Inasmvich  as  we  know  of  no  ahsolutely  fixed  System  of  axes  of 
roferenee  it.  is  obvious  that  the  kinetic  energy  oi'  any  System  contains 
an  mdeterminate  part.  But  in  virtue  of  the  above  prineiple  if  we 
considcr  the  eenter  of  mass  of  the  solar  System  to  he  at  rest  all  our 
i.'on ein si 011  s  with  regard  to  energy  will  jiold  good.  The  effect  ha 
general  of  ref erring  motions  to  Systems  of  axes  which  are  not  at 
rest  will  he  dealt  with  in  Chapter  VII. 

As  a  simple  example  of  the  ahove  prineiple  let  us  consider  the 
case  of  a  rigid  sphere  or  circular  cylinder,  with  axis  horizontal, 
rolling  without  sliding  down  an  inclined  plane  imder  the  aetion  of 
gravity.  If  the  distance  that  the  eenter  of  the  body  has  moved 
parallel  to  the  plane  he  S,  the  first  part  of  T  is  --My^,)  ■  If  the 
äugle  that.  a  plane  through  the  horizontal  axis  parallel  lo  the  inclined 
plane  makes  with  the  normal  to  the  inclined  plane  he  &  (Flg.  '2?>), 
the  veloeity  of  a  partiele  with  respect  to  the  eenter  is  r-ji>  where  r 
is  its  distance  froni  the  horizontal  axis.     The  relative  kinetic  energy 

is    (litis 


or  since  -.-  >  the  angular  veloeity  of  rolling  is  the  same  for  all  terms 
of  the  summation, 

52)  *.-±(«)W~ 

The  facto  r  —,-r»,.rJ.  is  ealled  the  Moment  of  hiertia  of  the  System  ahont 
the  horizontal  axis  through  the  eenter  of  mass  and  will  he  denoted 
by  K.     Thus  we  have 


«>  '-t{*©,+*®"}- 


If  the  rolling  t.akes  place  without  sliding  we  have  the  geometrical 
condition   of  eonstraint, 

R  d»  _ds 
dt  ~  dt' 

where  B  is  the  radins  of  the  rolling  body 
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The  loss  of  poteiitial  energy  is  Mg  times  the  vertical  distance 
fallen,  ssinw,  where  «  is  the  angle  of  inclination  of  the  plane  to 
tho  horizontal.     Our  equation  thus  1 


54) 

T 

*© 

^  üs  \dt)  J 

-Mgs  sin  a  = 

nonst. 

K% 

=  7 

when 

s  =  0 

determining 

the  constant 

we 

have 

55) 

SS)-"- 

2  Mgs  sin  « 

Thus 

the 

motion  is  th 

e    same    (<:f.   §  18i   as  that 

of 

particle 

i&wi'Mj, 

i'rccly 

with  tlie 

acceleration  diminishetl  in  the  ratio 

- 

1^~  MR*- 
Thus  by  increasing  K, 
which  may  be  done 
by  symmetrically  attach- 
ing  heavy  masses  to  a  bar 
fastened  to  the  cylinder 
in  such  a  way  as  not  to 
interfere  with  the  rolling 
of  the  cylinder  (Fig.  23), 
we  may  make  the  motion 
as  slow  as  we  please  and 
thus  study  the  laws  of 
constant  iu'eelfjn"UH)ti. 


33.  Moment  of  Momentuni.  linder  the  supposition  that  the 
equations  of  constraint  were  compatible  with  the  displacement  of 
the  systein  parallel  to  itself  and  that  the  force-function  "was  thereby 
unchsmged  we  obtained  the  principle  of  the  conservation  of  motion 
of  the  center  of  mass.  We  will  now  suppose  that  the  equations  of 
constraint  nrc  compatible  with  a  i'otii.tion.  of  tlte  systera  about  the 
axis  of  X  and  that  the  force-function  is  thereby  unaffected.  This 
will  be  the  case  in  a  rigid  system  or  in  a  free  system  leffc  to  its 
own  internal  forces  (if  conservative). 

K  we  put 

■yr  =  j>cos  co,-, 


such   a   displacement   is    ohtaiued    by    ehanging   all   the    ra,.'s   by  the 
same  amount  dra,  leaving  the  r's  unchanged.     We  have  then 
dxr  =  0,      dyr  =  —  r,.&mmrdm  =  —  zr8ca, 


f) 


a,.8ca  =  yr6 
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Inserting  these  values  in  d'Alembert's    e<juation  we  obtain 

58)    *„2».!-«,5-"  +  v-ttA - n«Mv,x,-^,)  =  m 

If  U  depends   only  on  the   anitual   distances   of  the 
the  system  it  is  unchanged  in  the  diaplacement,  SU=0. 
We  then  have 

<i'2r  dsyr 


59)  2"'"(?/' 


=  0. 


Äs    was   mentioned   in   §  11  the  quantity  within    the  parenthesis 
i  an   exact  derivative,  so  that 


S~£(* 


-'--Sj  =  °- 

or  diffurerithiting  outsi.de   of  the  sign   of  sumniiiliori 

Integrating  we  obtain 

60)        \»i,.  Ur  t,-  -  ä,. -,-'  |  =  7/j,     an  arbitrarv  c.onstaut.. 

The  expression  m  (y  ,"  —  z  -'■)  —  ymv„  —  zmvv  is  the  moment  of 
momentum  [42),  §  13]  about  the  X-axis  of  the  mass  m,  or  it  is  the 
product  of  twiee  the  mass  by  the  scctorial  velocity  -j—  (§  8).  The 
theorem  consequenÜy  states  that  the  moment  of  momentum  of  the 
whole  system  with  respect  to  the  X-axis  is  constant. 

Under  simikr  conditions  for  the  other  two  axes  we   obtain 
„       /      dx.  df.\ 

2r"H*  ~ii~y'  m!=h- 

The  vector  H,  whose  components  are  Hx,  H„,  H:,  is  the  resultant 
moment  of  momentum  of  the  whole  system,  and  if  the  above  eqna- 
tions  60)  hold  it  is  constant  hoth  in  magnitnde  and  direetion.  This 
is  the  case  for  the  solar  system  and  we  accordingly  have  an  unvary- 
ing  direetion  in  space  charaeteristic  of  the  system.  This  direetion 
was  called  by  Laplaee  that  of  the  Invariable  Axis  and  the  plane 
through  the  sun  perpendicular  to  it  the  Invariable  Plane.  It  may 
be  defined  as  that  plane  for  which  the  sum  of  the  niasses  of  each 
particle  multiplied  by  the  protection  of  its  sectoria-l  velocity  on  that 
plane  is  a  maximum.  Such  a  plane  furnishes  a  natural  plane  of 
coordinates  for  the  solar  System. 
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The  principle  expressed  by  equations  60)  will  be  referred  to  as 
tbe  Principle  of  Conservation  of  Moment  of  Momentum.  On  ftccount 
of  the  connection  with  the  sectorial  velocity  it  has  received  the 
shorter  and  innre  euphonious  title  of  the  Principle  of  Areas. 

In  case  SU  does  not  vsuijsb,  going  back  to  eqiiaticm  58),  we  may 
divide  out  Sco  and  instead  of  60)  now  obtain 

äHr 

ei)  d";-zAz,.xr-x,zr), 

dH 

where  JSX,  Hy,  i?:,  have  tbe  sanie  meaning  as  tbe  left-hand  raembers 
of  equation  60),  but  are  not  now  constant.  Stating  in  words:  Tbe 
time  derivative  of  the  raoment  of  momentum  of  any  System  with 
respect  to  any  point  is  equal  to  tbe  resultant  raoment  of  all  the 
forces  of  the  System  about  the  same  point. 

The  equations  46)  and  61)  furnish  us  the  six  equations  of 
motion  of  a  rigid  body.  (jeometrieally,  we  niay  say  that  the  radius 
vector  of  the  hodograph  ;'$  6)  of  the  vector  wonmit  of  momentum  of  a 
System  is  parallel  to  the  resultant  moment  of  the  forces  acting  on 
the  System  at  eaeh  instant  of  time,  this  statement  being  the  com- 
plement  to  the  statement  that  the  radius  vector  of  the  hodograph  of 
the  velocity  of  the  center  of  mass  is  parallel  to  the  resultant  of  the 
forces  acting  on  the  System. 

The  three  principles  which  we  have  now  treated,  the  Principle 
of  Eiicr«;,  the  Principle  of  Motion  of  the  Center  of  Mass,  and  the 
Principle  of  Moment  of  Momentum,  in  the  cases  of  conservation,  give 
us  the  first  integrals  of  the  equations  of  motion,  and  suffrße  .for  thß. 
freut m  ent  of  all  nioL'.liaiiical  problems.  In  the  next  chapter  we  shall 
deal  with  a  principle  which  is  more  general  tlian  any  of  these  in 
that  it  enables  us  to  deduce  the  equations  of  motion  and  thus 
embraces  a  statement  of  all  the  laws  of  Dynamics, 
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CHAPTEB  IV. 

PRINCIPLE  OF  LEÄST  AOTION. 
GENERALIZED  EQUATIONS  OF  MOTION. 

34.  Hamilton's  Principle.  We  shall  now  consider  a  principle 
that  diifers  from  those  of  the  last  cliapter  in  that  it  does  not 
immedktely  fumish  us  with  an  integral  of  the  equations  of  motion. 
On  the  other  hand,  like  dAlembert's  principle  it  enables  ns  to 
embody  the  laws  of  motion  in  a  simple  mathematical  cxpression 
from  which  we  can  deduce  the  equations  of  motion,  not  only  in  the 
simple  form  hitherto  used  eniploynig  rectimgular  coordinates,  but  also 
in  a  form  involving  auy  coordinates  whatsoever.  This  statcment, 
empkiyiiig  the  huiguage  of  the  calculus  of  varktions,  permits  us  to 
enunciate  the  principle  in  the  convenietit  form  that  a  certain  integral 
is  a  minimam.  The  so-ealled  Principle  of  Least  Action  was  flrst 
propiumdud  by  Miiupertuis1)  on  the  basis  of  certam  plülosophical  or 
religious  argumeuts,  quite  otlier  than  those  unon  which  it  is  now  bascd. 

We  shall  flrst  treat  it  in  the  form  given  by  Hamilton.  If  in 
d'Alembert's  equation 

2{(-S-»)««+(-S-^«i'+(-S+^"}-0' 

we   consider   Öx,8y,öz  arbitrary  \wiinious  consistent  with  the   equa- 
tions  of  condition    we  have 


dt    dt 
äx  Sdx 
=  SiVät  ""V  —  dt  ~dt 
d  {&. 


Sxj 
*-)-'T®' 


Treatmg    each    term    in    this  manner,  taking  the  sum,    and   removing 
the  sign  of  differentiation  outside  that  of  summation, 

- ä  w2{-  [©+ G9'+  ffii) + *xs* + Y'y + **«>■ 

1)  Mem.  de  1'Acad.  du  Paris,  1740.    Also:    Des   lo-is    de    inoweenitut  et  dt 
i-i/idk  üt(htttt>:  (Villi  prim-ipr  inä/ißhi/^ique .    TSei-Un  ,  ATijin.  de  l'Ar.ad.  1745,   p.  280. 
WBBBTEB-,  Dynamioe.  1 


/Google 


98   IV.  PKINCIPi.H  Ol'  Ll'lAST  ACTION.   GEXKEALTZEn  [■X.Jl'AT.  OK  MOTION. 
If  there  ia  a  force-funetion  ü  we  have 

2{X§x  +  Ydy  +  ZÖ0)  =  SU, 
consequently  the  right-hand  member  of  1)  is 
ST+  SU. 
The   lefb-hand   member   being   an  exaet  derivative  we  may  inte- 
grate  with  respect  to  t,  between  any  two   instants  t0  and  tu 

=f§  (T+  U)  dt  =  sJ(T+  U)dt. 

If  the  positions  are  givm  for  /0  and  tlr  tliat  is  if  the  variations 
Sx,  Sy,  8g  vanisb  for  t9  and  tit  then  tlie  integrated  parts  vanish,  and 


3) 


S  j(T+ü)dt  =  0, 
9j(T~W)ät  =  0. 


This  is  known  as  Hamiltons  FrincipW)  It  may  be  stated  by 
saying  that  if  the  configuration  of  the  System  is  given  at  two 
instants  tQ  and  tx,  then  the  value  of  the  time  -  integral  of  T  -\-  U  is 
staihmary  (that  is  less  or  greater)  for  the  paths  ai:  tusil.lv  descrihed  in 
the  natural  motion  than  in  any  otlicrä)  iufmitely  near  motion  having 
the  same  terminal  otmiigurations. 

Considering  the  signifieation  of  a  definil.e  integral  as  a  mean3) 
we  may  state  eqnation   3)  in  words    as   follows:    The    time    mean    of 

1)  Hamilton,     (in  a  Genemi  Method  in  Dynamic*,     l'hü.  Trans.  1834. 

2)  It  is  und  erst  u  od  ilmt,  br.tli  llic  natural  and.  tlie  varied  paths  are  sniooth 
curveu,  that  is  without  sharp  corneiu. 

3)  The  arithmetical  mean  of  a  numher  of  quantitiee  is  defined  aa  theii 
aum  divided  by  taeir  numher.  A  definito  integral  is  defined  as  the  limit  of  a 
(mm  of  a  numbfif  of  rjuantities  aa  their  numbcr  Luc-ruasnä  intUifbiitely.  If  wo 
divido  the  interval  ab  into  n  parts  of  length  3s  and  if  we  denote  by  ft  the 
value  of  a  fimetion  f(x)  -when  sc  lies  at  some  point  within  the  interval  3t,  we 
deflne 


fw 
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tlie  difference  of  kinefcic  sind  potential  euer  gi  es  is  a  miriimum  for  the 
aetual  path  between  given  conti  gnratio'ns  n-s  eompared  witli  iufinitely 
near  paths  which  might  be  des<iribed  (for  instanee  under  constmiritsl 
in  the  same  time  between  the  same  configni-ai  ions :  or  more  t'reely: 
Nature  tends  to  equalize  the  mean  potential  and  kinetic  energies 
during  a  motion. 

Hamilton's  principle  is  broader  tliaii  the  principle  of  energy, 
inasmnch  as  U  may  contain  the  time  as  well  as  the  coordinates.  It 
is  trae  even  for  non-conservative  Systems  (where  a  foree-function  ü 
does  not  esist  or  where  U  contams  the  time),  if  we  write  i.nsten.d 
of  SXJ, 

2(X8x+  Ytiy  +  Ztiz). 
We  have  theo 

4)  f{3T+  S(Xdx  +  Ydy+  Z8z)}ät  =  0. 

35.  Principle  of  Least  Action.     1t    is    to    be   noted   that   in 

the  statement  of  ILariiilton's  principle  the  iufinitely  near  motion  with 
which  the  aetual  raotion  is  cornpared  is  perfeotlv  arbitrary  (except 
that  it  satisfies  the  equations  of  eondition),  so  that  to  make  the 
System  actually  move  aecording  to  the  supposed  varied  motion  might 
reqnire  work  to  be  done  upon  it  by  other  forces.  The  paths  deBCribed 
by   the    various    particles    are    not    neeessarily  geoivief.rically    different 

It  is  pruvw'l  i»  tili;  integral  tsilosilus  Hirt  f.  the  raa-uner  uf  sn  Ln  l.ivisloii  into  the 
iiiteviils  <J    is   Lmma-terial.      We   may    accordinfrly   put    thera    all    eqnal    so    that 

ä  =        — ■  then  ilividiug  by   (b  —  a)  we  have 


t-J- 


"Sti2f" 


that  ia  the  detiniti'  integral  of  a  funetion  iu  ;t  given  interva!  divuled  by  tlie 
i!i;!-giutm!ij  of  i.in:  ititerval  rcpi't'serit-ü  the  litnit  uf  tbe  nvithrnetieal  mean  of  all 
tlie  values  of  the  iiinttioii  t.akeu  at  pqnidistaitt  ralw  //filmt  run/iiiU'  throi.igli.Tnt 
the  interval  when  tlie  n  um  bei'  of  vähics  taken  is  inereased  indelinitely.  The 
-i)i'oilii-arioii  of  the  variable  with  respect  to  which  the  values  are  equally 
il'.stiihiueil  is  of  Ui^  Ilivi:  iDivioniMiee.  l-'or  iud-inire  Mipposo  that  we  clisiu<re  tri 
a  new  variable  such  tliat  cc=tp(y),  y=ip~1(cc)  then 

The  integral  may  now  be  interpreted  as  the  mean  of  tlie  funetion  /'■:>.')  fp'(y) 
nuiitipliei'l  by  lue  ititerval  thrnvigli  wbicl:  ;/  varies,  for  equa/lii  didribuled  eatitc* 
of  y.     Thua  we  deal  above  with  timc  mean*  a-m.1   spme  meaus. 
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from  those  of  the  actual  motion,  but  if  not  they  are  traversed  witli 
different  velocities,  so  that  at  any  rate  the  coordinates  of  the  various 
points  are  different  functions  of  the  time  in  the  Taried  and  in  the 
actual  motion. 

In  case  the  System  is  conservative,  Hamilton' b  principle  is 
äquivalent  to  another,  less  general,  hut  historically  older.  In  this 
form  of  statement  of  the  principle,  vre  compare  two  infinit ely  near 
motions,  hut  the  second  is  not  completely  arbitrary,  for  instead  of 
associating  together  pairs  of  points  x,  y,g,  x  +  §x,  y  +  Sy,  ss  +  Sz, 
reached  at  the  same  instant  in  the  two  motions,  and  mahing  Sx.  dt/,d\i 
perfectly  arbitrary,  we  assume  that  the  Variation  takes  place  in 
aeeordance  witli  the  eqnat.ion    of  energy, 

5)  T+W  =  h, 

so  that  we  are  to  put 

SW=~ST. 
But  if  the  equation  of  energy  is  to  hold  on  the  varied  path  as  well 
as  on  the  unvaried,  the  kinetic  energy  of  the  System  in  any  con- 
liguration  is  determined,  and  thus  the  System  may  not  he  in  that 
cnnfiuuration  at  any  time  we  please,  as  that  would  involve  arbitrary 
velocities,  and  there  is  a  restriefcion  on  the  velocities  due  to  the 
determination  of  the  kinetie  energy  for  every  uoirfigirration  in  the 
motion.  We  will  therefore  give  up  the  assumption  that  pairs  of 
points  compared  are  reaehed  at  the  same  instant  of  time,  in  other 
words  we  shall  no  longer  assume  that  St  =  0.  No  matter  what  the 
independent  variable  may  he,  as  functions  of  which  we  may  espress  t 
and  all  the  coordinates,  so  as  to  compare  the  motions  point  hy  point, 
we  may  use  the  principles  explained  in  parenthesis  on  p.  HO,  which 
will  cause  a  certain  modification  of  our  result.  If  St  is  not  zero, 
we  can  no  longer  put  in  the  preceding  riemonstration, 
däx       ßdx 

"dt  =    dl' 
but  must  write,  as  explained  on  p.  80, 

d Sx  „dx  .  dx  döt, 
~dT  ~     ~di  +  "dt  ~dt' 

äsy     sdy  i  dy  ■*** 

~dT=  1i  +  dt  ~dt' 
däz  »<^  i  &z  <^' 
~di~  =     dt  +  ~di  "d'f ' 

We  have  thus  to  add  to  the  right-hand  memher  of  equation  1), 
the  term 

■Snl       fdx\2  .    /dy\'i  .    fdsY^rtftt  amdSt 

2{m\W  +  (i)  +  fe)  \  n  -2JV- 
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so  tliat  instead  of  2)  we  haTe 

•)  [2{-(£*+Ä*+*'')}]*-^V+w+Mi£)« 

Although  the  times  of  arriving  at  corresponding  cunfigurations  are 
not  the  same,  so  that  t0  and  tL  are  not  the  same  as  before,  the 
terminal  positions  are  still  given,  so  that  the  integrated  parts  still 
vanish.    Now  introducing  our  new  assumption,  of  Variation  according 


t0    ÜB 

equation  of 

energy,  we  ohtain 

8XJ=—äW=  ST, 

') 

0  =  ß(8Tdt+  Tädt; 

that  is 

8) 

äf2Tdl  =  (). 

The    integral 

jl  =  /  2Tdt,    which    is    tw 

;    nie  an    kinetic 

energy  for  equal  intervals  of  time  multiplied  by  the  time  occupied 
in  the  motion,  is  ealled  the  Action. 

Aceordingly  the  principle  stated  in  equation  8)  is  known  as  the 
Principle  of  Least  Action. 

The  definition  of  action  is  nsually  given  otherwise,  for  since 


2  ^j      ''  \dt  )         %  ^""'■•'r  dt 

A  =  J2Tdt  =2  fmrVrdsn 


which  exhibits  the  action  as  a  sum  of  line  infcegrals  of  the  momentum 
of  the  particles.  We  may  thus  define  the  action  as  the  simi  for  all 
the  particles  of  the  mean  momentnm  for  equal  dislav.cea  mnltipfied 
hy  the  distance  traversed  by  eaeh  particle. 

In  the  ennmeration  of  the  conditions  there  is  now  a  diffbnmce 
—  the  initial  and  final  configurations  of  the  System  (positions  of  all 
the  points)  are  given  as  before,  hut  instead  of  prescrihing  the  dura- 
tion  of  the  motion,  tx  —  tü,  we  prescribe  Uie  initial  energy  h.  Thus 
in  the  Variation  of  the  paths  the  energy  is  supposed  to  iie  imclumged. 
In  forming   the   integral   t  is   supposed    to  he  dimimttcd  and  all  the 
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veloßities    to    be    expressed   in   terms    of  the   coordinates   alone.     To 

eff'oet  tliis   we  make  ose  of  the  equation  of  euergy, 

t'rom  whißh 


11)  A  =  fy2{h~W)Zrm,äsl' 


In  order  to  fix  the  ideas  we  may  explicitly  introduce  a  new 
independent  variable  in  the  integral,  supposing  the  equations  of 
motion  to  have  been  iutegrated  und  all  the  cooi-dinii.tes  tu  be  expressed 
as  funetions  ol'  a  single  paraiuoter  q,  whieh  for  example  may  he  one 
of  the  coordinates.  That  is  for  each  value  that  is  assigned  to  the 
parauieter  7  \vc  suppose  1:he  position  of  every  point  in  the  System 
completely  known. 


Writing  now   äs,-  —    -  dg  the  integral  is 

i2)      ^-/y^-^s-W- 


The  proper  Statement  of  the  prineiple  of  least  action  then  is  that 
the  Variation  of  this  integral  vanishes,  given  the  initial  and  final 
conti  gurations  and  the  total  constant  energy.  We  have  now  com- 
pletely get  rid  of  the  variable  t,  and  are  not  enibarassed  by  the 
question  whether  its  Variation  is  zero  or  not. 

As    the    simplest    possibie    example   conäider  the  case  of  a  Single 
free  particle  acted  on  by  no  forces,   then  W  =  0   and   the   action   is 


A  =Y2htnJäs  =  mvfd. 


and  the  action  is  proportional  to  the  distance  traversed. 

If  this  is  a  minimnm  the  path  will  be  a  straight  line,  the 
prineiple  of  least  action  aecords  with  Newton's  first  law. 

Suppose  that  the  particle  instead  of  being  free  is  constrained  to 
lie  on  a  given  surface.  The  path  described  inust  then  be  an  arc  of 
a  shortest  or  geodesic  line  of  the  surface.     The  calculus  of  Variation* 
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H>;1 


■  us  tu  find  tlie  diffcrential  eijuations  of  such  a  line.  Suppos 
the  surface  äs  a  sphere,  then  if  the  particle  is  started  from 
point  P  (Fig.  24)  with  a  given  velocity  r 
in  any  direction,  it  may  be  made  to  arrive 
at  Q  by  tlie  introduction  of  oertain  con- 
straints,  for  instance,  suppos«  it  obliged 
to  move  on  a  plane  passiug  through  P 
and  Q.  Tlie  principle  of  least  action  says  i 
that  in  the  natural  or  unconstrained  motion  I 
it  will  go  from  P  to  Q  along  the  shortest 
path,  that  is,  an  arc  of  a  great  circle. 
Of  all  possible  pa.i.hs  tliere  are  two  natural 
ones  by  whieb  tbe  particle  travels  from 
P  to  Q  along  a  great  circle,  bot  Ieaving  P 
in  opposite  directions.  It  is  only  for  tbe 
ab-Orter  of  the  two  paths  that  the  action  is  a  minimum.  This  is  an 
exaniple  of  a  frequent  oecurrence  in  the  calculus  of  variations, 
uamely,  that  an  integral  possessos  the  niinimimi  or  lmiximinti  properl:  v 
only  when  its  limits  are  sufüciently  close  together. 

We  will  illnstrate  tbis  by  a  less  simple  example.  Consider  the 
problern  of  shooting  at  a  target,  or  the  ideal  case  of  a  singie  particle 
acted  on  only  by  gravity,  which  has  been  treated  in  §  18. 

Suppose  the  particle  projeeted  from  the  point  x0,  za  with  the 
velocity  vQ,  so  as  to  reach  the  point  xyl  gs .  If  t  he  the  time  of 
flight,  we  have  by  §  18,  3) 

„     r  h -*»+-£■&' 


from  which 


l*, 


**)*    hl 


-*0+f  9? 


h)~ 


1)tt  +  {x1  -x;f-  +  {^-^f- 


v*  =  VJ  +  Vt*  = 
or  otherwise 

13)  U"? +  {}(*!- 
a  quadratic  in  t2  to  determine  the  time  of  transit  in  terms  of  the 
given  constants  Xo,x1)eo,01,Vo.  Introducing  tlie  following  letters  for 
the  ränge,  its  horizontal  and  yertical  projeetions, 

h  =  ss,  -  t, 


T =V(x1~x0y +&- 

and  solving  the  quadnitk-, 
14)  ts  = -.-{v^  -  i 


■lj)i,     l  =  x1  —  xa) 


h  ±Y(v0* - gh)a 


If    the   radical   is    real   —    which    will    be  the    case  if  the  initial 
velocity  is   great   enough  —   since    the    absolute    value   of  tbe   terni 
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outside  tlie  radical  is  greater  than  that  under  it,  both  values  of  i3 
will  be  positive,  even  if  the  low  er  sign  is  used,  therefore  tliere  will 
be  two  Teal  possible  positive  values  of  (. 

To  determine  a.  the  angle  of  elevation,  we  have 


Ym- 


V,  =  v 


tan  u  - 


y* ' 


and  inserting  the  two  values  of  i  we  get  two  possible  elevations. 
Thus  we  find  that  the  aim  is  eompletely  determined  (tliough  not 
uniquely  in  this  case)  by  tlie  terminal  positions  and  the  velocity  of 
protection. 

Por  the  aetion  we  obtain 


15) 


1  —  j  2Tdt  —  m  j («„■  +  2g  fa,  -  a))  dt 
—  m  f{«„"  +  (fV  -  2gVJ)  dl 

-m{v,'t  +  ±g>t?-gV,p}. 

L'siug'  the  values  of  V;  and  t  found  above  we  obtain  two  values  of 
the  aetion  different  for  the  two  patlis.  Thus  tnere  are  two  possible 
natural  patlis,  di  Hering  f'rom  eac.h  other  by  finite  distances,  for  only 
one  of  whicn  is  the  aetion  least.  Both  however  have  the  property 
that  between  two  points  sufficiently  near  together  the  aetion  is  less 
than  for  any  infinitely  near  path. 

In  case  the  radical  in  14)  vanishes,  that  is 

f  («i  -  «o)s  +  2?  V  (j,  -  H)  ~  <  =  0, 

the  two  roots  P  are 
equal  and  there  is 
only  one  course. 
The  terminal  point 
xlf  s1  then  lies  on 
a  parabola  whose 
Vertex  is  vertically 
above  the  point  of 
projeelioj.i  (Fig.^5). 
It  is  easy  to  see 
that  this  parabola  is 
the  envelope  of  all 
possible  paths  in  this  vertieal  plane  starting  from  the  same  initial 
point  xu,  s„  with  the  same  velocity  v0.     For   it   is   the   locus   of  the 
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interseütion  of  eourses  whose  angles  of  elevation  u  diffcr  infinitely 
Iittle.  If  the  second  point  xt,  yx  He  without  this  envelope  it  cannot 
be  reached  under  tlie  given  conditions.  If  upon  it  it  ean  be  reached 
by  one  path,  and  it'  within  it  by  two  paths.  In  tbat  case  tlie  course 
that  reaches  a^,  y^  before  touching  the  envelope  bas  the  leaa  action. 
A  point  at  which  two  infinitelj  near  eourses  from  a  given  point 
with  equal  energy  intersect  is  called  a  kinetic  focus  of  the  starting 
point,  and  if  on  any  course  tlie  terminal  conti  n'uration  is  reached 
before  the  kinetic  focus  on  that  course,  the  action  will  he  a  minimum. 
If  the  kinetic  focus  is  first  reached  it  will  not. 

Thus  in  the  problem  of  motion  on  a  sphere  under  no  forces, 
the  point  diametrically  opposite  the  initial  point  is  a  kinetic  focus. 
Eviileutly  a  particle  may  reacb  the  kinetic  focus  starting  in  any 
direction  from  the  original  point,  for  all  great  circles  through  a 
point  intersect  in  its  opposite  point.  The  envelope  of  all  the  great 
circies  or  eourses  from  a  point  in  this  ras  es  reduces  to  a  point,  which 
is  the  kinetic  focus. 

For  the  treatment  of  the  diffieuit  subjeet  of  kinetic  loci,  which 
belongs  to  the  calculus  of  variations,  the  reader  is  referred  to 
Thomson  and  Tait,  Principles  of  Natural  J'hihsophu,  §  358,  and 
Poincare,  Leu  Methode*  Xouvc/hs  de  I«  Mi'.ainiqae  Ceh-xtc,  Tome  III, 
p.  261,  also  to  Kneser,  Lehrbuch-  der  Varialionsrechmmg. 

From  the  principle  of  least  action  we  may  deduce  the  equations 
of  motion.  Of  course  the  principle  was  itself  derived  from  these 
equations,  trieretove,  >i~  is  ahvavs  tlie  case.  we  obtain  bv  LiiatheinaÜcal 
Irans  i'onn ations  no  new  facts.  It  is  however  instruetive  to  see  bow 
by  assuming  the  principle  of  least  action  as  a  general  principle  we 
may  obtain  the  equations  from  it. 

Let  us  put  in  equation  12) 

dsf  =  äxl  +  dyf.  +  dsls 
dg;  n       dq        ■*"''      ~d<i        '" 

f         

17)  SJ  yV(h-W){2,mr(x],'+  y?  +  «;>))■<!}  -  0. 

If  we  put 

2  (Vi  -W)  —  M, 

18)  £rmr(x'r*  +  t/r' +  z'/')  =  N,     VMN-P, 

since  P  involves  all  the  coordiiiates  and  velocities  xr,  yr,  srl  x'n  y'n  .;,'., 
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19)      ÖA  =JöPdq  -f^[wl  ÖX-  +  Wr  '*  +  d{  fh' 

,    8P  .   ,   ,    ZP  .   ,   ,    dP  ,  ,\  ,         ,, 

ox'r  ßy'r     "         oz'r         J    J 

Now  the  term 

J  dm].  J   dx'r    dq       a 

may   be   imcgrated   )iy  parts.  giving 

dP  ,      f      K      d  fdl'\  , 

The  terms  in  $y\.  and  ö^  are  to  be  treated  in  like  manner.  Since 
the  variations  of  the  coordinates  vanish  at  the  limits  the  iutegTa.ttM 
terms  disappear,   leaving 


fs[ß,-m)^  ]««= 


Now  in  virtue  of  18)  since  N  does  not  contain  the  coordinates 

dP  _  1  -i/N  3. M  _  _  -i/N_  oW 

dxr  ~   S    V  M  %x,.  _         V  M   dasr' 

Also   since  M  does  not  contain  xl, 

dP         1  -i/M  BN      -t/M 
F.;"a  V-N8x;=Vxm-x'' 
and  consequently 

SP         d  /dP\__-,/JY  BW  _   d  (      -i/M  dxr\ 
Zx'r       dq  \px'J  ~~       V  M  Jx~       dq  \Ur  V  ~N    dq) ' 

The  etjuation  of  energy, 

2-l©'+(t)MS"Hc^>, 

gives 

2*w +*■  +  *■>  ggf- »»-*), 

or  according  to   18), 


from  which  we   get 


a,-Y§u. 
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Inserting  this  value  of  dq  gives 

dP  _  _d_  j  dP  \  _  _  -i  fW  dW        dl       **A 
dxr       dq\dx'J  V  M  dxf       dq\myd~tj 

~       V  M  \Sxr  +  m'-  dt'  )' 
Accordingly  we  have 

20)      SA  -flPH  _  -fV£2{(Z,  +  m'v)  »*' 

In  order  that  tliis  may  vanish  l'or  arbitrary  variations,  Sx,.,  öyr,  Sa,., 
rlie  coeffi.cient  of  fach  Variation  must   vanish,    so  that  we   must  have 


or 

Ä1^             3TF 

mr~ÄW  ~  ~~  3~    =      '■ 

-*£  +  *     =  °> 

i»c    n.   =  —  -5 —  =  3T,.. 

Bf1*.        öTF 

rf5s,.             pTV 

-  =  <>, 

which  are  the  ordinary  equations  of  motion  for  a  free  System. 

The  variations  Öx,.,  Öyr,  Szr  are  arbitrary  only  if  all  the  particles 
are  free.  If  there  are  constraints  the  variations  must  be  coiupatibli1 
with  the  equations  of  condition. 

Vi  =  °- 


fpk  =  '■>, 

that  is  we  must  have  the  li  linear  relations  behveen  the  rt!s,  Chapter  10 
equations  14).  We  may  then  as  in  §  25  multiply  the  equations 
between  the  d's  by  undetermined  faetors  lY,  Xit .  . .  lk  and  add  them 
to  the  integrand.     We  shall  then  have 

^^N:•s^^^/'  d*x.       dw  Stp,  dft 


+  ».S '*+- }"!-»■ 


We  may  now  determine  the  /.;  faetors  ll}  i,s, . .  .  X&,  so  that  Je  of 
tlie   faetors   multiplying   the  variations  vanish   identically.     Then  the 
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ooeffiCLents  of  the  remaining  3»  —  7;  arbitrary  variations  being  put 
equal  to  zero  with  these  fc  give  tlie  differential  equations 

■  +/., Sft, 
+  **  d*r' 

»  8»,  T*!8»,  "•"'"+ «8»,' 
<Z5z,.  8g>,  3v,  8>p,. 

From  the  3n  equations  23)  we  may  eliminate  the  k  multipliers 
J-1,  lg, . . .  1*  and  obtain  3»  —  7v  equations  of  motion,  which  is  the 
number  of  degrees  of  freedom  of  the  System. 

The  equations  23)  are  known  as  Lagrauge's  differential  equatiüns 
In  the  first  form.  They  can  evidently  he  dedueed  Crom  equations  IG) 
of  Chapter  TTT  hy  d'Ale.mbert's  pt-iuciple,  i-eplacing  Xr  by 

X,.  —  mr       ';     etc. 

36.  G-eneralized  Coordinates,    Lagrange's  Equations.    In 

many  investigations  in  dyn amies  where  constraints  are  introduced, 
instead  of  d.enoting  the  posilions  of  partieles  by  reetangular  coordinates 
(not  all  of  which  are  independent)  it  is  advantageous  to  specify  the 
positions  by  means  of  eertain  parameters  whose  number  is  just  equal 
to  the  number  of  degrees  of  freedom  of  the  system,  so  that  they 
are  all  independent  variables.  .i!'or  i.nsi.auce  if  a  particle  is  constrained 
to  move  on  the  surface  of  a  sphere  of  radius  l,  we  may  specify  i.ts 
position  by  giving  its  longitude  cp  and  colatitude  &,  as  in  §  23. 
These  are  two  indep  enden  t  variables. 

The  potential  energy  depending  only  on  position  will  be  expressed 
in  terms  of  (p  and  fl\  The  kinetic  energy  will  depend  upon  the 
cxpression  for  the  length  of  the  are  of  the  path  in  terms  of  <p  and  9\ 
Now  we  have,  if  l  he  the  radius  of  the  sphere, 

ds*  =  l'(d&*  +  fän*&dtp*). 

Dividing  by  di"  and  writing  &'  =   ,  ■;   ip'  =  -=-->  we  have 
24)  T=  ±ml*(&'*  +  mn'&tf?*). 

The  parameters  &  and  95  are  coordinates  of  the  point,  since  when 
they  are  known  the  position  of  the  point  is  fully  speeified.  Their 
time-derivatives  &',  <p'  being  time-rates  of  ehange  of  coordinates  may 
be  termed  velocities,  and  when  they  together  with  &  and  <p  are 
known,  the  veloeity    of  the  particle  may  he    calculated.     The  kinetic 
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euergy  in  this  case  involves  both  tlie  coordinates  &  and  <p  and  tlie 
veloeitiea  &'  and  y'.  Inasmuch  as  tlie  particle  in  any  given  position 
may  have  any  given  velocity,  the  variables  &,  q>,  &■',  <p'  are  to  be 
itoiisidcred  in  this  sense  as  independent,  although  in  any  given 
actual  motion  they  will  all  be  functions  of  a  single  variable  t 

Tlie  form  of  the  function  T  is  worthy  of  attention.  It  is  a 
homogeueous  quadratic  function  of  the  velocities  <&'  and  (p\  tbe 
cocfncioiits  of  their  Squares  being  fnnctions  of  the  coordinates  &,  ip, 
the  product  term  in  &'  tp'  being  absent  in  this  case.  We  may  prove 
that  if  a  point  moves  on  any  surface  tlie  kinetie  energv  is  always 
of  this  form. 

In  the  geometry  of  surfaces  it  is  convenient  to  express  the 
coordinates  of  a  point  in  terms  of  two  parameters  qx  and  qz.     Suppose 

»  =  A  (an  &)>  y—fn  (&>  &)*  &  =  h  Ca»  &)> 

from  these  three  equations  we  can  eliminate  the  two  parameters  qlt  q.2, 
obiaining  a  Single  eqnation  between  x,  y,  e,  the  equation  of  the 
surface.  Tlie  parameters  j1  and  <?2  may  be  ealled  the  coordinates  of 
a  point  on  the  surface,  for  when  they  are  given  its  position  is 
known.  If  qx  is  constant  and  qs  is  allowed  to  vary,  the  point  x,  y,  0 
describea  a  certain  curve  on  the  surface.  This  curve  changes  as  we 
change  the  constant  vahie  qx.  In  like  manner  putting  qa  constant 
we  obtain  a  family  of  curves.     The  two  families  of  curves, 

q1  =  const,     q2  =  const, 
may    be    ealled    parametric  or  coordinate    lines    on    the    surface,  any 
point  being   detennined  by   the   hrtersection  of  two  lines,  for  one  of 
which  qx  has  a  given  value,  for  the  other,  q*. 

We  may  obtain  the  length  of  the  infinitesimal  are  of  any  curve 
in  terms  of  <fr  and  q^.     We  have 

25)  ,(9_||-«iSl  +  g^„ 

d&  =  ~ — da,  +  ■„■' '-da*. 
^((iifiring  and  adding, 

26)  ■  d$\  =  dx*  +  df  +  dz2  =  Edq*  +  2Fdq1dqs  +  Gdg/, 
where  , .    ,  9      ,  „    .  ,      ,  -  , s 


o  -  \£  + 


Ä)'+fö" 
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Thos  tlie  Square  of  the  length  of  any  infinitesimal  arc  is  a  homo- 
geneous  quadratie  function  of  the  differentials  of  the  coordinatee  ij, 
and  gs ,  the  coefficients  E,  F,  G 
being  fimctions  of  the  eo- 
ordinates  qlf  gs  tliemselves. 
If  the  curve  is  one  of  the 
lines  q1  =  «sonst,  we  have, 
since  dq%  =  0, 

äs2g  =  Gdq/, 
if    it    is    one    of   the    curves 
5,  =  const,  we  have 
tüäjf  =  Eär^-. 
Considering    any    arc    ds    as    the    diagonal    of  an    infinitesimal 
piiriilldogram  with  sides  ds1   and  rfs,  including  an   angle  ■&  (lH'ig.  26), 
we  have  by  trigonomefcry, 

ds*  =  dSi3  +  2{7s1<dsäcosfl'  +  ds^.  c&1 

Making  nse  of  the  above  values  of  dst  and  th2  and  eomparing  with 
the  expression  26),  we  find 


If  the  coordinai:e   lines  cut  each  other  everywhere   at  right  angles  we 
shall  have  cos  9  =  0,  F  —  0,  so  that 

28)  ds2^Edql2  +  Gäq%\ 

The    coordinates    ql,  g2    are   then   said   to    be    orthogonal    curvilineai 

i!<>wdinates.  In  the  exaniple  above1)  &  and  <p  are  orthogonal,  the 
lines  of  constant  &  and  cp  being  parallels  and  meridians  irihirsncHng 
at  right  angles  and  the  product  terra  in  d&dif  thevefore  flisappearing. 
Enrploymg  the  expression  20}  for  the  length  of  the  arc,  dividing 
by  dt3  and  writing 

1)  We  have  the  ei|iiat.ioijs  of  cliangf;   of  cooii'unutc*. 


which. 

S*  = 

«... 

iSIf, 

i&9 

Bat 

sin  #  Bi 

.,, 

»#i 

E=l\ 

F=0, 
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da,  ,       da,  , 

we  find  for  the  kinetic  energy, 

29)  T-^miEtf  +  VFqW.  +  Gq!,'). 

This  is  a  typieal  uxumple  of  the  employment  of  the  gmeralised 
coordinates  introduced  by  Lagrange,  gx  and  gB  being  the  coordinates, 
2ii  l'i  the  velocities  corresponding,  and  T  being  a  homogeneous 
qnadratic  function  or  quadratic  form  in  the  velocities  q[,  q%,  the 
eoefficients  of  the  Squares  and  producta  of  the  velocities  being 
functions  of  the  coordinates  ahme.  We  shall  siiow  that  this  is  a 
(.■liaracr.ffl'istic  property  of  the  kinetic  energy  for  any  systern  depending 
upon  any  number  of  variables. 

In  tlie  case  of  a  Single  SVet>  partiele  we  may  express  the  coor- 
dinates x,yts,  in  terms  of  three  parameters  qi,q->,qx-  and  we  shall 
then  have  as  in  25)  and  26) 

30)  äs*  =  E1S  dqs  +  Ea  dq3a  +  Ess  d$»  +  2_E13  dqy  dq.2 

+  2E2täq3dqs  +  '2E&1dqsdq^ 

aiv  -p         dx  dx       dy  dy   ,    de  de 

1  ''•        8qr8i~td9r8q,~t'dqrdq,' 

Thus  the  kinetic  energy  has  the  same  property  as  before. 

Proceeding  now  to  the  genera]  case  of  any  number  of  particles, 
wliether  consfcrained  or  not,  let  us  express  all  the  coordinates  as 
functions  of  m  independent.  parameters,  qi}  q,,,  .  .  .  qm,  the  generalized 

coordiuat.es  of  the  systein, 

xr^xr{quqi,...qm)) 

>jr  =  yr{q±,ch,---q,,), 

Sr=Zr(q1,qi!...qm). 
Differentiating  we  have 

dy  dy,.  dy,. 

32)  dy,  _  -g-  ,l,h  +  ^  d,h  +  ■■■  +  Fj_<i9„, 

ds,.              czr  dz,. 

dzr  =  3—  dq,  +  5-aff,  H 1-  ä — <*qm. 

'l'lie   derivatives    ,.  ->  ■  ■  ■    are    all    functions    of    all   the    q's.     Scniiinn<r. 
and  adding  we  obtaiu 
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:!:■; , 


whi^re 


=  E^äq]  +  F^dql  +  ■  ■  ■  +  Eildql 
-  2El^dq1dqi  +  2E^dq1dqi  +■■■, 


Tlius  the  Square  of  eacli  infinitesimal  arc  is  a  quadratic  form  in  the 
tliffereniials  of  all  the  coordinates  q.  Dividing  bv  dt2,  denoting  the 
time  derivatives  by  accents  as  before,  multiplying  by  m,.,  and 
taking  the  sum  for  all  the  particles,  we  ohtain 

35)  T-  1  «,,,;« +  ±Q„q','  +  ---  +  {  Q,.q,' 

where 

36)  Qr.=  Sjm1,E^\ 

(In  tlie  double  sum  the  faetor  —  is  introduced  because  fchere  occur 
both  a  term  in  Qr,  aud  one  in  Qsr,  both  being  equal.)  Thus  the 
kinetic  encrgy  possesses  tlie  characl.eristic  property  mentioned  above 
of  being  a  quadratie  form  in  the  genevaUzucI  selocities  q',  the 
ooefficients  Qr,  being  functions  of  only  the  generalized  coordinates  </. 
They  must  satisfy  the  conditions  necessary,  in  order  that  for  all 
assignable  values  of  the  g"s  T  shall  be  positive.  Of  the  form  of 
diese  functions  im  ^etiora!  Statement  can  be  mado.  They  ;i,re  linear 
functions  of  the  masses  of  the  particles  of  the  system  and  depend 
upon  the  choice  of  the  parameters  q  used  to  denote  the  configui-aticm. 
We  may  call  thern  •'.ocffkitnls  of  intrtia.  It  is  evident  from  36)  that 
every  Qss  is  positive,  for  Elf  is  a  sum  of  Squares.  If  no  product 
terms  occur  we  may  by  analogy  with-  28)  call  the  coordinatcs 
orthogonal. 

1t  is  sometimes  convenient  to  employ  the  language  of  multi- 
dimensionnl  geometry.  Tliis  signifies  nothing  more  than  that  when 
we  speak  of  a  point  as  being  in  m  dimeusionai  space  we  mean  that 
it  requires  m  parameters  to  determine  its  position.  Inasmuch  as  in 
motion  along  a  curve,  that  is  in  a  space  of  one  dimension  we  have 
for  the  length   of  arc 

ds'-(i£)'dz'> 

on  a  surface,  that  is  in  a  space  of  two  dimensions, 
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ds2  =  Eäftf  +  2Fäq1dqs  +  Gdq^, 
in  space  of  three  dimeiisions, 

ds*  =  yj  y*Er,äqrdqlt 

so    by  analogy,  in  spaee  of  m  dimeiisions, 

37)  ds*=^  ^ßrsdq,.d(b. 

That  is  to  say  a  quadratic  form  in  m  difl.eventials  may  be  interprotud 
as    the   Square    of   an   arc   in  m  dimensional   Space.     Thus  we   may 

n.ssimil.atfi  our  System  depeiiding  lipon  i»  coordinal.es  tu  a  single  point 
moving  in  space  of  m  dimeiisions,  cliaracterizüd  by  tbe  expressiim 
for  the  element  of  arc, 


ds2  :- 


M  4 


To  each  possiblo  position  of  this  point  corresponds  a  possible  con- 
tiguration  of  our  System.  No  matter  what  be  taken  as  the  mass  of 
the  point,  M,  its  kinetic  energy,  ili"(,jj  is  equal  to  the  kinetic 
energy  of  our  System,  the  coeffieients  in  the  quadratic  form  for  ds2 
and  T  being  proportional.1)  The  advantage  of  this  mode  of  speaking 
(for  it  is  no  more)  may  easily  be  seen  from  the  many  analogies 
that  arise,  connecting  the  dynamical  theory  of  least  aetion.  with  the 
purely  geomelrical  tiieovy  ol'  geodesic  lines.  This  method  is  adopted 
by  Hertz  in  Ins  Prinzipien  der  Mechanik  and  is  worked  out  in  a 
most  interesting  manner  by  Darboux  m  his  Theorie  lies  Sv.rf'ncc*, 
Tom.  II.     The  ideas  involved  were  tirst  set  forth  by  Beltranii.-) 

1)   >~it)(jij   by    Uli;   iiii.tui'f   of  Uli1   aJiovr   transfoi'iHiition,  we  bave 


1  y», 


i  §  32  we  oonsiclei'  each  maas  wr  to  be  the  ;™  of  mr  unit  mass-points,  and 


then  ds  is  tiie  'itatdi't'.h'e  wenn,   or    Square    root   of  the  ineaa   Square  of  tbe  rlis- 
])]siceiiieiits  of  all  the  particles. 

2)  Beltrami.  Xulli!  tcurica  t/euem-lc  t/ei  parume.tri  ili/l'ereiiäiuH  (Memorii: 
dcll.ii.  Acoadomiii  dclle  Seicuwe  ilell'  Tstituto  di  Bologna,  Serie  2,  t.  VIII, 
p.  549 ;  1869. 

WEBSTER,  Dynamics.  8 
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In  Tirtue  of  the  liornogeneity  of  T  as  a  function  of  the  q"s,  we 
have  by   Euler's  fcheorem   t'or  homogeneous  funetions, 

38>  2/rl-22'. 

a  property  of  wliich  frequent  use  will  be  made. 

The  potential  energy,  if  the  system  is  conservative ,  on  the  other 
band,  depends  only  on  tlie  configuration  of  the  system,  that  is  on 
the  coordinates  q,  the  q"s  not  appearing.  For  instance  in  the 
problem  of  §  23, 

W  =  —  mgs  =  —  mgr  eos  &. 

Whether  the  system  is  conservative  or  not  the  element  of  work 

39)  dA  =  V  (X-dav  +  Yrdyr  +  Zrder) 

is  a  homogeneous  linear  function  in  the  dq's  which  we  will  write 

40)  dA  =  P1äql  +  Ptdqs+---+Pmdqm. 

By  analogy  with  rectangular  coordinates  we  shall  call  Pr  the 
generalizetl  force-component  corresponding  to  the  coordinate  q,-  and 
velocity  q'r. 

If  the  system   is  konservative,  since 

41)  dW=-dA,    P,=  -  ~> 
and  in  any  case 

42) 


make  use  of 
a  in  terms  of  i 
!  Operation  of  v 
ciple,  both  the  . 


We  may  now  make  use  of  Hamilton's  Principle  to  deduce  the 
equations  of  motion  in  terms  of  the  geLi.eniH'/.ed   coordinates  q. 

Performing  the  Operation  of  Variation  upon  the  integral  occnrring 
in  Hamilton's  Principle,  both  the  q's  and  q"&  being  varied,  we  obtain 
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we  may  integrate  the  second  terra  by  parts.  Sinee  tlie  initial  and 
final  configuration  of  the  syslem  is  supposed  given,  the  dq's  vanish 
at  t  =  t0  and  t  =  tu  so  that  the  integrated  part  vanishes,  and 


44)  Ai{^ 


-w)      a  /d(T-w)\\ 


4n) 


Now   if  all  the  dg's  are  arbitrary,    tlie  integral  vanislies  only  if 
the  coeffieient  of  every  8q,  is  equal  to  zero.    Therefore  we  must  have 

1  dls  dt  \       oql       1  ' 

or  if  we  write  L  for  the  Lagrangian  function  T  —  W, 

dt\dq'J~  d% 

Since   the    potential    energy    depends    only    on   the    eo Ordinate s, 
-5— ;-  =  0,  and  we  may  write  the  equation  45) 

1^  L(V£\  _  <w_ _  ew_  p 

;  <h\8s.V      g'i»         8«,        " 

Tliero  are  ic  of  theso  equations,  one  for  each  5.  These  are  Layranrjt'-'x 
equations  of  moUon  in  generaiized  coordinates,  generally  referred  to 
by  Germ  an  writers  as  Lagrange'  s  equations  in  the  second  form. 
Their  discoyery  constitutes  one  of  the  principal  improvements  in 
dynainieal  metliods  and  we  shall  refer  to  them  simply  as  Lagraoge's 
equations.') 

If  the    system    is    not    eonservative,    by  §  34,  4)   we  must  write 

48)  HäT+  SÄ)dt  =  f(ST  +  S.Ptdq,)dt  =  0 

from  which  we  easily  obtain  47),  except  that  P,  is  not  now  derived 
from  an  energy  function. 

37.    Lagrange's    Equations    by    direct    Transformation. 
Various  Reactions.     On  account  of  the  very  great  importance  of 

Lsm'i'iinge's  equations,  it  is  advantageous  to  eonsidcr  them  oarefully, 
from  as  many  points  of  view  as  possible.  The  deduction  from 
Hamilton's  principle  is  one  of  the  simplest,  but  does  not  perhaps 
nppoal  as  strojigly  to  our  pliysical  sense  as  is  desirable.  Of  course 
an  Hamilton's  principle  is  completely  equivalent  to  cVAIembert's,  and 
that  to  the  equations  of  motion  of  Newton,    we  might    have  derived 

l'i  Lagrange,   Mi:iin;>.iqi.iv   AiHil/ttitjue,  Tom.  I,  p.  334. 
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the  equations  froni  either.  This  we  will  now  do.  It  Is  important 
every  time  that  a  new  quantity  appcars  in  dynamics,  to  have  a  elcar 
conception  of  Lta  physical  nature.  We  should  make  free  use  of  all 
u'iinlosi'ies  that  our  science  may  offer  us,  and  here  geometry  aids  us 
readily.  The  notion  of  tlie  geometric  product  and  tlie  terminology 
of  nmltidimeiisional  geometry  here  fnrnish  us  valuable  aid.  The 
geometric  product  of  two  vectors  in  three  dlmensional  spaee,  defined 
by  their  components  X,  Y,  Z,  X',  Y',  Z', 

XX'  +  TT  +  ZZ\ 

is  a  aealar  quantity,  symmetrica!  with  respect  to  both  vectors,  such 
that  the  geometric  product  of  the  resultants  of  two  sets  of  com- 
ponents is  the  arithmetieal  sum  of  the  producta  of  all  the  pairs  of 
corresponding  components.  If  one  of  the  vectors  is  an  infinitesimal 
displacement  dx,  dy,  dz,  the  geometric  product  is 

Xdx  +  Ydy  +  Zäe, 
and  the  multiplier  of  the  change  dx  is  call  ad  tlie  componcnt  of  the 
vector  in  the  direction  of  the  coordinate  x.  In  like  manner 
let  us  speak  of  a  quantity  defined  by  components  Pit  P.,,  .  .  -  Pni  as 
a  vector  in  m-dimensional  space.  The  geometric  product  of  two 
such,  of  which  the  seeond  is  an  infinitesimal  dispLicement  compatible 
with  the  constraints,  and  defined  by  the  quantities  d</lt  dqs,  .  .  .  dq,ui 
may  be,  by  analogy.  defined  as 

P^ft  +  P^d>h  +  ■  ■  ■  +  Pmdqm. 
If  now   the    vector  P,,  .  .  .  Pm  is  equivalent    to  the  System  of  vectors 
X,.,  Y,,  Zr,  we  have  equations  39),  40),  42),  and  the  latter, 
'IT™/       dx  dy  dz\ 

serves  to  define  tlie  etmiponent  oi'  tlie  vector- System  with  relerenco 
to  the  coordinate  q,.  Thus  we  have  spoken  of  Ps  as  the  force- 
componeut  of  the  System  for  the  coordinate  qs.  It  is  to  be  observed 
that  we  do  not  insist  here  on  the  idea  of  directiou,  _and  that  our 
terminology  is  merely  a  convenient  mode  of  speaking.  Nevertlieless, 
the  notion  of  work  gives  a  means  of  realizing  by  the  aensee  the 
meaning  of  our  term  component,  for,  if  we  move  the  syatem  in  such 
a  way  that  all  the  q's  except  one  q,  are  unchanged  the  work  done 
in  a  change  of  the  coordinate  dqs  will  be  Psdq:,}) 

Let  us  now  find  tlie  componcnt  of  our  veloeitv  -System  aecording 
to  our  generaliaed  coordinates.     We  have,  aecording  to  our  equation 

1)  For  a  furthei'  elucidation*  of  the   nature    of  the   geometric  product,    in 
uosmectiim  ivith  multi(ii]i]CiiHi(j]!ii.l   i;eü;neU'y,  see  Note  III. 
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of  definition  4S),   for  tlie  component  of  the  velocity  of  the  rih  particle 

acecn-djug  to  q„ 

ox„  öy.  dz. 

49)  ^V-  +  y-^  +  sr^z- 

1  c%  <'%  c% 

Now  we  have  by  32),  dividing  by  dt, 

dy  oy  cyr 

50)  ä,'-8i9'  +  8i*'+"-+8i,s- 

The  derivatives  -,T  '  eontain  only  the  coordinates  q,  not  the  velocities  r/, 
which  we  see  enter  linearly,   aecordingly 

'Ö<][         CO,'      dq\  ~~  dqj      dq's        dq, 
Making  use  of  this  relation,  tbe  expression  49)  becomes 

Thus  we  find  tbat  the  component  of  the  velocity  of  any  particle 
aceording  to  the  coordinate  qt  is  equal  to  one-balf  the  rate  of  change 
of  the  Square  of  its  velocity  as  we  change  the  velocity  q',.1).  This 
regelt  is  not  of  itsclf  uf  great  phjsical  importance,  but  leads  ns  to 
one  tbat  is.  Inasnrach  as  the  moraentum  is  the  iniportaiii:  dynaniical 
quantity,  nmltiplying  by  the   raass   of  the  particle  we  find 

,ox  dy  cts.         o    ri         ,   ,,  ,,         ,„,-| 

m,.x,..,  ■■  —  hi,.'!,.  TT      +  )»,.,?,.—-    =  ...   ,  \~max,-'  ■■[  ■  yr  -r  8,-~)\ 

or  the  component   of  the  momentum  of  a  particle   aceording  to  any 

'■oordmate  is  the  rate  of  change  of  its  kinetic  energy  as  we  change 
the  corresponding  velocity.     Snmming  for  the  whole  system, 

52)       2l\mrXrH.  +  m'VrH  +  m'  -*th) 

0    -^1   1  /    19    ,        .o    ,        r«\  Ö.7' 

-aj2'Tm'(*  ■  +  »''  +  ''  *)  -  r,;' 

that  is,  the  component  of  the  momentum  of  a  system  aceording  to 
any  gencrali/ed   coordinate  q,  is  the  rate  of  change   of  kinetic  energy 

1)  It  is  to  hc  observed  tfiat  Uns  ''cosnpuneiit"  is  not  what  we  have  call  cd 
tlie.  vuiocity  q's. 
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with    respect   to    tlie    corresponding   velocity.     The    equation  38)  now 
says  that  tlie  kinetic  energy  is  one-half  the  geometrie  product  of  the 

velocity  and  ni  Omentum  systeras.    Thus  we  have  per.f'ect  analogy  witk 
the  last  two  equationa  of  §  27. 

We  shall  hureafter  dcn.ote  tlie  momentnm  belonging  to  q,  by  p, 
aud    effeeting  tlie  d  i  il.e  nm  U  ati  od.  of  B5)  we  liave 

53)  P.  - 1~  -  Qi.ll  +  ft.si  +  •  ■  •  +  Q,„.</,„, 

or    every   generalized   momentum-component  is   a  linear  function   of 
tlie  velocities,  the  coe  riic.iei.it  s   heilig  t.he  iriertia-coefficients    Q,.s. 

Let  us  now  find  the  eomponent  of  the  effective  forces  according 
to  qs,  the  effective  forces  being  defined  by  the  System  of  producta, 
for  each  particle,  of  mass  by  acceleration, 

äx'T  dy'r  dz'r 

inr^r->      mr-rr!      )K,.-jt-' 

dt  dt  dt 

We  have 

dx'rdxr  Yd   !    ,d<cr\  ,  d  /öx\~\ 

M>  m'rlj~Ws  =  m''  Ldi  \XrH~J  ~  x''dt\wjs 

to  transi'orm  which  we  make  nse  not  only  of  Öl),  but  of  a  relation 

obtained  as  follows.      Differentiating  50)  by  qH, 

H,  =  ds^„  2*  +  Hjqs  9S  +  ■  ■  ■  +  ä^g^  3«  =  dt  \Jg~J ' 
Using  these  results  in  54),  we  obtain  for  the  right-hand  member. 
[ä  ,   t8aL  ,S.r'.l  _  d  I    d    ( 1  „\\         8    ( l  (B\ 

mrldi\XrWJ~Xr8^1  ~dt\dqi  \nm'-Xr  )l     he  U  m'Xr }' 

and  with  similar  results  for  y  and  s,   snmming  for  ail   the  particles, 
we  have  for  the  eomponent  of  the  effective  forces  of  the  system, 


55)     2{» 


d*y   dy  d'zr  dzr  1 

,  dt2   öql    '       r  rfi2  0% ) 


■n{s;2ri»'W'+!';'+«;')-4.5T»"(ai,+!';'+s;')l 


Putting  the  effective  force  äqual  to  the  applied  force  we  have 
Lagrange's  equation  47)  by  direet  tnu.isformation.  The  equation  of 
d'AIembert's  principle  thus  becomes  in  generalized  coordinates 

56>  f{Ä(g)-g-R}'*-0- 
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If  we  had  begun  with  d'Alembert's  principle  we  should  evidently 
have  gone  through  precisely  the  sarne  process  that  we  have  here 
followed,  and  assumhig  all  tiie  displacements  fix,  öy,  Ös  to  be  virtuah 
all  the  dq's  would  have  been  independent,  so  that  from  the  trans- 
formed  equatiem  56)  would  have  followed  tbe  individual  equations  47). 
Tbis  was  in  fact-  tbe  mode  of  deduction  followed  by  Lagrange 

We    have    a    noteworthy    difference     betweeu     generallzed    and 
reclangnlar  coordinates.  in  that  tbe  affective  foroe-eoniponent    is  not 

equal   to    the    time-derivative    of  the  momentum     -%  bot 


eontains  in  addition  the  term  —  — -  ■     This  we   may  aecordingly  call 

the  non-niomental  part  of  tbe  effective  force.    Thus  in  general,  even 

tlnuigli  Üie  momentum  p,  is  imchanging,  a  force  T\  must  be  impressed 
in  order  to  balance  tbe  kinetic   reaet.i.on    .'.     ■      As  an    example,  let  us 


take  the  case  of  polar  eoordinates  in  a  plane.  We  then  have  for  a 
singie  particle,  for  the  coordinates  qi}  q2  the  distance  r  from  the 
origin,  aiid  the  angle  <p  subtended  by  tbe  radius  vector  and  a,  fixed 
radius.     Tbe  kinetic  energy  is 

r«y(r'"  +  rV), 

from    which  we  have  the  niomenui-, 

=  8T  =        ,  =  'CT  =       s    , 

Thus  if  the  momentum  p,.  is  eonstant,  which  is  the  case  when  the 
radial  velocity  r'  is  oonstant,  we  still  have  to  impress  a  radial  com- 
ponent  of  force 

t,  8T  ls 

The  kinetic  reaction  —  P,.  =  mrtp'2  is  called  the  ccntrifugal  force,  a 
name  to  which  it  is  as  much  entitled  as  any  sort  of  reaction  is  to 
the  term  force. 

By  analogy  we  migbt  in  general  call  the  non-momental  parts  of 
the  reversed  effective  forces  or  forces  of  inertia  the  eentrifugal  forces 
of  the  system.  These  non-momental  parts  may  he  absent  for  some 
coordinates.  For  instance  in  the  present  example  ip  does  not  appear 
in  the  kinetic  energy,  but  only  its  velocity  q>'.  We  have  then 
s —  =  0,  so  that  force  need  be  impressed  to  change  ip  only  to  change 
the  momentum  p,p.  Accordingly  if  no  such  force  is  impressed,  the 
momentum  py  is  conserved.  Thus  in  the  case  of  a  central  force, 
the  momentum  p,p  =  mr2(p'  is  constant.  But  tbis  is  tbe  theorem  of 
areas,  or  of  conservation  of  moment  of  momentum.     In  fact   we  see 
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tliat  the  generalized  component  of  momentum  with  regard  to  the 
angular   coordinate   <p    is    the  moment   of  momentam   of  tlie  particle 

[cf.  §  8,  23),  24)].  Systems  in  which  there  are  coordinates  liaving 
the  property  that  their  non- momental  paii  of  the  kinetic  reaction 
vanishes  have  peculiur  properties,  and  are  treated  in  §  48. 

If  we  perform  the  diffurentiation  of  jj,  by  the  time,  differentiating 
equation  58),  and  rem  ein  bering  tJiat  the  Q's  depend  only  on  the  (/'s. 
we  find  for  the  momental  part  of  the  effectiye  force 

[30.  SQ,  cQ1        1 

57)  +»>1-WT«'+   Hj>  +  -"+Ji:!"l 


of  which  the  first  line,  which  we  will  call  FJM,  is  a  linear  function 
of  the  generalized  aceelerations  gl'.  Here  again  our  general  haut 
coordinates  differ  from  reetangular,  in  that  there  is  a  part  of  the 
mommtal  force  which  is  independent  of  the  aceelerations  q',-',  but 
which  is  a  hotnogeneons   quadratic  function  of  the  veioe-ities. 


58)  Fsm=yy^q-qi; 


3Q„ 
^j  Zj  Hr  g 


Conseqnently  if  at  an?  instant  of  the  motion  we  can  ('hange  the  signs 
of  all  the  veloeities,  and  at  the  same  time  of  all  the  accelerations, 
the  aecelerational  part  of  the  momental  force  i1','1'  will  change  il.s 
sign,  while  the  non-aceelerational  part  l'\'-Tl  will  be  nnchanged.  We 
may  thus  experimentally    discriminate  hetween  the  two. 

Effecting   the    differentiation   in   the  case  of  the  non-moroental 
force,  we  find 

which  is  also  a  Jiomogeneoiis  quadratic  f'nnction  of  tlie  veloeities, 
and  thus  possesses  similar  properties  to  FJ-2\  Thus  it  is  difficnlt  to 
discriminate  experimentally  between  these  two,  unless  we  have  some 
experimental  means  of  recognizing  wlien  the  momentum  ps  remains 
consta.nt.     In  the  simple  example  which  we.have   used   above,    since 

dt  =mr  >      äf  =  *»<»    +%rr<P) 
the   non- aecelerational   part   of  the    momental  force   belonging   to  r 
disappearB,  while  the  centrifngal  or  non-momental  does  not,  while  for  <p 
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although  the   non-momental  part  F,J,    =  -<     disappears,   we  have  tlie 

non-accelerational  part  Fip  =  2mr  -  r'  tp'.  Experhnentally  Ulis  means 
that,  if  a  particle  move  with  constant  radial  and  angular  veloeities. 
we  shaü  have  to  apply  to  it  not  only  a  radial  foree  F,  =  —  mrrp'3 
fco  balance  the  centrifngal  f'orce,  bnt  also  a  turning  force  2mr  -r'tp'. 
This  may  be  done  by  means  of  a  varying  constraint,  say  by  making 
n  particle  move  lipon  a  rod  turning  with  angular  velocity  tp'.1)  The 
particle  will  then  react  upon  the  rod,  to  whieh  tlie  tuming  moment 
2mr  ■  r'  tp'  must  be  applied,  for  if  it  were  nofc  applied,  owing  to  the 
eonsei-vation  of  angular  moinentam,  as  the  particle  got  farther  froin 
the  center  its  angular  velocity  would  be  less.  To  keep  it  constant 
the  particle  must  be  pushed  around. 

We  have  now  carefully  analysed  the  effective  forces,  when 
expressed  in  terms  of  our  genoralized  coordinates.  It  is  to  be  care- 
fully borne  in  mind  that  all  these  parts  come  from  real  acoeleraliom 
i.ntp rosse d  011  the  particles  of  the  System,  although  the  accelerations 
of  the  generali  zed  coordinates  may  disappear.  Tliis  will  depend  on 
our  choiee  of  such  coordinates.  Tlie  analysis  that  we  have  made  is 
however  by  no  means  devoid  of  phyuical  significance,  as  we  can  not 
usually  observe  all  the  bodies  with  which  we  have  to  do  so  as  to 
lind  their  real  motions  and  determine  their  aecelerations,  bnt  are 
obliged  to  become  aequainted  with  fchem  in  a  more  or  iess  round- 
about  way,  through  the  reactions  that  they  present  to  various 
Operations  upon  them.  From  tliis  point  of  view  it  is  of  interest  to 
i'Lituloguc  tlie  various  reactions  that  we  meet  in  dynaniics.  In  our 
eqnation  of  d'Alembevt's  principle  öö),  we  have  called  the  ./''s  which 
are  equated  to  the  elfective  forces,  the  impressed  forces,  or  forces 
of  the  System.  If  the  system  is  conservative,  the  forces  of  the 
system  are  derivable  from  a  potential  energy,  as  we  have  assumed 
in  47),  while  if  not,  part  of  the  forces  may  still  be  derived  from 
such  a  funetion.  It  will  be  nseful  to  consider  not  the  forces  of  the 
system,  but  the  forces  which  must  be  impressed  from  outside  in 
Order  to  counterbalance  all  the  reactions  of  tlie  system.  In  otlier  words, 
if    we    wrrite    T?p>   for    the   non- conservative    part  not  yet  dealt  with. 

60)  F,  =  FJ»  +  F»w  +  FW  +  Fjü  +  F,® 

=  ~dt  ~  H,  ~ 

F„  is  the  force  necessary  to  be  impressed  on  the  system  from  outside 
under  any  ci.rcumstnnces  wliatever,  or  —  Fs  is  the  reaction  of  the 
system,  exerfced  through  the  coordinate  i/,.. 

1)  The  centrifngal  force  may   be  balaneeil  by  a  spring. 
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If  the  system  is  left  to  itself,  uninfluenced  by  other  Systems, 
then  every  I\  is  zero,  and  we  have  eqnation  47)  with 

P  =  _  &K  _  _f(i) 

If  two  Systems  Lire  coupled  together,  so  thtit  any  change  of  tlie 
coordhiate  q,  is  nccompanied  by  an  equal  dränge  of  the  corresponding 
coordhiate  of  anotlier  system,  theo  the  FJs  of  the  two  Systems  are 
equal  and  opposite,  whicb  is  the  law  of  aetion  and  reaction.  Accord- 
ing  to  what  happens  to  the  system,  the  effect  of  F„  is  of  di.ftereni: 
kinda.  For  instance,  if  the  system  is  at  rest,  or  moves  very  slowly, 
all  the  Fy>  terms  vanish  except  the  last,  and  we  have  the  static 
reaction 

The  work  tliat  is  then  done  by  the  e\ternal  forees, 

is  stored  up  as  potential  energy  in  the  system.  If  there  is  110 
possibility  of  statieal  storage,  and  if  there  is  no  non- conservative 
reaction,   we   have   only   the   kinetic  resictiojis   already  dealt  with, 

As  a  simple  example  of  what  is  meant,  suppose  the  system  to 
consist  of  a  mass  attached  to  a  spring  tending  to  draw  it  to  the 
right.  If  the  mass  is  at  rest,  it  must  be  held  by  a  force  applied 
from  outside,  to  l<eep  the  spring  stretched,  and  the  static  reaction 
of  the  spring  P,  is  toward  the  right.  If  the  mass  is  let  go,  it 
begins  to  move  toward  the  right,  and  the  kinetic  acceleral.ional 
reaction  is  toward  the  left,  balancing  the  static  reaction,  or  internal 
impressed    force    of    the   system,    aeeording    to  d'A.lemhert's  principle. 

If  there  is  no  inertia,  so  that  the  effective  forcea  vanish,  and  no 
storage,  the  work  done  upon  the  system  is  not  stored,  hut  is  said  to  be 
dissipated.  The  reaction  —  FJ-^  does  not,  in  the  cases  that  exist  in 
nature,  appear  exeept  wheii  there  is  motion,  that  is,  the  reaction 
—  Fy>  is  a  kinetic  reaction,  thongh  not  due  to  inertia.  This  work 
dissipated, 

is  always  positive,  in  other  words,  non- conservative  reactions  are 
always  such  as  to  oppose  the  motion.  A  case  of  frequcnt  occurrence 
is  that  where  there  are  non -conservative  forces  proportional  to  the 
Erst  powers  of  the  velocities  q',  so  that  any  F,1^  —  x,  qj.  We  may 
then  form  a  fnnction  F  whicb  is,  like  T,  a  homogeneous  qimdrati.c 
futiction   of  tlie   vclccitics, 


/Google 


87]  CLASSIFICATION  OF  REACTIONS.  123 

and  since  in  this  case  tlie  work  dissipated  in  unit  time  is 

7*'  represents  one-)iaIf  the  time  rate  of  loss,  or  dissipation  of  energy. 
I*1  is  called  the  Dissipation  Function,  or  the  Dissipativity.1)  It  was 
ititrodueod  by  Lord  Kayleigk,  and  is  of  use  in  the  theory  of  motious 
of  viscous  media,  aud  in  the  dynamical  treatment  of  clcctrie  currents. 
Beside  this  Gase  we  have  dissipative  forces  not  eapable  of  i-eprns<mt:a- 
tion  of  by  a  dissipation  functio 


We   will   now    place    our   vaxiona   reactions   in  a  table   showin 

their  grouping  in  various  classic  and  sub-classes. 

Positional  F»>                          ,  Accele„4i0Ilal  jpw 

( Momental  j 

(Non-accelerational  F^ 

Reactions 

(Inertial!  __                     ,   , 

JNon-momental   _.g, 

Motional   1               l°r  Centrifugal 

or  Kmetic  1  jjon_  conservative  [ Having  Dissipation- funetion 

[            FW            1  Öfters 

The  advantage  of  this  complete  Classification  is  as  follows. 
Huppose  that  a  certain  System  or  apparatus  is  presented  to  us  for 
dynauiicai  exaininatioii.  Tis  parts  are  concealed  from  our  view  by 
coverings  or  eases,  but  at  certain  points  there  protrude  hamllüs.  crank*, 
or  other  driviny  points,  upon  which  we  may  operate,  and  which  wili 
esert  certain  reactions.  Ali  tliat  we  can  learn  of  the  System  will 
become  known  to  us  by  a  study  of  tli.e  reactions.  Maxwell'-)  eompares 
such  a  System  to  a  set  of  bell-ropos  lianging  from  holes  in  a  roof. 
which  are  to  be  pulled  by  a  number  of  bell  ringers.  If  when  one 
rope  is  pulled  none  of  the  others  are  affected,  we  conclude  that  that 
rope  has  no  connection  with  the  others.  If  however,  when  one  rope 
is  pulled,  a  number  of  others  are  set  in  motion,  we  conclude  that 
there  is  some  sort  of  connection  between  the  corrosponding  hei  Is. 
What  the  connection  is  we  can  find  out  by  studying  the  motious. 
In  general,  if  when  we  move  one  driving  point,  and  let  it  go,  it 
remains  where  we  put  it,  we  conclude  that  it  is  not  attached  to 
anything,    but    is    a    mere    blind    member.      If  when    we  pueh   it,    it 

1)  A  case  of  perhaps  equal  impovtance  is  one  in  which  the  di;->ip;it'ujL 
(if]if:i.iijii   i:-ontaiiis   l.ln'   s([iiai'cs   üf  dil/'e-rcuci'ji   of  tili!   vekji.ütu-^. 

2)  Maxwell.  Scientific  Papers,  'Vol.  II,  p,  783. 
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i'etut'iis  to  its  former  position,  we  infer  that  it  i.s  connected  «it.li 
something  of  the  nature  of  a  spring,  and  that  the  System  can  störe 
potential  euergy.  If  when  we  push  it  it  keeps  on  going  after  we 
release  it,  we  conelude  that  it  is  connected  with  a  System  possessing 
inertia,  and  capable  of  storing  kinetic  energy.  If  its  motion  dies 
away,  we  conelude  that  there  is  dissipation,  and  so  on.  By  experi- 
mentiiig  in  turn,  or  simultaneously,  on  all  the  driving  points,  we 
may  conelude  how  many  degrees  of  freedom  the  system  has,  how 
the  inertia  is  distrihuted,  and  how  the  parts  of  the  system  are 
connected.  The  means  of  doing  this  will  we  di.scussed  later,  and  we 
shall  find  that  in  this  manner  we  in;iv  losirji  mueh  of  a  System,  but 
that  our  knowledge  will  not  always  be  complete.  This  is  the  natuxe 
of  the  process  hy  whieh  the  phyaicist  proceeds  in  the  attempt  to 
explain  reeondite  phenomena,  such  as  those  of  heat  or  eleci.ricitv, 
by  reduoing  them  to  the  simpler  phenomena  of  motion.  The  parts 
of  the  Systems,  be  they  made  of  molecules  of  matter,  or  of  the 
ether,  are  coneealed  from  him,  but  he  may  operate  upon  them  in 
certain  experimental  ways,  and  draw  definite  conclusions  from  the 
results.  One  of  the  greatest  Iriumphs  oi'  this  met.bod  was  MViNwelTs 
dynamieal  theory  of  electricity. 

Impulsive  forces  are  dealt  with  by  Lagrange'a  equations  in  the 
usuiil  .manner.  Integra  tiiig  ei | nntions  4-i)  with  resjiect  to  the  time 
ihrougbont  a  vanishiiig  interval  tx  —  t0,  sinee  the  velocities  are  finite, 
the  non-momental  forces  —  — ■  are  by  58)  finite,  so  that  the  integral 
of  the  seeond  term    vanishes,  and  we  have 


pUü  _  pw  =  j^   rPi 


Thus  the  m Omentum   geuerated  nieasures  the  impulse,  as  in  the  ease 
oi'  rectan<jular  coordinate.s,  §  27. 

Ä.s  a  further  example  of  the  use  of  Lugnmge's  equations  let  us 
take  the  problem  of  the  spherical  pendulum,  which  we  used  to 
introdnoe  the  subject.     We  had 


24) 


Z-^-{»"  +  Bin>»  V' 

W=  —  mgl  cos  &. 
We  have  for  the  momenta  pu  and  p:l 

62)  87-  ...  . 
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and  our  differential  equations  are 

d  .     ,„„,.        BT  dW  ,    .     „ 

63)  d  ,    72   .   a  .       ,.       ST  dw      n 

,  >.  W!  r  sin.-  ff  ■  g:     —  3—  =  — 5 —  =  U. 

Now  since  m  and  (  are  consent  tlie   equation   Cor  ■&   becomes 

1  „.., 

in  which  the  eentrifugal  force-component  aecording  to  ^  is 

jw^siiiö-cos^  •  if'1. 
The  equation  for  99  (q>  has  110  eentrifugal  part), 

65)  !((72sin2#.<p')  =  0 

may  at  once  be  integrated,  giving 

66)  Pein'»-?/  =  0, 

which  is  the  integral  equation  50),  §  21. 

Substituting.  in  64)  the  value  of  ff'  derived  from  the  integral 
equation  66),  we  obtain  the  differential  equation  for  %■,  which  is  the 
same  as  the  derivative  of  equation  51),  §  21.  The  remamder  of  the 
Solution  is  accordingly  the  same  as  in  §  21. 

38.  Equation    of  Activity.     Integral   of  Energy.     Let  us 

tmiltiply  eacli  of  Lagra-uge's  equations  by  tlie  corresponding  vel.oc.iiy  </,' , 
and  add  the  results  for  all  values  of  r,  obtaining 

The  expression  on  the  right,  otherwjse  written 

^J    r~di  ~  'dl' 
represents  the  time-rate  at  which  the  applied  forces  do  work  on  the 
systera.     The    equation  67)    is    accordingly  the   equation   of  activity. 
§  27,  20),  in  generalized  coordinates. 

By  means  of  the  property  of  T  expressed  in  equation  38),  §  36, 
we  may  transform  the  left-hand  side  of  the  equation,  for,  since  T 
depends  upon  both  the  q's  and  g"s,  both  of  which  in  an  actual 
raotion  depend  upon  t,  differentiating  totally, 


dT      ~S?('cT  d%       %T  d'll\ 
68)  "dl  =2j  \&T  dt  +  m  ~dl) 
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Now  differentiating  38)  totally 

dT      _-,(9T  da'  d  /d'T\\ 

o2r  da; 

Hubtraetuig  f(jiiation    (J8j    t'roin    (i9)  tlie  terms    7—  -=—    cancel    and  we 

have  left 

dT      „[     <2  (dT\       dT  dq  1 

But  this  exactly  the  left-hand  member  of  the  equation  of  activity  67). 
Thus  if  the  System  is  conservative,  since 

dA  =  _äW       äT__  dW 

dt  dt  dt  dt  ' 

so  that  the  equation  of  conservation  of  energy  is  always  an  integral 
of  Lagrange's  equations. 

39.  Hamilton's.  Canonical  Equations.  Although  the  equa- 
tions   of  Lagrange    are    by   all    odds   those  most  frequently  used  in 

ilvnamicjil.  problems,    yet    in    many  theoretical    iirvestigations  a  trans- 
formation  introduced  by  Hamilton  is  of  importance. 

The  kinetie  energy  being  a  quadratic  form  in  the  velocitiea  q1 
[equation  35)],  the  momeuta  pr  being  the  derivatives  of  T  by  tlie 
q'/s  are,  as  we  have  seen,  linear  forma  in  the  gj's. 

»  -  If  -  e«ä!  +  ftisi  +  •  ■  ■  +  ft-i. 

53)      :::::::::::::::::::: 


These  linear  equations  may   be  solved  for  the  g,'.'a,    obts 
as  a  linear  function  of  the  pr'a,  say, 

71)  «;,'.  -  B,!j),  +  E,,i>,  +  •  -  •  +  Br,p„, 

the  IVs  being  minors  of  the  deterniinant, 

;  «,,,     öi„  .  •  •  ft.  I 


D 


.    ■ 


ie..,   «..,...«.„,! 

divided  by  I)  itseif. 

The  Ii"s  accordingly,  like  the  Q's,  are  functions  of  only  tlie 
coovdinates  q.  Maxweli  calls  them  coefficients  of  mobility.  The 
Solution  of  the  equations  assumes  that  the  deterniinant  1)  does  not 
vanish.  This  is  always  tlie  ease,  being  one  of  the  conditions  that  T 
is  an  essentially  positive  function. 
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Let  us  now  introduce  into  T  the  variables  p  in  place  of  the 
variables  q',  so  that  T  is  expressed  as  a  function  of  all  the  g's 
and  jj's.     Since 

38)  »T=^<{,%-^£vU 

insortiug  the  values  of  g,'.  in  terms  of  the  jj's  gives 

that  is  2"  is  now  expressed  as  a  quadratic  forin  in  the  p's.  We  will 
diwün^uish  T  when  expressed  in  terms  of  the  p's  by  the  soffix  jj,  71,,. 
We  now  have  by  Euler's  Theorem, 

Since  r,,  is  identically  equal  to  T,  comparing  witli  equations  HS), 
above  we  have  by  symmetry, 

74)  <,;--§, 

thus    the   5,'.'s  are    linear   forms    in  the  p's  given  by  71).     The   two 
identically  equal  t'unctions,  T,  Tp,  having  the  properties 
'dT  dTs 

are  said  to  be  reciprocal  t'unctions.1) 

The  expressions  for  the  forecs  and  potent ial  energy  are  left 
nnaltered.  Let  us  now  make  use  of  Hamiltons  principle  with  this 
ehoice  of  variables.  Before  performing  the  Variation  it  will  be 
advantageons  to  introduce  in  the  integral  to  be  varied  instead  of  the 
Lagrangian  function,  L  =  2'—W,  the  Hamütimian  fmi.cl.ioTi.  J[=T-\-W, 
by  means  of  the  relation 

76)  L  =  2T-R. 

T  and   H  are   both   to  be  expressed  as  functions   of  the  variables  q 
and  p,    both    of   which    depend  npon  the  time  t  in  a  manner   to  be 
found  by  integrating  the  differentia]  eqnations   of  motion. 
Hamilton's  principle  tlien  takes  the  form 

7  7)  äf(2  T-H)  dt  =  äj  Sr  (pr  ql  -  H)dt 

=f2(^ÖPr  +PrH;  ~  Wr6Pr~WrSqr)dt- 

1';   U'cljstor.    'I'limry  of  Klect-ricHy  inut  Magnetism  .  §  63,  64. 
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The   term  p,. 6q'.  =  p, .-■■  öq,    being   integrated   by  parts  and  the  dq's 
put  equal  to  0  at  the  limits,  we  have 

re>    /;g{(*-£)'»-(£+£H*-0 


Now  since    W  does  not  depend  upon  the  mornentum  p,, 
dB_  dr 


-  =  1r, 


therefore  the  ooefficients  of  the  dp's  all  vanish.     If  the  äq's  are   all 
arbitrary,  their  coefficients  must  accordingly  vanish  so  that  we  have 
dp  dB  dqr       dB 

the  first  equation  being  the  equation  of  motion,    the  second  defining 

äq 

2r  =  --Tj--  These  equations  78)  were  introdueed  by  .Hamilton  and  im 
account  of  their  peculiarly  simple  and  symmetrica!  form  they  are 
offen  referred  to  as  the  miwniml  equation.-;  of  dynmnics.  In  practica! 
Problems  they  are  generally  not  raore  convenient  than  Lagnmge's 
equations. 

We  may  reeapituiate  Hamiltons  uiethod  as  follows: 
Form  the  Ham.il tonian  functiuii  //.  represeuti.ng  the  total  energy 
of  the  System  as  a  function  of  the  2m  independeut  variables  q  and  p, 
the  coordinat,es  and  momenta.  Then  the  time  derivative  of  any  co- 
ordinate  q  is  equal  to  the  partial  derivative  of  H  with  respecfc  to 
the  corresponding  momentum  p,  white  the  time  derivative  of  any 
momentnm  is  equal  to  minus  the  partial  derivative  of  //  wich  respeet 
to  the  corresponding  eoordinate.  A  direct  dedvtction  of  the  equations 
of  Hamilton  without  the  use  of  Hamiltons  Principle  will  be  found 
in  the  author's  Theory  of  Electricit-j)  an.d  Mag-netism  %  64. 

The  equation  of  activity  is  most  simply  deduced  .Crom  Hamiltons 
equations,  for  by  Gross  multiphcation  of  equations  78),  after  trans 
posing  and  summing  for  all  the  coordinates  we  get 

ld)  Zjydq^t^dp,.  di.)  =  Q- 

Bufc  this  is  equal  to  the  total  derivative  of  H  by  t. 

which  being  integrated  <fives 

R  =  h, 

a  eonstant.     But  since  II  =  1  -j-  W,    this    is    the  equation  of  energy. 
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If  the  System  is  not  coneervative,  fchere  may  be  still  some  forces 
which  are  deriyable  from  a  potential  energy  function.  In  that  case 
the  Hamiltonian  function  is  to  be  formed  with  that  energy,  but  we 
must  add  to  the  riglit  of  equation  78a)  the  non-conserYative  force 
—  iTr(*).     Thus  our  equations  become 

dp  dH  äqr      dH  „ 

'  dt  oqr         r  '      dt       epr    ' 

The  equation  of  activity  then  becomes 

81-,  V,  (—  ^  4-  —  dPA  =  -  V,i™  ^ 

6l)  2l\d%  dt  +  Spr  dt)  ZI    '■     dt 

OT 

AB        _  a  -p 

dt  ' 

if  there  is  a  dissipation  function. 

39a.  Varying  Constraint.  It  may  happen  that  the  equations 
of  constraint  contain  the  time  explicitly,  that  is 

Vi(t>*i>9v*i>  ■■■%»>$*,  en)  =  0, 

<Pi  (t>  %i>  vu  ei>---  x«>  y-"> 0«)  =  °' 


tph(t,  xu  y1}  #!,...  3h,,  yn,  #*)  =  0. 

Such  a  case  is  that  of  a  particle  constrained  to  move  on  a  surface 
which  is  itself  in  motion,  say  a  sphere  whose  ceuter  moves  with  a 
jiresci'ilied  motion.  The  constraint  is  then  said  to  be  variable,  and 
the  work  done  by  the  constraint  no  longer  vanishes,  for  the  surfaee 
Las  generally  a  normal  component  in  its  motion,  which  causes  the 
reaction  to  do  work.  The  variability  of  the  constraint  has  an 
important  effect  on  the  equations  of  motion.  We  can  then  no  longer 
di'lf tm i i] ft  the  position  of  the  System  by  means  of  a  set  of  in- 
dependent  parameters,  bi.it  must  give  not  only  their  values,  but  also 
the  time.    We  may  put 

xF  =  xr{t,qllgs,.  ..qm), 

83)  yr  =  yF(t,  &,&,■■■$*), 

0r  =  &(*,&,&,  ■■■$*), 

from  which,  by  the  elimination  of  tlie  ^'s,  we  may  obtain  equa- 
tions 82). 

1)  cf.  §  37,  60). 
WBBSTBK,  Dynamics.  9 
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Ihifermtiating  uo  w  totally,  we  have 

dx,--£at  +  g^dqt  +  jjrfs,  +■■■+  jiig., 

dy  dy  dy  dy 

84)  dyr  -  w dt  +  ^dqt  +  r&  dg,  +  ■  •  •  +  j^ dq„, 

d*r            de               3a  dz,. 

dzr  ~  TJT  <"  +  3 —  ^2i+g —  dq„_A [-  j—  äqm, 

or  on  dividing  tlirough  by  dt, 

x'-  dt  +2iJi,1-' 

85)  *St+2>  W,9" 

We  have  now  in  eacli  x\  y' ,  a! ,  bcsido  the  linear  funct.ion  ol'fjj,^,.. .  qU- 
a  term  independent  of  the  g"s,  mit  wbieh  may  be  expressed 
in  terms  of  the  coordinates  q  and  i.  On  sqiiaring  there  are  aecord- 
ingly  not  only  quadratic  terms  in  the  q"$,  bnt  also  terms  of  the 
first  and  zero  Orders.     On  forming  the  kinetic  energy 

ex   s^?dx  eil   "^}'cy  dz   *^l'hz. 

fdxA*      /Sy,\s       /28„\a 

+y+w)+yj' 

we  aecordingly  find  that  instead   of  being.  ns  beforc,  a   In: )geiieous 

funetion  of  the  ij"s,  it  contains  not  only  quadratic  terms,  but  also 
terms  linear  in  and  othera  independent  of  the  q"s.  The  effect  of 
these  linear  terms  in  the  kinetic  snergy,  whatever  be  their  origin. 
will  be  disenssed  in  §  50. 

40.  Hamilton's  Principle  the  most  g-eneral  dynamical 
principle.  We  hare  seen  in  this  chapter  how  by  means  of 
Hamilton's  Principle  we  .may  deduce  the  generai  equations  of  motion, 
and    from    these    the    principle     of    Conservation    of    Energy.      As 
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Hamilton' s  Principle  holds  whether  the  systera  is  conservative  or 
not,  it  is  more  general  than  the  principle  of  Conservation  of  Energy, 
which  it  includes.  The  principle  of  energy  is  not  sufficient  to 
deduce  the  equations  of  motion.  If  we  know  the  Lagrangian  func- 
tion  we  can  at  once  form  the  equations  of  motion  by  Hamilton'« 
Principle,  sind  without  forming  tlicin    we  i.uay  find    the  energy.     For 

L—T-W, 

E=T+  W. 
Accordingly 

87)  ^iT-L-^^-L-^^-L, 

so  that  the  energy  is  given  in  terms  of  L  and  its  partial  derivatives. 
If  on  the  other  hand  the  energy  E  is  given  as  a  function  of  the  co- 
ordinates  and  veloci.ues,  the  Lagrangian  function  must  be  found  by 
integrating  the  partial  differential  equation  87),  the  Integration 
involving  an  arbitrary  function.  In  fact  if  F  be  a  homogeneous 
linear  function  of  the  velocities,  the  equation  87)  will  be  satisfied 
not  only  by  L  but  also  by  L  -J-  F.  For,  ./''  being  homogeneous,  of 
degree  one, 


/■' 


■2;*  s«- 


Consequently  a  knowledge  .of  the  energy  is  not  sufficient  to  find 
the  motion,  "while  a  knowledge  of  the  Lagrangian  function  is.  The 
attempt  has  been  made  by  certain  writers  to  found  the  whole  of 
physics  upon  the  principle  of  energy.  The  fact  that  the  principle 
of  energy  is  but  one  integral  of  the  differential  equations,  and  is 
not  sufficient  to  deduce  them,  should  be  sufficient  to  show  the 
fntility  of  this  attempt.  It  is  tlie  infinite  Order  of  variability  of  the 
motion  involved  in  the  Variation«  oceurring  in  Hamiltons  Principle 
that  makes  it  embrace  what  the  Principle   of  Energy  does  not. 

41.  Principle  of  Varying:  Action.  We  shall  now  deal  with 
a  principle,  likewise  due  to  Hamilton,  somewhat  broader  than  that 
which  we  have  hitherto  called  HamiltoiVs  Principle  or  Principle  of 
Least  Action,  and  fumishing  a  nieann  of  integrating  t-lie  equations 
of  motion.  In  the  principle  of  least  action  a  certain  integral,  belong- 
ing  to  a  motion  naturallv  doscr.ibed  by  a  System  under  the  action 
of  certain  forces  according  to  the  differential  equations  of  motion, 
has  been  compared  with  the  value  of  the  same  integral  for  a  sliglitly 
different  motion  between.  the  same  terminal  conti gurations,  but  not 
a  natural  motion  and  therefore  violating  the  equations  of  motion. 
Under  these  cirenmstances    the    principle    states    that    the    integral   is 
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less  for  the  natural  motion  thaii  for  the  other.  The  new  prineiple, 
on  tlie  other  hand,  compares  the  integrale  ahaii/s  lnJ:en  for  a  natural 
motion  satisfyihg  the  differential  equatious,  but  the  terminal  con- 
figurations  are  varied  from  one  motion  to  another.  The  prineiple  is 
therefore  known  as  the  Prineiple  of  Varying  Action. 

In    the    proeess    of  §  34    equation  2)    we    cannot  now   put   the 
integrated   part  equal  to   zero,  hut  instead  of  2)    we   shall  have 

The  integrated  part,  which  is  the  sum  of  the  geom.et.ric  producta  ol' 
the  momenta  and  the  variations  of  the  corresponding  positions  at 
the  end  of  the  motion  minus  the  eorresponding  snm  at  the  Yiegin- 
ning;  may  now  be  transfonned  into  generalized  coordinates.  The 
integral 


« -/(r- 


W)üt. 


where  T  and  W  are  expressed  as  funetions  of  the  time,  appropriatfi 
to  any  given  motion  (whether  natural  or  not)  depends  upon  tlie 
terminal  conti  gurations,  and  is  called  by  Hamilton  the  Principal 
Function.  The  terminal  contigiLvations  l.teing  givon  we  liad  SS  =  0, 
Let  ns  now  find  an  expression  for  öS  in  generalized  coordinates 
eorresponding  to  the  expression  above  in  reetangular  coordinates. 
Proceeding  as  in  §  o4   equation  43)  we  obtain 


Hm 


o% 


8ince  the  various  motions  are  all  natural  ones  satisfying  the  diü'er- 
ential  equations  of  motion,  the  faetor  of  eveiy  dq  in  the  integrand 
vanishes,  so  that  the  integral  vanishes  of  itself,  and  SS  is  aecord- 
ingly  expressed  as  a  linear  funetion  of  the  variations  of  the  initial 
and  terminal  coordinates.  Bince  W  is  independent  of  the  q"s  and 
=pr)  making  use  of  the  affixes  0  and  1  for  the  limits  t0  and  tv 
we  may  write 

90)  SS=  ZrP'Sql  -  Arf*fl?, 

an  equation   whieh  could  have  been  obtained  from   tlie   considerations 
regarding     geometric    producta    at    the    beginning    of    §  37.      This 
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expression  for  the  Variation  of  S  is  of  great  importauce,  for  by 
means  of  it  we  can  obtain  a  method  of  integrating  tlie  equations  of 
motion,  and  obtaining  tlie  eoordinates  q  and  momenta  p  at  any 
time  (j.  As  we  are  now  to  consider  the  upper  limit  f,  as  variable 
it  will  be  convenient  to  drop  tlie  subscript  1. 

Suppose  we  have  integrated  the  differential  equations  of  motion 
comp.l.etely  so  as  to  obtain  every  coordinate  as  a  function  of  the 
time  t,  involving  2m  arbitrary  constants,  c1,c2, . .  .  cinl,  the  number 
necessarily  infcroduced  in  integrating  the  m  .Lag  ran  ginn  equations  of 
the  second  order  or  the  2m  Hamiltonian  equations  of  the  flrst  Order. 
Let  the  integrals  be 

«1  =f1(t,cl,c1!,... 


!>l) 


-A(M 


■  -Ca, 


Im  =  fm(t,  C\>  Cä,  .  .  .  C%m). 

Differentiating  tliese  by  t  we  obtain 

df,  dft 

Si  -  «'    h  =  dt> 


dL 


92)  Si-TT'    &=  dt'---1;«  =  -,. 
from   which   by  equation  53)  we  may  find  the  p'a  as  functions   of  t, 

93)  pr  =  g>r  (£,  Cj,  Cj,  . .  ■  cära). 

These  equations  with  91)  constitute  2m  integral  equations  of  the 
System. 

Inserting  tlie  partieular  value  ta  in  our  integral  equations  we  have 

91')  ^  =  fr(t0,c1,ca,  ...c8m), 

93')  P°r  =  ffrit,,,  CL!  C2,  .  .   .  C2m)- 

We  accordingly  have  the  4m  -f-  1  variables, 

'i    2d  ■  ■  ■  am.  Pi>  ■  •  -Ä>»    8i°.  ■  ■  ■  ?™.  ft°i  ■  ■  -rfi 

connected  by  2wj  integral  equations.  We  may  thus  choose  any 
2m  -f  1  of  them  as  variables  in  terms  of  which  to  express  the 
remniimig  2m. 

For  instance  in  the  problem  of  shooting  at  a  target  §  35  we 
saw  that  the  motion  was  completely  deterniined  by  tlie  eoordinates 
of  the  initial  and  final  positions  and  the  initial  velocity.  The  latter 
determined  the  time  of  transit  t,  so  that  it  together  with  tlie  initial 
eoordinates,  q®, .  . .  q$t,  and  the  final  eoordinates,  q1} . . .  qm,  may  be 
taken  as  independent  variables  in  terms  of  whidi  every  thing  may 
be  expressed. 
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Thus  'the  integral 

94)  S^J(T-W)dt 

is  supposed  to  lie  expressed  in  terms  of  these  2  m  +  1  'variables. 
Now  if  tlie  initial  and  final  co  ordinales  are  varied  without  varying 
tlie  time  of  bransit  t  —  t„  (t  tlie  upper  limit  of  the  integral)  we  have 

We  have  however  proved  that  under  tliese  conditions  we  have 

90)  8B=2rprdqT  -  Er&8& 

Since  these  expressions  must  he  equal  for  arbitrary  variations  of 
the  i/'s  and  #°'s  we  must  have 

nß,  BS  BS  BS 

96)  ^h=Pi!  WÜ=P*>----3jm=P»» 

n„,  dB  „      .BS  0  8S  Q 

97)  v,-     „  =  —  M,°,       5— »  =  —  P. °    .  .  .  -5-5=  —  Vm- 

We  may  now,  if  we  please,  regard  the  initial  coordinates 
gj0, .  .  .  qZ,  and  the  initial  momenta,  Pi°,  ■  ■  -  pm,  as  2m  arbitrary 
constants  replacing  the  cu  c2, .  . .  cSn,  of  equations  91)  and  93).  Then 
the  equations  97)  will  be  the  general  hitegnüs  of  the  equations  of 
motion,  for  if  the  form  of  the  funetion  S  is  known  in  terms  of 
t,  Su  .  •  -  Im,  2]";  -  -  ■  3°,,  tlie  equations  97)  are  m  equations  involving 
9i,  ■  ■  ■  (Im  withont  their  derivatives,  which  may  be  solved  to  obtain 
the  q's  as  funetions  of  t  and  2  m  arbitrary  constants  q^\ . .  -<im>Py>  ■■•Pm, 
as  in  equations  91). 

It  has  appeared  as  if  in  order  to  find  S  it  were  necessary  to 
integrate  the  equations  of  motion,  so  to  obtain  T  —  W  as  a  funetion 
of  the  time,  which  being  integrated  voi.ild  give  S.  If  this  were  so 
the  statement  just  made  would  be  of  little  interest.  But  this  is  not 
necessary,  for  Hamilton  showed  that  the  funetion  S,  which  he  called 
the  Principal  Funetion,  satisfies  a  eertai.n  pa.rt.ia3.  dilfereniial  equation. 
a  Solution  of  wliicli    being  obtained,  the  whole  problem  is  solved. 

The  funetion  S  is  a  funetion  of  the  variables  q,  the  constants  <f 
and  the  time  t,  which  thus  oecurs  explicitly  and  nnplieitly.  l.lifferen- 
tiaring   by  t  we  have  therefore 

äS       öS      _-,  SS  dq„ 

DifFerentiating  94)  by  t,  the  upper  limit,   gives  however 

%-r-w. 
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Ei.iuatiiig  the  two  values, 

T  —  W  =  jt+  2rPr  Qr, 

=  |j  +  2T, 
by  38). 

Transposing  and  writing  T -\-W—  H, 

§?  +  *-»■ 

The    function   H,    the    sum   of  the   energies,    depends   lipon   the   co- 
ordinates  qr  sind  the  momenta,  pr  =  g-  ■■    If  the  force-fnnetion  depends 

upoii  the  time  H  will   also    contain    t    explicitly.     Thus    we   have  the 
partial  differential  equation 


99)  g(+^J51,-.-^g-,-..03J 


=  0. 


The  equation  is  of  the  first  order  since  only  first  derivatives  of  S 
appear,  and,  from  the  way  in  which  T  contains  the  momenta  [equa- 
tion 72)],   is   of  the   second   degree  in  the  derivatives  *—•     Sinee  S 

appears  only  through  its  derivatives  an  arhitrary  eonstant  may  he 
added  fco  it. 

Thus  we  have  the  theorem  due  to  Hamilton:  If  qlr . . .  qin,  ex- 
pressed as  integrals  of  the  riilterential  equations  in  terms  of  t  and 
2m  arhitrary  constants  qx'\  .  .  .  q°,  p,a,  .  .  .pH,  are  introduced  into  the 
integral  94),  and  the  result  is  expressed  in  terms  of  t,  ql;  .  .  .  qm, 
(li>  ■  ■  ■  1™>  ^aen  8  's  a  Solution  of  the  partial  di  Heren  tial  equation   99). 

The'converse  of  the  proposition  was  proved  by  Jaeobi,  namely, 
that  if  we  talte  any  Solution  of  the  equation  99)  containing  m  arhi- 
trary constants,  q^,  .  .  .  q£  (other  than  the  one  which  may  always 
be  added),  the  equations  97)  obtain.ed  by  pviiting  the  derivativem 
of  S  hy  the  in  arhitrary  constants  equal  to  other  arhitrary  constants, 
pf,  .  .  .pm  will  he  integrals  of  the  differential  equations  of  motion. 
For  the  proof  of  this  the  reader  is  referred  to  Jacohi,  VarleMtwini 
über  Dynamik,  XX. 

Before  giving  examples  of  the  utility  of  this  niethod  we  shall 
show  that  the  arhitrary  constants  by  which  we  diii'erenviate  need  not 
be  the  q"'s,  but  may  he  any  m  constants  appearing  in  the  integral 
equations. 

Suppose  that  in  equations  91)  we  vary  in  of  the  arhitrary 
constants  c,, . .  .  cm.     We  then  have 
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»to- 

-£•* + 

df 

•  ! 

and  putting 

t—O, 

Sq°-f 

Ääc'  +  ' 

$.* 

'.+■ 

"+(£) 

««. 

Then  equati 

on  90) 

becomes 

100) 

d$  =  £rpr8qr- 

-ÄC,Jc„ 

\\  ]  1  l.TO 

Cr- 

-5*' 

Sc,' 

TL 


coaipitriug  with 

we  haye  corresponding  to  equations  96)  and  97) 
101) 


H  IL') 


iß—a,. 


Thus  we  may  differentiate  S  with  respect  to  tbe  m  arbitrary 
eonstants,  no  matter  bow  they  raay  appear  in  the  Solution  of  99), 
putting  tlio  resrolt  equal  to  other  arbitrary  eonstants. 

Hamiltons  equatiojj  99)  ftssumtss  a  somewbat  simpler  form  wben 
the  foree -funetion  and  consequently  H  are  independent  of  tbe  time, 
that  is  wben  tbe  system  is  consfirvative.  We  may  tben  ad\:tntage 
ously  replace  tlio  prinzipal  iiuj.cli.on  S  by  anotber  funetion  called  by 
.Hamilton  the  Cliariicleristic  Function,  whieli  reprusents  the  action  A, 
§  35.  Making  use  of  the  equation  of  energy,  T  +W=h,  to 
elimiiiate  W,  we  have 

8  =  i(T  -  W)  dt  =  J2T(U  -h(t-Q  =  Ä-  h  (t  -  ta) 


1";;, 


A  =  fzTät  —  S  ±h(t-Q. 


If  now  the  funetion  A  does  not  contain  the  time  exphcitly  we 
have  differentiating  partiallv 

104) 

and  our  partial  differential  ( 

105)  H(s„... 


I  becomes  mcrely 
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The  arbitrary  constant   oi'  energy,   h,    takes    the    place    of   one   of  the 
constants  c. 

The  Variation  of  the  action  on  changing  tlio  terminal  conflgura- 
tions  will  cause  a  change  in  the  energy  necessary,  h,  if  the  time  of 
transit,  t  —  t„,  is  unchanged.     Accordingly 

106)     aA*=8S  +  (t~t0)$h  =  y*pröi 

by   erpiation    .1.00),      Wc  have   therefore 
107,  l>,-f|, 

los)  -a=v 

109)  '-<>-& 

As  examphss  of  t.hu  use  oi'  ihe  method  of  Hii.mi.Iton  we  will 
now  solve  a  few  problems  that  have  been  aLready  treated. 

First,    let    us    take    the    case    of  any   number    of  free    particles. 

Wc   havt» 


■T 


Putting 


ST  , 

dT 

Pur  =  ä— 7  =  M-rVr, 

!'!/•         Qyt_  ran 


this   becomes 

T  = 

{^: 

;W 

ir- 

By  107) 

Hl)                   P. 

,,-, 

OÄ 

.- 

0^4 

and  equation  105) 

tlien 

is 

r  +  «!r). 


»2>       ^-l2ir((H)'+(l|)'+(l|)V^=s- 

In    the    case    of   a  sirigle  particle   coinpariiig   equalions   110)   and 
111)  we  have 

,,„.  ,        cA  ,       BA  ,        dA 

llo)  MX  =-5—;     my  =  ■-,-.    j     -ws   =-5—' 

In    other    words    if   the    action   A    is    expressed    in    terms   of  the  co- 
ordhiates  x,  y,  z,    the    momentum    of  a   particle    describing  any   patli 
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under  tlie  action  of  the  given  forces  with  the  constant  energy  k  is 
the  vector  differential  parameter  of  the  action  A,  and  therefore,  by 
the  properties  of  lamellar  vectors  (§  31),  the  veloeity  of  a  particle 
moving  in  tliis  manner  is  normal  to  all  the  surfaces  of  constant 
action,  and  is  inversely  proportional  to  the  distance  between  two 
infinitely  near  surfaces  oC  constant  action.  Otherwise  expressed,  if 
from  all  points  of  any  gurfacc  partieles  bc  projected  nonnally  with 
the  same  energy  h,  their  paths  will  always  be  normal  to  a  set  of 
surfaces,  and  the  action  from  one  surface  to  another  will  be  the 
same  for  all  the  particles.  This  theorem  is  due  to  Thomson  and  Tait.1) 
Snppose  first  there  are  no  forces  acting,  then  equation  112) 
becomes 

which  is  satisfied  hy  the  linear  function 

115)  A  =  ax  +  by  -f-  es, 
if 

116)  as  +  6s  +  cs  =  2?«7(. 

In   virtue    of  this   last   equation   only    three    of    the    constants 
a,  b,  c,  h  are  arbitrary.     Suppose  we  take  a,  b,  h,  then  we  have 

117)  A  =  ax+  by  +}/2mh  -  (a? ■+¥)  ■  e. 
Then  equations  107)  or  113)  are 

118)  mx'  —  a,    my'  =  b,     ms' ~y2nih  —  (a? +  fö), 

which   are   first   integrals   of  the  equations  of  motion,   showing  that 
the   motion   of  the  point  is  uniform.     Equations  1.08)  and  109)   are 


dA 


-*  — t. 


oh  y2mh  —  {a1+b') 

The  first  two  of  these  equations  are  the  equations  of  the  path, 
showing  it  to  be  a  straight  line,  while  the  last  gives  the  time.  By 
means  of  it  we  may  find  s  as  a  function  of  the  time,  and  from  the 
first  two  x  and  y.  Thus  119)  are  the  integral  equations  of  the 
motion. 

Corresponding  to  this  Solution,  a  and  b  being  constants,  the 
surfaces    of   constant   action   are  parallel  planes.     The    path    of   any 

1;  Xn.Uira!  T'hilo^/rJnj.  §  «32. 
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particle  projected  normally  to  one  of  these  planes  with  tlie  energy 
(kiuetic)  h  is  a  straight  line  normal  to  these  planes,  and  the  veloeity 
is  eonstaut. 

In  order  to  find  Solutions  snited  to  surfaces  of  equal  aetion 
having  other  forms,  we  should  require  to  find  other  partieular 
Solutions  of  equation  114),  which  would  take  us  too  far  into  the 
subject  of  pa.rti.al  dilf'erential  equations.  Whatever  the  nature  of  the 
surfaces,  siuce  the  veloeity  in  all  the  motions  considered  is  constant, 
the  aetion  is  proportional  to  the  distanee  traversed  and  cousequently 
if  we  measure  off  on  the  noiTaals  to  a  surface  of  constant  aetion 
equal  distances,  the  locus  of  the  points  tlins  ohtained  will  he  another 
surface  of  equal  aetion,  or  all  the  surfaces  of  equal  aetion  are  so- 
called  parallel  surfaces. 

Next,  guppose  we  have  a  single  particle  of  mass  unity  rinde  r 
the  aetion  of  gravity.     Then 

W  =  gs, 
and  our  equation  is 

A  =  ax  4-  by  +  <f(/)> 


We  may  find  a  Solution 
wher 


<*'  +  V  +  [?"(*)]'+  2  (S>  -*)-0, 
or 

Makiug  use  of  Ulis  value  we  kave 

121)  A  =  ax  +  btj+  I  y2(h-ge)  —  (a'+b')di. 


122)  '  """' 


Equations  107)  hecome 

«-  - $£  -y!(i-,.)-(«-+ii, 

giving   the   velocities   in   terms   of  the  position   of  the  point.     These 
are  firsfc  integrals  of  the  equations  of  motion.    Equations  108)  become 


i  l':-j;, 
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These    are    tlie    equations    of  the    path    completely    integrated, 
showing  that  it  is  a  parabola  in  a  vertical  plane.    The  equation  109)  is 


121) 


-h 


s~-  l  VW^gf) -(»■+&■)-(-<,, 


giving  the  time. 

Front  the  last  equation  we  may  obtain  8  in  terms  of  t,  and, 
from  the  two  preeeding,  x  and  y.  Thus  the  problem  is  completely 
solved,  the  constants,  a,  b,  and  ]t,  befug  determrned  by  the  terminal 
conditions. 

Suppose  we  put  }>  =  0,  then  121)  and  123)  give 


125) 
126) 


rl  =  u  x 


So 


2  0-J2)- 


(*-»0'-;r<2(ft-9»)-«')- 

I£  we  consider  motious  for  which  a  is  a  constant,  but  %  has 
different  values  for  the  different  motious,  all  the  parabolas  are 
obtained  from  a  Single  one  by  displacrng  it  horizontally.  The  curves 
of  constant  action, 

127)  {Zg{ax-Äf^{2{K~gB)-a?}\ 

are  semicubical  para- 
bolas, similarly  ob- 
tained  by  displaciiiü; 
a  single  one  hori- 
zontally, and  cut  the 


jrht 


1  angles  (Fig.  27). 
I,,e'S7'  The   same    Solu- 

tion of  the  differ- 
ential  eqnation  may  be  adaptiv!  to  the  treatment  of  other  problems. 
If  we  put  «,  =  0,  x  and  A  will  vanish  simultimeously,  or  one  of  the 
curves  of  equal  action  will  be  the  vertical  line  #  =  0.  Thus  we 
have  a  Solution  of  the  following  problem.  Parti  cles  are  projeeted 
liori/ontally  in  a  vertical  plane  from  points  on  the  same  vertical  line 
with  such  veloeities  that  the  total  energy  is  equal  to  ft,  the  same 
for  all.  Tbc  different  paraiiolic  paths  contain  the  parameter  a  which 
changes  from  one  to  another.  The  action  along  any  path  contains 
the  same  parameter.    Eliminating  a  between  equations  125)  and  126) 
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we    ob  tu  in   the   action    as   a   functiou   of   the    coordinates   x   and 
whichever  path  is  described, 

128)  l 

l'utfclng  A  equal  to 
araniKtantweobtain 
the  curves  of  equal 
action  which  eut 
tili:  parabolic  puUi* 
"i'Uiogonally.  This 
problem  is  trealed 
in  Tait's  Dtjucni,:,-:. 
§  219. 

This  problem  is 
gc->  o  in  ß  tri  call  y  equi- 
valent   to    that    of 

streams  of  water  issuing  from  holes  in  a  vertical  side  of  a  tank,  for 
it  will  be  proved  in  Chapter  XI  that  the  velocity  of  water  so  issuing 
varies  with  tlie  height  in  preeisely  the  manner  above  prescribed,  the 
parabolic  paths  ßorrespondiag  to  the  jets  of  water.  It  is  easy  to 
show  that  all  theae  parabolaa  toueh  a  common  line  making  an  angle 
of  forty-five  degrees  with  the  vertical,  and  that  the  curves  of  equal 
action  have  cusps  on  this  line.     (Fig.  28.) 

As   a  furtber   example,  let  us  add  an   arbitrary  constant  to  the 
value  of  ^1  (which  may  ahvays  be  done)  writing, 


129' 


A  =  ax  —  t—  I 


h— gs)-a2\ 


2(h-gs<))-a*} 


-*fi. 


130)    x+^l{2(h-gd)- 


-{2(h-<jz0)- 


=  0. 


If  now  £  =  0,  g  =  sü,  A  vanishes,  thus  one  of  the  curves  of 
eqnal  action  shrinks  to  a  point,  The  problem  is  then  that  of 
particles  projected  in  a  vertical  plane  from  the  same  point  (0,  gQ) 
with  the  same  velocity.  The  equations  of  the  various  paths  and  the 
action  correspondmg  contain  the  parameter  a.  Eliminaling  a  we 
obtain  the  action  in  terms  of  the  position, 


131)     A--~[{2h-9(, 


«.)+.»y*'"+(»-2o)!l! 

-(2*-jK»  +  «„)-!/ys'+ («-«„)' )TJ 

The  various  paths  here  treated  have  a  parabolic  envelope  as  described 
in  §  35.     The  curves  of  equal  action  here  again   have   cusps   on   the 
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envelope,  Fig.  25.     The  hydrodynamieal  illustratioii  of  this  problem  is 
a  lawn  Sprinkler  or  fountain  from  a  ball  pierced  with  holes. 

Let  us  now  treat  the  motion  of  a  planet  about  the  sun,  using 
the  co ordinales  r,  %■,  ip,  defined  as  in  §  21.  Sioce  r  is  not  constant; 
we  liave  to  use  the  element   of  aro 

132)  d$*  =  dr2  +  r*d&s  +  r1  sin8  frä<p\ 
From  whieh 

133)  T  —  j[r™  +  J's#'3  +  »'3sina*  •  <p'% 


W  = 


y  M  m 


by  §  28  (y  being  taken   positive).     Let    us    for    simplicifcy    take    the 
mass  of  the  planet  as  unity  and  write  yM=ka,  we  have  then 

_  dT  =  .'  =  M. 

.„>  dT         ,„,        oA 

134)  P9=w  =  r*&=w, 

ST         ,   .   ,„       ,        oA 

A.ccordiiiglv   mir   differential    equation  becomes 

Let  us  undertake  to  find  a  Solution  in  the  form 
136)  A  =  B(r)+F(&,  <p), 

where    the   functions  H   and  F  contam    only  the  variables   indicated. 

Then  SA  _  dB       d_A  _  dF      d_A  =  dF 

dr        dr       dd       0&      dtp      d<p 
Substituting  in  equation  135)  we  have 

MulMjdvjng  bj  r3  and  trän  spo  sing 

On  one  side  of  this    equation   we    liave  functions  of  r  alone,    on  the 
other  functions   of  &  and  <p  alone.    Since  r,  &  and  (p  are  independeiit 

va.rial.iles    Ulis    cannot    hold    identically  unless  eaeh    side  reduces  to  a 
constant.    The  partiiü  differeiuial  equation  thus  falls  apart  into  the  two 
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The   firat   of  these  is   an  ordinary  differential  equation   for  li  giving 

141)  B-fy^'-g  +  Hh-dr. 

The  equation  140)  is  to  be  treated  in  a  aimilar  manner  writing 

142)  F  =©(#)  +  $(g>). 

Proceedmg  as  before,  multiplying  by  sin3^-  and  transuosiug. 

143)  *■•©"- »dtf.—  Q"- 

From  which,  as  before,  we  must  have 

m  (£)'-» 

whose  Integrals  are  (&  =  yy  ■  <p, 

146)  @  =J  ]/20  -  ^  ■  ä*. 
Substituting  the  values  of  R,  &,  &, 

147)  A  ==/]/""  -  t?  +  2Ä  ■  <*r  +fY*ß  -  s-Js #  ■  d#  +  Vr  ■  tp. 

This  Solution  contains  the  three  arbitrary  constants,  ß,  y,  lt.    Differ- 
entiating  by  them  we  obtain  the  integrals 

148)  Sr~    J  a  yä^iin1  fr  -  r  sin5  #  +  x  yr      r' 

SA  _     r  dr 

'"-Jy^zf^ 

If   we    put    y  =  0,    neoessitating    according    to     the    second    equatiu 
<ji  =  0,  the  first  equation  beeomes 


=  t  -t0. 


-_-  +  /  w p, 


the    equation    of   the   patli,    which,    on    performing    the    integmtioii 
indicated,  takes  the  form  obtained  in  §  20  equation  23). 
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CHATTE  B  V. 

OSCILLATIONS  AND  CYCLIC  HOTIONS. 

42.  Tautochrone  for  G-ravity.  A  ourve  along  which  a 
particle  will  descend  under  the  action  of  gravity  to  a  fixed  point 
from  a  variable  poinfc  in  the  same  time  is  ealled  a  tautochrone  cttrve. 
If  the  particle  is  dropped  from  rest  we  have  the  equatiou  of  energy 

i)  --©-«#<*-.}, 

and  the  time  of  falling  to  the  level  s  =  0  is 


2) 


Let   the  length  of  the  arc  s  measured  from  the  fixed  point  he  <p(s), 
then 

3)  t—J=  f-ö£. 

If  the  curve  is  to  be  a  tautochrone  this  must  be  independerjt  of  s0  or 

'P--0. 
ds0 

Let  us  c'hange  the  variable  hy  putting  s  =  s0u,  then 
or  changing  the  variable  back  to  s, 

Ä-^A^fe^» + ■•••«>■ 

If  this  is  to  vanish  for  all  values   of  the  limit  s0  the  integrand 
must  vanish,  or 

4)  ,>'(») +  WM-0, 

which  is  the  diherentia]   eqoation  of  the  eurve.     Writing  this 

<W i 

,/(»)  a.' 
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we  may  mtegrafce,  obtainrng 

log<p'(V)  = ä"logÄ  +  cowsi. 

Taldng  the  antilogarithm, 

since  s  =  <p(Y).     Integrating  agaiu; 

6)  8  =  2cY*  +  d, 

where  c   and  d  are  arbitrary  constauts.     This  is  the  equation  of  the 


curve. 

ivrivma 

In    order    to    recognizi 

i   ita    nature   let  uf 

;  Square 

equatiou 

wherc 

«-', 

is    au    arbitrary 

coli  sf,an  t.      Solving 

for 

£' 

8) 

äx 

-VSir 

If  we 

put   3 

=  «(1  — cost*1)  Ulis  becomes 

9) 
from  which 

Integrating, 

äs            .     «dS 

0(1  + 

+  sin  -9-)  +  const., 

ff 

or,  if  . 

c  and 

2  vanish  together, 

x  = 

a(&  +  aia&), 

10) 

0  = 

:a(l—  cos#). 

These  are  the  equations  of  a  eycloid,  §  29  p.  8-'.,  accordingly  the  cyeloid 
is  not  only  a  braehistochrone  for  gravity,  but  also  a  tautochrone. 
For  a  parti ciliar  cyeloid  the  time  of  descent  is  by  2)  aud  7) 

or  putting  8  =  30tt, 

Puttiug  u  =  sin2  &,  we   easily   obtain 

WBBSTEB,  Dynamics.  10 
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If  tlie  partiele  be  allowed  to  ascend  after  passiug  tlie  lowest 
point  of  the  cycloid  it  will  rise  to  tlie  eame  lieiglit  from  which  it 
feil  and  tlie  motion  heilig  rcpeuted,    the  time  of  a  eomplete  to-  and 

fVi-j-'tscilktion  is 


4T 


->-n 


Thus  the  time  of  an  oscillation  of  whatever  amplitude  on  a  cycloid 
is  the  same  as  fhat  of  the  infinitesimal  oscillation  of  a  circular 
penduluni  of  length  4a  or  twice  the  diameter  of  the  rolling  circle 
which  gener ates  the  cycloid.  Since  the  time  of  oscillation  is 
itulepeudcnt  of  its  amplitude  we  are  led  to  the  question  of  whether 
the  motion  is  harmonic. 

We  may  more  generally  inquire  whether  an  isochronous  or 
tfratoolironous  Vibration  is  necessarily  harmonic,  that  is:  Is  the 
elougation  of  a  partiele,  perform  Lag  a  Vibration  whose  period  is 
iiidcpeudent  of  the  amplitude,  necessarily  represented  by  a  sine  or 
cosine  funetion  of  the  time? 

Let  the  distance  along  the  path  from  the  point  to  which  the 
motion  is  tautoehronous  he  s.  Thcn  if  the  System  is  conservative 
the  force  will  he  a  funetion  of  s.     Suppose 

"Multiplying  by     '   and  integratitig  we  obtain  the  equation  of  energy 

where  s0  is  the  initial  value  from  which  the  partiele  started  from 
rest.     The  time  of  the  motion  from  s  =  s0  to  s  =  0  will  be 

16)  t-f,"  , 

or  putting  s  =  sau, 

|.l/ •■■>"  . 

ysj  VF(f,u)-F(i,) 

Differentiating  by  s0, 

17)      "'  _-'    f—  -■  —tyl-(ä^FM-*WU*=*^\ 


_ _l  f — ii —  \iF(i)-FiZ)  - 


2  VF(V>) -Fi',) 
.1'  g-yF'W) 
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Since   fchis   is   to   vanish  for  all  values  of  the  limit  s0  we  must  have 

18)  2  [F(.)  -  *■(»„)]  -  . F'  (s)  +  S„P  (S„)  -  0, 
which  ia  a  drfi'ereui.i.al  equation  for  F(s). 

Let  us  put  y  =  F(s), 

2F(a,)-s,F'(s,)  =  c, 
tlien  18J  becomes 

19)  sg-2ä,  +  C_0, 

a  linear  equation  of  the  first  order.  An  integrating  factor  is  -j> 
miiltiplying  by  which  the  equation  becomes 

a($)  +  c%-o. 

Integrating, 

20)  y  =  6sa  +  |  =  i^(s). 
From  this  we  obtain 

so  that  the  equation  of  taut o ehr onous  motion  14)  must  be 

21)  -£-2'". 

ae.üordingly  the  motion  must  be  harmonic,  and  evidently  b  must  be 
negative. 

We  have  seen  that  the  eyeloid  is  a  tautochronous  curve  and 
that  a  tautoehronous  Vibration  must  be  harmonic. 

By  equation  6)  the  length  of  the  arc  of  the  cycloid  measured 
from  s  =  0  is 

22)  s  =  2  ]/W, 

from  which  , 

Z  =  8a' 
or  inserting  in  equation  1), 

*>)  .  H-V •>(•■-£)■ 

Diffeventiating, 

9A\  d*s  = il -  *£  =  -  9S- 

'  dt*  -,  / '/ s*~\  dt  ia 

i"V'0{"-->a) 
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Thus  the  differential  equation  of  the  eycloidal  motion  is 

»>  £  +  £-<>. 

showing  that  the  motion  is  harmonic  with  the  period  2%  1/  -  as 
found  above.  The  cycloid  is  isochronous  for  all  arcs,  the  circle  only 
for   infmitely  small   ares.     The    circle   having   the    same  curvature  as 

the    cycloid    at    its 

~j—y      vertex  is  less  steep 

than  the  cycloid 
(Fig.  29)  and  there- 
fore  the  time  of 
ui.'scent  oll  the  circ-li; 
is  irrealer  for  larger 
arcs,  as  shown  in 
%  22.  The  evolute  or  envelope  of  the  normals  of  a  cycloid  is  an 
equal  cycloid,  hence  the  cyeloidsil  prmliilmn  mav  be  rciilizcd.  If  two 
material  half- cyclo ids  be  eonstrur.ted  tangent  afc  0  (Fig.  30),  where 
the  string  is  attached,  and  the  string  he  allowed  to  wind  itself 
agaiusl  them,  if  its  lengtb  is  that  of  the  half- cycloid,  its  end  will 
describe  a  cycloid      This  pendrdum  was  conafcrueted  by  Huygens.1) 

The  length  heing  4  a  agrees  with  the  above.  ön  aecount  of  the 
motion  on  the  cycloid  heing  harnionie  Thomson  and  Tait  call  har- 
monic  motions  cycloidal. 

43.  Dampetl   Oscillations.     Let   us    now    consider    a    particle 

under  the  influence  of  a  force  proportional   to  its    displacement  from 

a  certain  point  and  diiet-t eil   ton'ji-nl   Liio    position  of  oquililrrium,    the 

0  motion  being  resisted  by 

a  non-conservative  force 

proportional  to   the  flrst 

power    of    the    velocity. 

CaUing  the  aecelerations 

prodneed  by  ihepositional 

(coaservative)  force  —  h2s, 

and    the    motional   (non- 

eonservative)  force 


the  equation  of  motion  i 


1)  TEuviceti.-,  JIoivl.o(ji'.tJn  osciUctor 
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This  equation  is  linear  with  constant  coefficients,  and  is  a  type  of 
tliose  that  appear  in  tlie  theory  of  oseillations.  The  fundamental 
property  of  such  equations  is  that  any  Solution  multiplied  hy  a 
constant  is  a  Solution,  and  that  the  sum  of  two  Solutions  is  a 
Solution.     In  order  to  find  a  particular  Solution  we  put 

I  lifferentiating  we  have 

d-  _  xe>;    d';,  -  XV. 

dt  '     dt- 

Hubstituting  in  the  differential  equation  we  may  divide  out  the 
factor  e'',  obtaining 

27)  X?  +  y.X  +  tf  =  0, 

a  qnadratic  to  determme   the  constant  X. 
Calling  its  roots  Xly  Xä  we  have 

28)  1,--  J  +  }l/?^4S,     J,--J-itf?=4V. 

The  general  Solution  is  obtaiued  by  multiplying  the  partieular  Solu- 
tions e'-'1  and  e1''  by  arbitrary  const.ints  and  adding.    Thus  we  obtain 

29)  s  =  Äe  +  Be 
We  have  to  consider  two  cases, 

I.     »!  >  4ft* 
U.     xa  <  4Ä* 

In  case  I  the  radical  is  real,  and  since  its  absolute  value  is  less 
than  x  both  XY  and  X2  are  negative  and  s  eventualis  decmises  as  the 
time  goes  on,  vanishing  when  t  =  oo.     We  have 


(?( 


=  XiAe*''  +  l?Be**'. 


or 

i'onsequently  if  B  and  J.  are  of  opposite  signs  s  w 
maximum  and  then  continually  die  away.  If  they  are  of  the  same 
sign  the  motion  dies  away  from  the  start.  Both  cases  are  shown  in 
Fig.  31,  where  (  is  the  abscissa  and  s  the  eoordinate. 

In    case  II    the    radical    is    imaginary  and    both    Xx    and    X%    are 
complex.     Then  writing 
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i^  =  /i  +  iv,     Iz  —  ft,  —  iv, 
and  making  use  of  the  fundamental  formula  of  imaginni-i.es, 

31)  eiri  =  cos  vt  -\-  i  sin  vt, 

and  the  principl.e  that  botli  the  real  part  and  the  coeflieient  of  *  in 
the  imagiiiary  part  of  a  Solution  are  pai-ticnlar  Solutions,  we  obtain 
the  two  particiliar  solutions 

eutcosvt     and     e^'sinvt. 


We  thus  obtain  the  general  Solution 
32)     s  =  ef '  (A  cos  vt  +  B  sin  vt) 


=  e    3    L4.cos---j/47tä- 
{A  and  B  heing  j 
or  as  in  §  19  equation  10), 


ä  ■t  +  Bsm^yW-x* 
1  arbitrary  constants), 


:;:; 


>tf 


The  trigonometrie  factor  represents  a  simple  harmonic  oscillation, 
which  on  account  of  the  coutinually  decreasing  exponential  facto r 
dies  away  as  the  time  increases  (lug.  32).  Such  a  motion  is  called  a 
(lampcri  oscillation,  and  x  is  a  measure  of  the  amount  of  damping. 
The  extreme  elongation  occurs  when 


■-':■ 


W«r- 


.) 


tliiit  i* 
36) 


.'  Y«>' 
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The  smaller  the  damping  x,  the  more  nearly  does  the  time  of  the 
maximum  coincide  with  that  of  the  maxinium  of  the  cosine  factor 
in  33).  In  any  case  saccessive  maximn.  f'ollow  each  other  at  intervals 
equal  to  the  period  of  the  oseillation, 


;il)i 


T=- 


Yihs- 


At  two  successive  maxima  011  the  same  side,  s1  and  sjr  the  cosine 
term  will  have  the  same  valae,  therefore  the  ratio  of  the  elougLilions 
will  he  that  of  the  exponential  faetors,  or 


The  logarithm  of  the  ratio, 
37)  3  =  log*1 


*  „T  —        3" 


is  aecordingly  constant,  and  by  means  of  ohservations  on  the  loga- 
rithmic  decrement  we  may  determine  the  damping.  We  see  that  the 
decrement  depends  on  and  increases  with  the  ratio  of  the  Square  of 
the  coefficient  of  damping  x  to  the  coefficient  of  "stiffhess"  lr. 

If  there  were  no  damping,  x  =  0,  we  shonld  have  for  the  period, 


Introdueing  these  valnes  of  Tn  and  ö,   we  may  write 
88)  T-I,oV1+/i-rD(l  +  -£.  +  ''-)' 
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so  that  if  the  damping  is  small,  as  is  usually  the  case,  it  affects  the 
period  only  by  small  quantities  of  the  second  order. 

As  has  been  shown  in  §  38  we  have  here  an  instanee  of  the 
use  of  a  dissipation  function 

and  the   energy  is   dissipated  at  a  rate  proportional  to  the  exponen- 
tial  e—-". 

44,  Forced  Vibrations.  Resonance.  The  motion  considered 
in  the  last  Sectios  being  that  of  a  system  left  to  itself  is  called  a 
free  oscilhititm  or  Vibration.  'We  sliall  now  consider  a  problem  of  a 
different  sort  frora  any  yet  treated  and  involving  a  foree  depending 
upon  the  time,  and  thus  introducing  or  withdrawing  energy  iroii) 
the  system.  Let  us  suppose  a  particle  to  be  subject  to  the  same 
eonditions  as  above,  but  in  addition  to  be  acted  upon  by  an 
extraneous  foree  varying  aecordin<j;  io  a  harmonic  function  of  the  time, 

40)  F  =  Ecospt, 

so  that  the  dilt'rrcntirJ    eqnatitm  of  motion  is 

41)  g  +  .li  +  W.-Boo.!,*. 

We  may  find  a  particular  Solution  by  puttiug 
s  =  aco8(j)(~a), 

42)  ds                  ■    ,    ,       ,        d*s  ,        ,    ,       •. 
di  =  ~apsm(pt~^>      Tt¥ ap2  cos  (pt  —  a). 

Substituting  in  the  differential   etrLiation,  we  have 

43)  a(h2—  p1)  cos  (pt  —  cc)  —  axpam(pt-a)  =  _E  cos  pt 

=  E  {eoaa  hob  (pt  —  a)  —  sin«  sin  (#i  —  «)}. 
This  can  be  identically  true  for  all  values  of  t  only  if  the  eoef'fieien.ts 
of  the  sine  and  cosine  of  the  variable  angle  (pt—tt)  are  respeclive.ly 
equal  on  both  sides  of  the  equation,  accordingly  we  must  have 

axp  =  .Esin«, 
'  ''  <*{&-$*)=  Ecoaa, 

from  which  eliminating  first  E  and  then  a, 

45)  *-* 

E~aY(V  -2>')'  +  »Vi 
from  which  we  obtain  the  amplitucle 

46) 


yty -pV~ +*v 


/Google 


12,43]  PHENOMENON  OF  RESONANCE.  153 

Thus  our  Solution  is 

47)  s  =  —         E       _  cos  ( j?«  -  ß). 

The  motion  represeuted  by  this  Solution  is  called  tlie  forced 
Vibration,  for  the  System  is  forced  to  assume  the  saine  period  as 
that  of  the  extraneous  force  F,  naraely  —>   of  frequency        j  while 

the  frequency  of  the  free  or  natural  Vibration  would  be  x—  1/ h*—  —  > 
or  without  dampiug  - — 

The  displacernent  is  not  in  phase  with  the  force,  lagging  beliind 
it  by  less  than  a  quarter -period  if  tan«  is  positive,  that  is,  if  Ä  is 
greater  than  p,  in  other  words  if  the  natural  freqnency  is  greater 
than  the  forced.  If  on  the  eontrary  the  natural  frequency  is  less 
than  the  forced,  taut;  is  negative,  and  since  sin«  is  positive,  the 
dispkeenient  is  between  a  quarter  and  a  half-period  behind  the  force. 
If  tlie  frequencies  of  the  forced  and  free  vibrations  coincide,  tan« 
becomes  infinite,  tlie  lag  is  a  quartei*  period,  so  that  the  displacernent 
is  a  maximum  when  the  force  is  zero  and  vice  versa.   Then  47)  becomes 

48)  s=  —  amM, 

>  py.  > 

and  if  the  dampiug  x  is  small,  the  amplitude  is  very  large.  This  is 
the  case  in  the  phenomenon  of  resonance,  of  great  importanee  iu 
various  parts  of  physics,  intiluding  acousties,  electvicity,  and  dispersum 
in  optics.  The  equation  shows  how  a  very  small  force  may  produce 
a  very  large  Vibration  if  the  period  coincides  nearly  enough  with 
the  natural  one,  and  explains  the  danger  to  bridges  from  the  accu- 
mulated  effect  of  the  measured  step  of  soldiers,  the  heavy  rolling  of 
ships  caused  by  waves  of  proper  period,  and  kindred  phenomena. 

Although  in  the  phenomenon  of  resonance  the  exeursion  and 
consequenüy  tlie  kineüc  energy  becomes  very  large,  it  is  of  course 
not  to  be  supposed  that  this  energy  com  es  from  notliing  as  has  been 
i'requently  contended  by  inventive  charlatans  proposing  to  ohtain  vast 
stores  of  energy  from  sonnd  vibrations.1) 

If  we  form  the  equation  of  activity,  by  multiplying  41)  by   -ji> 
m.     d(T  +  W)    .       /ds\»      1    d    ifds\2,    ,„  »I    .       (dg\>      „da 

' -sin(p(  —  ajcospt 


-p*)*  +  * 

—  (—  co»  k  sm  p>t  cos  pt  +  smacosspfj 


1)    Of  these    the    United    States   lias    produeeil    inore   than  its  share.     Th 

igncii'uncK   uf  tlie   uIiüvo  jriüiitkmc.l   ]ij'in<;i]>k  riiablfd    John  Kc.nly  to  nbstruet  ii 
thii  nt'i.Lfht.inrlioix.L  uf  a   iiiäMiun  iMlars  tt-oni  intclüiicnt  (".  A  montan  shareholders 
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we  see  tliat  energy  is  being  iiltermituly  introdueed  into  and  withdrawn 
from  the  System  by  the  extraneous  force.  On  the  average  however, 
as  we  find  by  integrating  tbe  trigonometric  terms  with  respect  to 
tbe  time,  „ 


/  sinpt  co&ptdt  =  0. 


ß 


cos2ptdt  —  ' -;     T= 1 

1  p  p 

the  time  average  of  tbe  activity  depends  upon  tbe  last  term  containing 
sin«,  and  this  is  always  positive,  consequently  the  extraneous  force  is 
on  tbe  whole  continually  doing  work  on  the  System,  which  is  being 

dissipated  at  the  rate  %(ji)  •  This  work  is  a  maxiraum  when  «  = -y' 
when  the  System  is  in  complet.e  resonanee.  Thus  the  mechanicul 
effeets  prodncible  by  resonanee  are  shown  to  be  eommensurate  with 
tbe  canses  acting,  and  tbe  inipossibili.iy  of  tbe  common  story  of  the 
Addier  fiddling  down  a  bridge  is  demonstrated. 

Tbe  exactness  of  "tuning",  or  approach  to  esaot  <;oincidence  of 
period  necessary  for  resonanee  is  shown  in  Fig.  33,  which  is  tbe 
graph  of  the  curve 

where  y  =  -=-  is  tbe  ratio  of  tbe  actnal  amplitude  of  equation  4(5)  to 

the  steady  statieal  displaeement  ~-  produced  by  a  constant  force  E 
(that  is  when  p  =  0),  x  =  K-  is  the  ratio  of  the  frequencies  of  forced 
and  free  Vibration,  and  «ä  =  ?-j-1)  Tbe  curves  are  drawn  for  values 
of  the  parameter  er  equal  to  -Ol,  '05,  -10,  -15,  -20.  Thus  the  ningn.it  1.1  de 
of  tbe  resonanee  for  any  partioular  case  can  be  seen  by  a  glance  at 
the  figure.     Tbe  resonanee  is  sharper  the  smaller  ct.     The   maximum 

amplitude  is  not  for  perfect  Urning,  but  for  #=T/i  —  "-■  Tbe  valne 
of  tbe  maximum  is  nearly  equal  to 

If  there  is  no  friction,  for  p  =  Ii  the  Vibration  becomes   infinite, 
which    means    simply    tliat    in    tbis    Gase    friction   must  be  taken  into 
aecount.     Jf  there  is  no  friction  we  have  by  44). 
sin«  =  0,     cos«  =  1 
50)  s^^^cospt, 

1)  This  parameter  a  is  not  tbe  angle  u  above. 
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and  the  displacement  is  in  the  same  ot  opposite  pliase  with  the 
force,  according  as  h  is  greater  than  or  less  than  p.  In  the  latter 
case  the  excursion  is  a  maximum  in  one  directioii  when  the  force  is 
exerting  a  maximum  pull  in  the  opposite  direction.  This  need  not 
appear  paradoxical,  for  consider  the  limiting  case  of  a  System  with 
very  little  stiffness  in  proportion  to  its  inertia,  that  is  li  very  soiall 
and  the  natural  period  very  great.  Then  the  excursion  is  always 
opposite  in  phase  to  the  force  on  aecount  of  the  inertia  of  the 
System.  In  the  opposite  case  of  a  system  with  very  little  inertia  in 
proportion  Lo  the  stiffness,  7.  is  very  large,  and  the  excursion  is  in 
phase  with  the  force.  In  this  case  (that  of  complete  agreement)  we 
have  what  is  called  the  equ-flibmim  theory  of 
oscillation,  the  displacement  being  the  same  as 
if  the  prohlem  were  one  in  statics  (Ä  =  ii)' 
except  that  the  force  and  displacement  are  varying 
together.  Such  a  theory  was  given  hy  Newton 
for  the  tides,  which  consist  of  a  forced  Vibration 
of  the  water  coverimr  the  earth  utider  the  periodic 
force  due  to  the  moon's  attvactiou.  The  more 
aecurate  theory  taking  aecount  of  inertia  was 
given  hy  Lagrange.  The  relation  of  the  dyna- 
mical  to  the  equilibrium  theory  is  shown  in  Fig.  33, 
The  two  points  of  distinetion  between  free 
and  forced  oscillations  then  are,  first,  that  the 
free  Vibration  has  its  period  determined  solely 
by  the  nature  of  the  system,  while  the  forced 
Vibration 
takes  the 
period  of  the 
— - — -  force,  and 
secondly, 
that  if  there 
is  damping, 
while     the    forced    Vibration    persists 


w-m 


+  a.'x*J  £ 


lies    away. 


the   free    Vibration 
unchanged. 

The  theory  of  the  forced  Vibration  which  we  have  given  does 
not  take  aecount  of  the  gradnaJ  prodnetion  of  the  motion  from  a 
state  of  rest,  but  refers  only  to  the  motion  after  the  steady  atate 
has  been  reached.  We  may  now  complete  the  treatment  and  take 
aecount  of  the  motion  at  the  start.  Out  previous  Solution  is  merely 
a  particular  Solution.  According  to  the  theory  of  linear  difierentiai 
etpiations  in  order  to  obtaiii  the  general  Solution  we  must  add  to  the 
particular    Solution    just    obtained    the    Solution    of   the    equation   41J 


/Google 


156  V.  OSCILL.VTTO'SS  AX1)  CYCLTC  MOTION*. 

when  the  second  member  is  equal  to  zero,  or  in  physical  terms  the 
forced  and  free  vibrations  exist  superimposed.     Accordingly  we  have 

51)     s  = E cos (pt  —  a)  +  J-e"""*  *'cos ( Vh2  _*!.$  —  /}). 

If  tlie  System  starts  from  rest  we  must  determine  A  and  (5  so  that 
when  t  =  0,  s  and  -=-;  are  equal  to  zero.  These  conditions  will  be 
very  nearly  satisfied,  if  p  and  li  are  nearly   equal  and  x  small,  by 

52)  s  =  a\  cos  (pt  —  ii)  —  e 

The  simultaneous  exist«  i.cr  of  two  harmonic  vibrations   of  nearly 

equal  frequeneies  gives  rise  to  the  pheiiomenon  kuown  as  bcafc, 
Suppose 

53)  S  =  acos(pt  —  u)  -\-  b  cos  [(p  +  zip)  t  —  ß], 

where  zip  is  a  small  qnantity,  equal  to  2je  timea  the  diflerence  of 
frequencies.     We  may   write   the  last  term 

&  coa  {(pt  —  a)  +  dp  -  t  +  a  -  ß) 
=  b{cos(pt-a)cos(zlp-t  +  a  —  ß) 
—  siu  (pt  —  a)  sin  (zip  •  t  -f  a  —  ß)}} 
so  that 

54)  s  =  {a  +  b  cos  (zip  -t  +  a  —  ß)\  cos  (pt  —  a) 

—  b  sin  (zip  -t  +  a  —  ß)  sin  (pt  —  a), 
or  if  we  write 

a  +  h  cos  (Ap  -t  +  a  —  ß)  =  A 
-bsin.(Ap-t  +  a-  ß)  =  B, 
s  =  A  cos  (pt  —  «)  +  Bsm(pt  —  ä)> 

55)  s  =  D  cos  (p  t  —  a  —  s), 
where  B 

£  =  tan~ 1  -7  j 

and  -i 

D  =  y2*  +B1  =  {as  +  b3  +  2«ft  cos  (^p  -t  +  a-ß)}\ 

Aceordin.glv  the  Compound  Vibration  may  be  cousidered  as  a  hannonic 
motion  of  variable  amplitude  and  plmse.  the  aiupliiude  varying  from 
a  +  i  to  a  —  b,  with  the  period  —  and  frequency  .,  equal  to  the 
düferenee  of  Uie  ire<[ueneies  of  the  two  constituents.  The  p heu o inen on 
of  beats   or   interferences   is  represented   oTaphically  in  Fig.  34. 
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In  the  oase  of  free  and  forced  vibrations  coexisting  [equation  52)], 
we  have  at  the  begiiraing  beats  whlch   gradually  die  away  owing  to 

the  factor  e     -      in  the  free  Vibration,  Leaving  only  tlie  forced  Vibration. 


mmmmm 

J  u  0  u 


This  is  shown  in  an  interesting  manuer  by  a  r.uning  l'ork  electrieaMy 

exeited  by  another  fort  not  qnite  in  unison  with  it,  tbe  pbenomenon 

of  a  single  driven 

fork      apparently 

prodncing     beats 

with  itself  bebig 

very  striking  (Fig. 

35).     It    will   be 

noticed  that  tlie  first  maximnm  is  greater  tlian  the  steady  amplitude. 

The  greater  part  of  this  section  and  tbe  preceding  is  taken 
from  Rayleigli's   Tlicortj  of  Sound. 

45.  General  Theory  of  small  Oscillations.  Having  now 
set  fortli  the  gen  oral  diaracter.istics  ol'  vibrations  excuted  by  Systems 
|)oss(;ssi.ug  one  degree  of  freedom,  we  will  now  treat  the  prob  lern  of 
tbe  small  vibrations  of  any  System  about  a  configuration  of  equili- 
brium  after  the  manner  of  Lagrange,  wbo  first  investigated  it. 

Suppose  a  System  is  dtrfined  by  n  parameters  qlt  qü,  .  .  .  q„.  Its 
potential  energy  will  depend  only  on  tbe  coordinates  q,  and  duveloping 
by  Taylor's  Theorem, 

i  3*W\    , 


56)    tr-w.+2^  +  i22''< 


wbere  tbe  suffix  zero  denotes  the  yalue  when  all  the  q's  are  zero. 
Suppose  that  this  is  a  eonfigaration  of  equilibrium,  then  W  is  a 
minimum  or  maximum  and  every  (  _.      \    equals  zero.     Thus  W—  WQ 

begins  with  a  qnadratie  funetion  of  tlie  q's.  If  the  motion  is  small 
enougli  we  may  neglecl  the  terms  of  higher  Orders  of  small  ipiantities. 
A.cu.ovuingly,  neglecting  tlie  konstant  W0  (for  the  potential  energy 
always  contains  an  arbitrary  constant  which  does  not  affeet  the 
motion),  we  shall  pnt  W  a  hoinogen.eous  quadratic  funetion  of  the  q's 
with  constant  co ef.fi cients, 


■')  W-^^CM. 
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If  the  equilibrium  is  s table  tbe  potential  energy  ruust  be  a  minimum 
so  that  the  constants  crs  will  be  such  tbat  the  quadratic  function  W 
is  positive  for  all  possible  values  of  the  variables  q. 

The    kinetic    energy  will   be   a   qnadratic   function   of  the   time 
derivatives,  q[,  %[,■■■  3Ä, 


58)  ^^I«"'1*' 


where    the    a'a    are   funetions    of   the  coordinates  q  alone.     We   may 
develop  the  funetions  ars  in  series,  thus  one  term  of  the  surn  becomes 


and  since  the  velocities  q'  are  small  at  the  same  time  as  the  co- 
ordinates q>  we  may  neglect  all  the  terms  within  the  braces  exeept 
that  of  lowest  order  a?„  therefore  we  may  consider  the  a'e  as 
eonstant*.  Tf  we  liave  besides  the  oonservative  forces  of  restitution, 
arising  from  the  potential  energy  W,  nou- conservative  resistanees 
which  are  linear  funetions  of  the  velocities,  we  may  mafce  use  of  a 
dissipation  function  F,  §  39,  such  tbat  the  dissipative  force  correspond- 
ing  to  the  coordinate  qr  will  be  —  J—,-  We  thus  have  the  three 
limiiogmieons   quadratic  funetions  with  constant  coefficients, 

w-  §"!«■ 

Each  of  tbese  has  the  property  of  being  positive  for  all  possible 
values  of  tbe  variables  of  which  it  is  a  function.  The  a'a  may  be 
called  coefficients  of  inertia,  the  e'a,  coefficients  of  stiftness,  and 
the  x's,   coefficients   of  viscosity  or   resistance.     We   may  now   form 

LagrrcugtVs   eijuations   for  any  coordinate  q,.. 

dpr     ■  BT  3W       dF 

'  dt         dqr  oqr        dql 

where 
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15 

cT 

-a 

^g,'  +  ar 

22' 

+  ■■■  + 

ürnin, 

ZW 
9% 

= 

rlSi    +  Cr 

2s 

+  ■■■  + 

Cr»q.n, 

9$ 

— 

■Iffl'   +  ■* 

»Sa' 

+  •■•  + 

Xrnqä- 

valui's 

in  our  ditiereaiin.; 

eqvmtm 

1  we  have 

perform  in 

ion  by 

t, 

(tri 

dt1 

+ 

■■  +  «,■ 

d--qi; 

"dW 

+  Xrl 

dt 

+  *n£ 

+ 

■  ■  +  «r 

dt 

,;-,' 


63) 


+  Cm«1         +  Criäa         +•■■'+  Cr«2«  =  °) 

a  linear  differential  eqnation  of  the  second  order  wrfch  eonstant 
coefficients.  We  have  one  such  eqnation  for  each  coordinate  qr.  As 
in  tlie  case  of  one  variable  we  may  find  a  partienlar  Solution  by 
assuming  for  eacli  coordinate 

the  X  being  the  same  constant  for  all  the  q's.  Inserting  these  values 
in  63)  we  obtain,  after  dividing  by  the  common  faetor  e'-', 

Ä1(anX2  4-  «ui  +  cn)  -\ h  A«(ainl*  +  *i»Ä  +  ßi«)  =  0, 

A1(aslXs  +  3k,  X  +  cn)  H h  ^.(»a«As  +  x3/i<l  +  öj«)  =  0, 

64) ." 

4i  (flul1  +  KnlX  +  C„s)  +  ■  ■  ■  +  A  {0**1*  +  X,IHX  +  C^n)  =  0. 

These  are  linear  equations  in  the  A's  and  suffice  to  determine  their 
ratios  when  X  is  known.  In  order  that  they  may  be  safcisfied  by 
other  than  zero  values  of  the  A's,  the  determinant  of  the  cocflieiüiri* 
must  vanish,  namely, 


65) 


an  X%  +  xnX  +  cilt  .  .  .  «i„Äa  +  xL„X  4-  c 


Cf»lX2-\-  XriX  +  Calj  ■  ■  ■  ®iin&    +  «„„X  +  Cn„  I 


This  is  Lagrange's  determinantal  equation  for  X.  It  is  of  degree  2« 
and  does  not  eontain  odd  powere  of  X  if  F=Q.  We  shall  denote 
its  roots  by  XL,  X.2,  ■ . .  lau,  which  we  shall  suppose  are  all  different. 
We  shall  first  prove  that  none  of  the  roots  are  real  and  positive. 
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If  wo  multiply  the  rth  eqnation  64),  which  may  be  written 

64)  pyja^A,  +  lyjxr.A,  +^CF,A,  =  0 

by  A.r  and  take  the  snni  for  all  the  r's,  we  obtain 

66)  Aa2  ^r,A,A,  +  jljg  ^V*^'^  +2  j^»^*  =  °' 

The  double  siim  by  which  la  is  multipliel  is  the  value  of  the 
Function  22'  when  for  every  q'r  is  substituted  A,-.  We  shall  denote 
this  by  2T(A).  Similarly  the  coefficient  of  X  is  2F(A),  and  the 
constant  terra  or  that  independent  of  l  is  2W(A).  But  by  the 
l'undameutal  property  of  the  three  fuuciions  eacli  must  be  positiv ü 
for  every  set  of  values  ol  its  variables.    The  equation  66)  tlms  written, 

67)  tfTiA)  +  XF(A)  +  W(Ä)  =  0 

shows  at  once  that  X  cannot  be  real  and  positive,  for  that  would 
involve  the  sum  of  three  positive  terms  being  zero. 

Secondly  if  F=0,  that  is  if  there  is  no  dissipation, 

,a WXA) 

'  TIA) 

which  is  negative  and  X  is  a  pure  imaginary.  In  this  case  e'-'  and 
e~u  are  replaced  as  above  by  trigouometric  functions  representing 
an  undamped  harraonic  oscillation  of  the  same  period  for  all  the 
Parameters  q. 

Thirdly,  if  F  is  large  enough  X  can  be  real  and  negative.  In 
this  case  each  paru-meter  q  grauually  dies  away  to  zero,  the  rate  of 
dying  away  being  the  same  for  all.  This  corresponds  to  case  I  of 
the  preceding  section. 

Fourthly,  in  the  limiting  case  of  a  System  devoid  eitlier  of 
inertia  or  of  stiffness,  so  that  'f  or  W  is  zero,  F  not  zero,  instead 
of  a  pah*  of  roots  we  have  a  Single  one  which  is  real  and  negative. 
so  that  the  motion  dies  away. 

Fifthly,  in  othex  cases,  that  is  when  neither  T,  F,  nor  W  vanish 
and  F  is  not  too  large,  X  is  complex.  This  is  the  most  frequent 
case  in  praetice. 

We  shall  prove  that  the  real  part  of  X  is  negative.  When  the 
value  of  any  root  X  is  deterrained,  the  equations  64)  determine  the 
quanül.ies  Ar  except  for  a  common  factor.  If  complex  values  enter. 
since    any    equation   which   involves   *   will   also   hold   good  if  i  be 
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changed    to    —  i,    elianging    any    root   X    to    its    conjugate    X'    causes 
every  A  to  change  to  its  conjugate  A'.    Let  us  accordingly  write 
X  =  ji  +  *v,         X'  =  [t  —  iv, 

68)  A  =  «r  +  ifr,      Ai-Or-ißr. 

Lefc  us  now  apply  the  method  that  gave  us  cquation  66),  except 
that  we  multiply  the  equations  64)  containing  X  by  the  A"b  corres- 
ponding  to  X',  obtaining 

69)  isV  ^a„ArAl  +  J.V  y}xrSArA:  +^  ^crsArAs  -  0. 

In  this  equation  any  coeffieient  ar„  appears  in  the  two  terms  for 
which  r=Pf  s  =  t  and  also  r  =  t,  s—p,  so  that  the  sum  is 

apt\A!,A'l  +  A,A'P}, 

or  substituting  the  values  of  the  A's, 

«pi  (0*  +  *  W  («.  -  *A)  +  (*  +  W  K  -  iß,)) 

=  2a!ll(apal  +  ßpßl). 
Aecordingly  using    a  notation  similar  to    that  before  employed    equa- 
tion  69)  is 

70)  l'  [T(«)  +  l(ß)\  +  1  [!'(»)  +  F(fj]  +  W(.)  +  W(ß)  -  0. 

Now  perforiiiiriü'  the  s;nm?  process  rm  ecjuations  1)4)  with  the  root  A' 
and  multiplying  by  the  ^4's  we  obtain 

71)  X' 2  [T(«)  +  T(ß)]  +  *'  [*■<«)  +  F(ß')]  +  W(a)  +  W(ß)  =  0. 

Then  X  and  X'  are  roots  of  the  sarae  quadratic.  We  therefore  have 
their  sum 

F(k)+F(]3) 

!■(«)  +  T(ß)' 

so  that  fi  is  negative.  The  Solution  therefore  repreaents  a  damped 
Vibration,  as  in  case  11  §  43,  the  period  and  damping  being  the 
same  for  all  the  g's.  For  anothei-  trentment  of  Lagrange's  determinant 
see  Note  V. 

Having  obtained  all  the  roots  1,  by  Substitution  of  any  one  X, 
in  the  equations  64)  we  obtain  the  ratios  A±:  A^:  ■■■ :  An.  For  each 
value  of  X.,.  we  obtain  a  different  set  of  ratios.  We  will  distinguisu 
the  values  belonging  to  X,.  by  an  Upper  affix  r,  so  that  A\  means 
the  coefficient  of  e  r'  in  the  eo Ordinate  q,. 

The  theory  of  linear  diffei-eutial  equations  shows  us  that  for  the 
general  Solution  we  must  take    the    sum    of  the  particulai 
ATse'rt  for  all  the  roots  Xr,  so  that  we  obtain 

\V  KU  STi.lt,  Dynamics.  11 


72)  X+  ;.'  =  2(i  =  - 
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2l  =  Ale1'  +  A\j**  +  ■  ■  ■  +  A\nch"\ 

q2  =  A\ekt  +  Ale*' -\ 1-  Al"ela"', 

73) 


g„  =  AW"l  +  Aleii!  +  •■•+  AVehn>. 

It  is  to  be  noticed  that  the  ratios  of  the  A's-  in  any  column 
haTe  been  determined  by  tbe  linear  equations  64),  so  that  tbere  is 
a  factor  which  is  still  arbitrary  for  each  column,  that  is  to  say, 
2»  in  all.  We  may  now  replace  tbe  exponentials  by  trigonometric 
terms.     Tbe  appearance  of  the  terms  witb  eonjugate  iraaginaries 

Are1'  +  A\-eXt  =  2e''t(ar<iosvt  —  ßr&invt) 

leads  to   tbe  disappeara.uce  of  iinasnnaries  frora  tbe  result.     Chaiiging 
tbe  notation  we  will  aceordingly  write 

ijt  =  .B11e,"''cos(v1£  —  £,)  +  B1efl**aos(vit  —  es)  -\ 

4- -BjV""  cos(v„t  —  e„), 
qi  =  Ble>htcos(vlt-t1)  +  Bs2ef"'cos(vaJ-s1)+-- 
74)  +  B"eflnicos(vnt  —  sn). 


qn  =  BW''<ios{vlt-a1)  +  BÜe^cmfat  —  %)  +■■■ 
4-  B^e^"'  hos  (ynt  —  £„). 

If  fliese  be  substituted  in  tbe  differential  equations  it  will  be 
found  that  tbe  B's  satisfy  tbe  same  linear  equations  as  tbe  A's. 
Eacb  column  then  contains  an  arbitrary  eonstant  as  before  in  the  B's 
and  a  second  arbitrary  eonstant  in  the  s  belonging  to  tbe  column, 
We  may  therefore  state  tbe  general  result:  —  The  niotion  of  any 
System,  possessing  n  degrees  of  freedom,  siightLy  displueed  from  a 
position  of  stable  equilibrium  may  be  deseribed  as  follows:  Each 
(.'o ovdinate  performa  the  resultant  of  n  damped  harmonic  oscillütions 
of  different  periods.  The  pbase  and  damping  factor  of  any  simple 
osciHai.iou  of  a.  pa.rt.icukr  period  are  the  same  for  all  the  coordinat.es. 
The  absolute  value  of  tlie  amplitude  for  any  pai-ticular  coordiuate  is 
arbitrary,  but  the  ratios  of  tbe  amplitudes  for  a  particular  period  for 
tlie  different  co Ordinate*  are  determined  solely  by  the  nature  of  the 
system,  tbat  is,  by  its  inertia,  stiffness  and  cesistance  coei'fieieiitw. 
Tbe  2«  arbitrary  constants  determining  tbe  n  amplitudes  and  phases 
are  found  from  tbe  values  of  the  n  coordinates  q  and  YelocitieH  >/' 
for  a  particular  instant   of  time. 
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We  further  uotice  that,  since  the  different  periods  deptüiding 
upou  v  are  derived  from  the  roots  of  an.  algebraic  equation,  they 
are  not  in  general  eommensurable,  so  that  tlie  motion  is  not  aa  a 
whole'  generally  periodic.  For  instance  in  the  case  of  Lissiv)ons's 
curves  described  in  §  19,  unless  the  two  periods  are  eommensurable 
the  curve  will  never  close.  In  the  case,  however,  of  the  spherical 
pendulum  performing  small  oscillations  the  periods  of  the  two  co- 
ordinates were  equal,  so  that  the  path  became  a  closed  curve,  an 
ellipse. 

There  is  one  set  of  coordinates  of  peculiar  importanee.  For 
simplieity  let  us  suppose  there  is  no  dissipation,  F=0.  Let  us 
make  a  linear  Iransfonnation  with  constant  coefficients,  putting 

2i  =  vu  Vi  +  ri*v*  +  ■  ■  ■  +  rt»vm> 

Ss  =  Yn  <Pi  +  Yn  9>s  +  "  '  +  Ys«<P«> 
™)  


Different iating  by  t  the  q"s  are  obtained  from  the  (p"s  by  the  same 
Substitution.  It  is  shown  by  algebra  that  we  niay  detennine  the 
coefficients    y    in    such   a    way   that    the    two    qnadratic    funetions   T 

and  W  are  simultane  onsly  transformed  to  sums  of  Squares,  the  product 
terms  being  absent.     Supposing  this  done  we  have 

76)  1 

W=-^(cly*  +  cs<ps2  +  ■■■+  c„y„2). 
Then  we  have 

pr  =  ar  fp'T 
and  onr  differential   equations   63)  are 

77)  ar  ^  +  cryr  =  0, 
and  the  iuii'n'nils. 


78)  ipr  =  A,.  cos  I  1/  ^  ■  ( - 


In  other  words,  each  eoordinate  <p  appears  in  its  own  differential 
equation  entirely  separate  from  the  rest,  and  performs  a  harmonic 
Vibration  independent  of  the  others  ivith  its  own  period.  The  <p'$ 
are  called  normal  or  prhicipal  coordinat-ea.  The  [/'s  beiug  linear  fune- 
tions of  the  (p'&  describe  Compound  harmonic  osriMations.  A  Vibration 
in  which  all  the  normal  coordinates  but  one  vanish  is  called  a  normed 
Vibration.  The  effect  of  this  on  the  q's  is,  if  every  (p  equals  zero 
except  <ps,  to  make 
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21  =  n«v*j 

2s  =  J-a,  ?>«, 


that  is  in  a  normal  Vibration  all  the  coordinates  of  whatever  sort 
are  in  ratios  constant  throughout  tlie  motion,  or  the  Solutions  74) 
are  reduced  to  a  Single  colnmn.  The  motion  is  then  completely 
periodic,  all  Die  coordinates  passing  through  the  eijuililjrium  values 
simultaneously.  We  may  thus  describe  the  general  motion  as  the 
resultant  of  n  normal  oscillations.  The  normal  coordinates  have  the 
property  that  the  energy  of  any  Vibration  is  the  sum  of  the  energies 
of  the  separate  normal  vihrations,  for  substituting  78)  in  76)  we  have 

80)  T  +  W=  l  faJi*  +  e,Ä22  +  ■  ■  ■  +  cnÄns). 

46.  Vibration  of  a  String  of  Beads.    Contiuuous  St  ring-. 

As  an  example  of  the  precediug  tli.eory  let  ns  eonsider  the  problem, 
solved  by  Lagrange1),  of  the  motion  of  a  string  on  which  are 
fastened  a  number  of  beads  of  equal  mass  equid.istant  frora  each 
other  and  from  the  ends  of  the  string,  the  mass  of  the  string  heing 
neglected  in  comparison.  Let  the  number  of  beads  be  n,  the  mass 
of  each,  m,  the  disi.ances  apart,  a}  and  the  length  of  the  string. 
l  =  {n-\-i)a.  Suppose  for  simplicity  the  motion  of  each  bead  takes 
place  in  a  straight  line  at  right  angles  to  the  stretched  string,  all 
the  displacements  yr  being  in  the  same  plane.  Then  the  kinetie 
energy    is 

81)  r-jär;' +  #■  +  ■■■  +  *!■). 

The  coefneients  of  inertia  are  the  same  for  all,  equal  to  the  mass  of 
any  bead.  The  displacements  heilig  sjnall  quantities,  the  length  of 
the  string  connecting  any  two  beads  is  equal  to  a  plus  smalj 
quajitities  of  tlie  second  order  which  will  be  neglected.  The  tension 
of  the  string  will  thus  be  considered  constant  and  equal  to  S. 
Negleetiitg  the  weight  of  tho  beads  the  only  forees  actins  on  a  bead 

are  the  compon- 
isofthe  tension 

of   the    two    ad- 

jacent  portions  of 
Pig,  36  the  string  in  the 

direction  of  the 
displacement  y,  Fig.  36.  To  find  the  componeut  we  have  to"  multiply 
the    tension   by  the   cosine    of  the  angle  made    by  the  displacement 

I)  Lagrangu ,  JLct:ai;iquc  Aiiri.hitij/Hc,  Tom.  I,  p.  390. 
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with  the  segment  of  the  string,  which  is  the  ditierence  of  two  con- 
secutive  displacements  divided  by  a.  Accordingly  the  force  on  the 
r"1  bead  is 

32)  |((*-.-  !/■■)  +  (*+.  -  *))  -  -  ™; 

from  which  we  obtain  the  polen tial  energy, 

83)         w=  a§  I*'  +  to>  -»■)'  +  (!/.  -*)'  +  ■••  +  *'(■ 

It  will  be  seen  that  the  f/'s  are  not  iiorma)  coordinsites  since  product 
terms  appear  in  W. 

Porming  the  difl'crent.ial  oquauoiis  of  motion  we  obtain 

»•<3L  +  4ta-o  +  !;1-!/!)-o, 


»-^r  +  ^fe-i/i  +  5 


-!/.)-0, 


.'J: 


i  +  y.-o)-o. 


Now  putting  y,.  =  j4,.eJ'  and  colleeting  aceording  to  the  jl's  we 
obtain 

86)                                S    ,      ,    <     ,a    ,    2S\    .           S     .  ~ 
-4i  4-  (wii3  4-  -   I  ^ ^3  =  0, 

or,  dividing  through  by    —  aud  putting 


87) 


2  +  5|Ü  _  C, 
C^l,  -  J,  +  0  + —  0, 

-i,  +  CA-A  +  »- -  o, 

0  -  A,  +  CA,  -  At  +  0  +  ■  ■  ■  •=  0, 


T1il>  determinanhu   (M;uation  for  1  is 

88)  D„  =     o      —  1      C      —  1      0  =  0,     w  rows. 


0 

-1 

0  , 

o  , 

o  ,... 

-1 

0 

-1, 

0  , 

0  ,.-. 

0 

-1 

o  , 

—  1, 

0  ,... 

0  , 

0  , 

-1, 

o , 

—  1, . . . 
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Expanding  tliis  determinant  in  terms  of  its  flrst  miuors  we  have 

89)  Dn  =  CDll_!-D1l_2. 

Tbis  equation  between  tlireo  eonsecutive  cluterminants  of  the  same 
form  suggests  a  trigonomfitrie  relation,  namely,  making  use  of  the 
relation 

sm(a  +  b)  +  Bw(a-b)  =  2amacosb, 

with  b  =  &,  a  =  n%,  we  have 

sin(B+  l)^  +  sin(«—  1)#  =  2  sin  Mtl- cos -fr. 
('(>:)] |üu-ing  this  with  the  formula  89)> 

Dn  +  J)„-i  =  CD„-1, 
we  see  that  they  are  idontical  if  we  put 

0  =  2cos#,     D„  =csm(n  +  l)&, 
where  c  is  independent  of  ».     To  find  it  put  »=  1, 

Z)1  =  C  =  2cos#  =  ^*. 

Aceordmgiy 

90)  d„_     _ 

If  this  is  to  vanish  we  must  have 

(«  +  1)»  =  Ä», 

where  ft  is  any  integer  (not  a  multiple  of  n  + 1,  to 

the  denominator  from  vanishirjg).     introducing  the  values    of  i 

found  we  obtain 


M«  +  i)f 


91) 
from  which 


92) 


3y= 


2  t«    \  1) 


Letting  fc  =  1,  2,  3, . . .  n,  we  obtain  n  different 
frequeneies  proportional  to  the  absei  ssae  of 
points  dividing  a  quadrant  into  (n  -\- 1)  equal 
parts,  Fig.  37.  Giving  k  other  values  not 
multiples  of  (w  + 1),  we  shall  merely  repeat 
these  frequeneies.  There  are  accordingly  n 
iliil'erent  frequeneies  for  the  vibrations. 

We    may    arrlve    at    the    same    resulfc    by 
noticing  that  the  linear   equations  for  the  A's, 

-Ar-l  +  OAr~Ar+1  =  0, 
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im;  siitisfied  by 

where  P  is  a  constant,  making  use  of  the  same  trigonometric  for- 
mula  as  before.  Accordingly  let  us  Substitute  iu  the  d.ifl'ereiitia] 
equation 

84)  -  jfr_,  +  "  i'"-  +  2*  -  sfr+,  _  0 

the  Solution 

93)  yr  =  Psmrd-Goa(vt--  e). 

Every  terra  will  contain  the  same  eosine,  so  that  dividing  out  we  have 

-  sin  (r -  1)&  +  2  (l  -  ~~j  ■  sin r»  -  sin (r  +  1) *  =  0, 
which  is  an  identity  if 

1 f-H-  =  cos  #, 

giving 

»"~£|(1-Cob#), 
as  before,  92).     The  complete  Solution  is  then 

94)  Sfr=.2-P.»m^c<>"W-«,), 

with  the  2w  arbitrary  constants  P,,  a,  to  he  determined  hy  the  initial 
displacements  and  veloeities. 

Consider  the  case  first  in  order  of  simplicity,  n  equals  2.    Then 


i>-\/~S~    ■      *        t/3.9 
vs  =  2  (/  —  sm  —  =  y  —  - 


Thus  the  frequency  of  the  higliur  pitehed  Vibration  is  in  the  ratio 
of  "j/3 :  1  =  1.732  to  that  of  the  lower,  —  somewhat  more  than  the 
musical  internal  of  a  sixth.  In  this  pariicular  case  it  is  easy  to  find 
the  normal  coordinates.     Writing 

9i  =  ä  0>i  +  ft)>     1>i  =  (Pi  +  <p2>     Vi  =  <Pi  +  9t, 

9i  =  j(lfi-ys)>     y*  =  9i  —  9s>     W  —  K  —  9*> 

we  obtain 

97) 

V-  £  W  +  (</,  -  !h)<  +  !l,'}  -  4  (?.,■  +  3y,'), 


/Google 


168  V.  OSCILLATTONS   AXD  CYC1.I0  MüTjnxs. 

so    that   the    <r/s    are   normal   coordinates.     Forming   tlie   diffi;-r<.uitial 
equations, 

the  integrals  of  which  are 

9>i  =-4.!  cos  f  1/  —  •  i  —  «i ), 
99)  Ü! 

ys  =  A,  cos  (]/—  ■  *  —  «j), 
agreeing  with  the  above  result. 

The  two  normal  vibrations  are  found,  the  first  by  putting  <pB  =  0, 
—  in  this  case  y1  =  ys  and  the  two  heads  awing  fcogether,  bhe  second 
normal  Vibration  by  tpt  =  0;  ys  =  —  yll  and  the  two  heads  swing  in 
opposite  direetions  with  a  frequency  ^3  tinies  as  great  as  before. 
The  middle  point  of  the  string  is  now  at  rest,  or  forms  a  node. 

The  general  case  above  treated  is  very  interesting  when  we  pass 
to  the  limit  as  the  number  of  heads  is  incrciiscd.  giving  us  the  case 
of  a  continuous  string,  of  the  greatest  importance  in  the  theory  of 
musical  Instruments. 

Let  us  introduce  in  equation  94)  tlie  distance  of  the  bead  from 
one  end  of  the  string, 

Accordingly  94)  1 


100)  y(_x)  -^ P* ■* T5 Ml  (»•'-*)■ 


A  glance  at  Fig.  37  shows  us  that,  as  we  increase  n,  the  ratios 
at  least  of  the  smaller  fi'equoneios  approach  those  of  the  integers, 
1,  2,  3,  ....  By  passage  to  the  limit  we  may  demonstrate  that  this 
is  exactly  true  for  all  the  frequencies. 

If  p  be  the  line  density  of  matter  of  the  continuous  string,  that 
is,  the  mass  per  unit  length,  we  have 

(?l  =  l\m(n+l)m. 

Accordingly  since 

I-(«+l)a, 
we  have  in  the  limit 

Jm.vodi.icmg  this  into  the  value  of  j>„,  92). 


ioi)  v,_2y|tas±i. 
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As  «  increases  without  limit  y  preserves  its  form,  wbile  i 
the  limit 

102)  ».-?|/?'') 

We  bavc  therefore  for  fche  contimious  string, 

103)  9 -2 ^»"^«"("l/f- ''-«.)■ 

The  frequencies  of  the  different  terms  of  the  series  are  in  the  ratioa 
of  the  integers.  Such  partial  vibrations  are  called  lumnonics  or 
overtones    of   the    lowest    or  fundamental,    for  which  $  =  1.     Since,  if 

we  consider  a  single  tenn  of  the  series,  the  excursions  of  all  the 
particles  are  in  the  samo  ratios  tltroughout  the  motion,  we  see  that 
the  harmonics  are  normal  vibrations.  On  account  of  the  factor 
drpeuding  npon  x  tbe  s1"  harmonic  has  nodes  for 

_    1      21  (»-1)1 

or  at  any  instant  the  string  has  the  form  of  a  sine  curve  and  is 
divided  by  nodes  into  s  Segments  vibrating  opposiiely.  generally 
known  as  ventral  segments. 

]n  Order  to  show  how  rapidly  tbe  string  of  beads  approxiinates 
to  the  motion  of  a  contimious  string,  the  following  table  from 
liiiyleigb's  Tlir/rry  of  Soimä  is  inserted.  It  is  to  be  noticed  that  it 
does  not  give  esactly  the  ratios  of  the  frequencies  on  account  of  the 
variable  factor  S  ander  the  sine  in  v„  bat  it  approximately  does  so, 
and  for  the  fundamental,  s  =  1,  it  gives  exactly  the  ratio  of  Irnqueney 
for  ii  beads  to  tbat  of  the  continuous  string. 


n                  1 

2  |  3  ;  4  |  9  |  19 

39 

a(*+"iiii.,''.  .,  .9003 

a               2  («+ 1) 

■9549 

•9745 

■9836  -9959 !-9990 

■9997 

By  means  of  an  extension  of  tbe  above  metliod,  Pupin  has  treated 
tbe  problem   of  the  vibrations   of  a  heavy  string   loaded  with  beads, 


1)  Writing  the  factor  of 


i  obtain  the  result. 
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both  for  free  and  forced  vibrations,    and  by  an  eleetrical    applicaxi.oii 
has  solved  a  very  iraporümt  telephonic-  problem.1) 

On  acconnt  of  the  importance  and  tvpical  iirttnro  of  ihe  problem 
of  the  continuous  st  ring,  wc  slia.il  also  sulve  it  by  mea-ns  of  Hamilr.ruVs 
Principle.  Kcplauing  tlie  lengtli  of  a  summen  t  a  by  tlie  di  fferenüal.  ilx, 
writing  jj  (/,i-  for  tlie  niass  m,  and  for  y',  "J  Quirtial  derivative  because 
y  depends  npon  botli  l  and  x),  and  for  tlie  suni,  the  definite  integral, 
we  have  tlie  kinetie  energy 

104)  T-lfi^tfä*. 

Similarly   in  the  potential  energy   the  limit   of  the  term 

F^)1«  »  (J9'«-. 


so  that  the  potential  energy  1 

1W»  *-\f*®$ 


As  the  number  of  degrees  of  freedom  is  now  infinite  we  are 
not  able  to  use  Lagrange's  equations,  bat  we  oan  use  Hamilton'? 
Principle,  which  includes  them. 


first  term  partially  ivith  respect  to 
<  x, 


lOO-, 


Integrating  the  first  term  partially  with  respect  to  t   and  the  second 
with  respect   to  x. 


107)  ,        ', 

-/«M<w -*&«-<>■ 

The    Variation    Sy   is   as    usual    to    be  put  equal  to  zero  at  the  time 
liniits,    and,    as    the    ends    of  the   string  are  fixed,    öy  equals  zero   at 

1)    Pupin,     Ware    /'ropayatimi     netr    mm,-  uniform     Klcd-nc.ü    Coiuhictoi's. 
Trans.  Aniericiiu  llailicir.ntieal  Society,  I,  p.  259,  1900. 
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the   limits   for  x  also,   consequently  we  nvust  have   the  factor  of  the 
arbitrary  öy  vanish,  that  is, 

108)  (,»!?_  Sg_o. 

Puttiug      -  =  ar    we    have    tlie    partial    differunt.ial    equation    for    the 
motion  of  the  eonti.iru.Ous  string, 

10Q1  ^ll  —  ^^l, 

luyJ  W*  -  a  dx*' 

which    may    also    be    obtained    from    the    orcllmiry    ditferential    equa- 
tions  84)  by  passage  to  the  limit  in  an  obvious  mariner. 

The  passage  from  n  ordinär  y  diilerential  equations  to  a  Single 
partial  differential  equation  when  «  is  infinite  is  worth  noting  as  a 
type  of  a  phenomenon  of  frequenl  occn rrenee.  At  the  same  time  the 
notion  of  normal  vibrations  gives  rise  to  that  of  normal  fuwtimis. 
To  find  a  normal  Vibration  iet  us  find  a  partikular  Solution  of  109), 

110)  J-X(»)'fft 

where  the  two  fmactions  contain    only  the   variables    indicated.     This 
satisfies  the  definition  of  a  normal  Vibration,  since  the  ratios  of  dis- 
placeuients    of    the    different    points    are    the    same    throughout    the 
motion,     Inserting  in  the  differential  equation  we  obtain 
da-X 


111) 

Ä 

'dt1' 

astp 

'  dx1 

lividing  by 

X<p 

we 

have 

rp  ~d¥ 

=  X 

d*X 

dl- 

Since  one  side  depends  only  on  x  and  the  other  only  on  t,  which 
are  independent  variables,  this  can  hold  only  if  either  member  is 
constant;  say  —  j>2«s,  where  v  is  arbitrary.  Thus  we  have  the  two 
equations 

^>  +  ^„>_o, 

112)  „T 

%^  +  ,'X-O. 

The  first  of  these  shows,  like  77),  that  <p  is  a  normal  coordinate. 
Its  integral  is 

113)  <p  =  Cco»(vat-a), 
the  integral  of  the  second  is 

114)  X  =  A  cos  vx  +  Bsmvx. 
The  normal  Vibration  is  accordingly  represeulerl    by 

115)  y  =  (Acosvx  +  Bsmvx)  cos  (vat  —  a), 
the  arbitrary  constant  C  being  merged  in  A  and  B. 
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Since  for  all  values  of  (,  y  =  0  for  x  =  0,  we  must  have  j1  =  0, 
and  since  y  =  d  for  x  =  l,   we   must    also  have  Bsinvl  —  O,   that  is 

116)  vl  =  sx, 

where  s  is  any  integer,  accordingly  we  obtain  for  the  sth  normal 
Vibration, 

117)  «,-" 
and  the  Vibration  is  given  by 

118)  y  =  B.am-yOOB  (s™--  -  «,). 

Tlie  general  Solution  is  tli ercfore  represDiited  as  an  infinite  series  of 
normal  vihrations, 

103)  ^Ij,™''-«,^^), 

the  arbitrary  constants,  !•.,,  a,.  being  determined  by  the  initial  dis- 
placemeute  and  veloeities.  In  Order  to  determine  them  let  us  make 
use  of  the  other  fundamental  property  oi'  normal  coordinates,  namely, 
that  the   energy  funetions  do  not  contain  product  terms.    Let  us  write 

119)  y-^X,9„ 

fchen 

120)  t  =  -iß  (|f)'d* = if  [J>:  *]*■ 

-f-  y 9>{ fä  I  X1X<;dx  -{ 

Inasmuch  as  product.  terms  in  the  <p"s  are  not  to  appear  we  must  have 

121)  fxrX,dx  =  0  (''  +  6). 

Putting  Xr  equal  to  sin— =—  this  result  is  at  once  verified  by  Inte- 
gration. The  property  of  normal  funetions  expressed  by  equation  121) 
is   of  fundamental  importance  in  the  theory  o 
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series.     We  may  now  make  use  of  it  to  obtain  the  constants  in  the 
series  above.     Putting  (  =  0  and  writing  Z?äcos  as  —  As,  we  have 


122)  j/^^Asuij^fW. 


The  problem  ia,  f  being  an  arbitrary  funetion  of  x  to  find  the 
coefficients  in  tbe  development  in  the  Trigonometrie  series.  To  find 
the  coefficients  Ar  multiply  the  equation  122)  by  the  rth  normal 
funetion  and  integrate  from  0  to  l,  giviug 


V>:\ 


j  f(x)  sin  r-^  dx  =  /,  A»  j  ein  s-^  sin  —j-  dx, 


and  by  the  property  just  fouud  tii.e  integral  on  the  right  vanislies  in 
every  term  except  that  in  which  r==a.     But 

Therefore  we  have  the  value  of  the  coefficient 


124)  Ar  =  j  if(x)  sm^dx. 


We  are  thus  led  to  a  particular  case  of  the  remarkable  trigono- 
nietrie  series  ass-ociated  with  the  harne  of  Fourier.  Such  series  were 
first  considered  by  Daniel  Bernoulli  in  connection  with  this  very 
problem  of  a  vibrating  string.  This  determination  of  the  coefficients 
was  given  by  Euler  in  1777.  The  importance  of  the  series  in 
analysis  was  first  brought  out  by  Fourier  who  insisted  that  such  a 
series  was  capable  of  representing  an  arbitrary  funetion,  as  had  beeil 
maintained  by  Bernoulli,  but  doubted  by  Euler  and  Lagrange. 

47.  Forced   Vibr-ations    of  General   System.     Let   us  now 

briefly    consider    the    question    of   forced    vibrations     of    the    general 
system  of  §  45. 

Suppose  that  there  is  impressed  upon  each  coordinate  a  harmo- 
nically   varying  force, 

Fr  =  I!,.  coapt, 

the  period  and  phase  being  the  same  for  ali,  the  amplitude  Er  \ 
taken  at  pleasure.  The  equations  are  most  easily  dealt  with  ifj  i 
of  proeeeding  as  we  did  in  treat.ing  equations  41)  and  42)  we  make 
use  of  the  principle  that,  in  an  equation  inrolving  complex  quaiitities, 
the   real   and   the    imaginary  parte   must  be  equated  separately.     Let 
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us  therefore  put  instead  of  the  above  value  of  FT  the  value  Mreip', 
whose  real  part  agrees  with  the  above,  and  having  found  a  partikular 
Solution  of  the  differential  equation,  let  us  retain  its  real  part  only. 
Thus  we  have  instead  of  eqnat'ions  63j  n  eipmtionH  oi'  which  the  rtu  is 

125) 


IV 

'  <tt' 

+  », 

1  dt1 

■  +  ■ 

■■  +  *-. 

dt1 

+  «r. 

1  d< 

-+«, 

i^dt 

+  ■ 

■  +  *,„ 

dt 

+  &> 

«i 

+  «,: 

§s 

+  ■ 

■  +  c„ 

9.- 

9v 

üed 

by  the 

i  reault  of 

§  44,  asaumiug 

7r  = 

A,e 

", 

I.liese  become 

(—a11p°-+  ä*u*p+Cu)4iH 1"  (—  aini>a+»ini.p-r-Ci„).4n  =  .Ei, 

126) "  ;  ;  ;  ;  ;  .'..'.'.'.'.'.'.'.'.'..'..[  \ 

{—€bnlpi+KHiip  +  eAi)Al-\ (-(—  a«npt+x««ip  +  caa)A»  =  E„, 

If  we  call  the  determinant  of  equation  65)  D(l)  and  the  minor 
of  the  element  of  the  rtlL  colurnn  and  stlL  row  D,-e(l),  we  have  as 
the  Solution  of  126) 

12V)  ^-ElDM 

Since  !>(}.)  =  0  is  the  determinantal  equation  65)  for  the  free  Vibra- 
tion, whose  roots  are  X1, 1^, . .  .  fan,  we  have 

128)  B(X)  =  Ca-  Ai)  (3L-J,)...  (1  -  Xln)  =  o/Je*  - 1,) 

where  G  is  the  proper  coustant. 

Aetionlmii'lv    the  demuiiiiiator  f>\ip)  is 

129)  D(ip)  =  cfj(ip-lt)  =  cYJ{-[l,  +  i(p~vi)}. 

The  minors  Dri(ip)  are  polynomials  in  ip  and  the  uumerators  are 
therefore  complex  quantities,  which  however  reduce  to  real  ones  if 
the  x's  are  zero.     We  may  write 

130)  ^D„(ip)E,  =  Brei&r, 

where  Br  and  &,.  are  real  and  &,.  vauishes  with  the  %$,  and  is  sinall 
if  they  are  small.     We  thus  have 
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131)  A' --;=-, — ' — -    '    ,_, — 


P,-Vlif+  (p-v,f,     tanoi,---^'. 

Rctaining  now  only  the  real  parts,  we  have  for  our  Solution, 


13-'. 


»(*<  +  »,  -'^-j 


ojjysn 


".)• 


Thus  if  the  damping  coefficients  y,  are  small,  all  the  oscillations 
are  in  nearly  the  same  phase.  If  the  frequency  of  the  impressed 
force  coincides  with  that  of  any  one  of  the  free  oscillations,  p  —  v,  =  0, 
and  one  factor  of  the  denoniinator  reduces  to  ps,  so  that  if  the 
damping  of  that  oscillation  is  small,  the  amplitude  is  very  large,  or 
infinite  if  there  is  no  damping.  This  is  the  case  of  resonaace. 
('Rusonauce  may  also  he  defined  in  a  slightly  different  maniier  as 
oecurring  when  ip  is  one  of  the  roots  of  the  equation  D(X)  =  0  in 
which  all  the  x's  have  been  put  equal  to  zero.  This  corresponds 
with  our  example  in  §  44.     In  practical  cases  the   difference  is  very 

siHM.ii.; 

48.  Cyclic  Motions.  Igiioration  of  Coordinates.  In  cortain 
large   classes   of  motions   sorne   of  the  coordinates   do  not  appear  in 

tiu.1  expressiou  l'ov  the  kbietic,  energy,  although  T.koir  vcloc-ities  .may. 
For  instance  in  the  case  of  rectangular  coordinates, 

T  =  -3  jw(as'*  + ff' ■  +  *'*), 

the  coordinates  themselves  x,  y,  s  do  not  appear.  In  spherical  co- 
ordinates, §  41,  133), 

T  =  *■  m  (r'3  +  »•*#' ä  +  r2  sin2  9  ■  <p'*)t 

(p  does  not  appear  while  hoth  r  and  Q-  do.  F  tirilier  examples  are 
furnished  in  the  case  of  Systems  in  which  thronghout  the  motion 
the  place  of  one  particle  is  immediately  taken  by  another  eqnal 
particle  moving  with  the  same  velocity,  as  for  instance  in  the  case 
of  the  System  of  halls  in  a  ball-bearing  (bicycle)  or  better  in  the 
case  of  a  continuou*  eliain  passing  over  pulleys,  or  through  a  tnbe 
of  any  form,  or  by  the  particles  of  water  circiilatiu«  throngh  a  tube. 
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In  order  that  this  coudition  may  be  permanent  it  is  evidently 
iiecessary  that  the  path  traversed  by  tlie  successive  particles  shall  be 
renn  tränt.  01*  that  they  sliall  cireulate.  ünder  the  conditions  supposed 
it  is  evident  that  the  absolute  posiüon  of  any  particle  does  not  affect 
the  kinetie  energy,  for  throughout  the  motion  at  any  point  on  the 
path  of  the  particles  liiere  is  always  a  particle  mqving  with  the  same 
defmite  velocity.  On  aecount  of  the  character  of  tliese  examples  the 
term  ct/cl/c  ioori.imo.lrx  has  been  applied  hy  Heimholt»  to  eoordinates 
which  do  not  appear  in  the  kinetie  energy.  We  sliall  when  necesssu-y 
disiitiguish   cyclic  eoordinates  by  a  bar,  thns 

133)  —  =  0 

is  the  eondition  that  ~i[  is  cyclic.     This  of  course  involves  that  every 

134)  -jb  =  0, 

that  äs  the  coefficients  of  inertia  do  not  depend  upon  the  cyclic  co- 
ordiiiates. Thus  a  cyclic  coordinate  is  characterized  by  the  fact  that 
the  correspondii] g  ivacüon  is  wliolly  momtnlal.  Kxiimples  of  cyclic 
coordiiiates  are  found  in  x,  y,  e,  <p,  above,  and  <p  in  the  case  of  plane 
polar  eoordinates. 

Insertiug  equation   133)  in   Laii'range's  equations  we  have 

or  tlie  fundamental  property  of  a  cyclic  coordinate  is  that  the  foree 
corresponding  goes  entirely  to  increasing  the  corresponding  cyclic 
momentum.     If  the  cyclic  foree  1',  vanishes,  we  have 

136)  -ff  ßT)  =  0 
1  dt\oq'rl  ' 

and  integrating, 

137)  g  =  B,  =  c,. 

In  this  case  we  may  with  advantage  employ  a  transformation  intro- 
duced  by  Routh1)  and  afterwards  by  Helmholtz2),  which  is  analogous 
to  that  invented  by  Hamilton  and  described  in  §  39.  By  means  of 
mruations  53)  and  71)  §  39,  we  have  expressed  the  velocities  as 
linear  funetions  of  the  raomenta  with  coefficients  ü^,  which  were 
fimet.ioiis  of  the  coordinates,  and  have  thus  introduced  the  momenta 
into  the  kinetie  energy  m  place  of  the  velocities.  We  have  thus 
been   led   to   use    instead   of   the    Lagrangian   funetion  L  =  T  —  W, 

1)  Routh,  Stabilüy  of  Motion,  1S77. 

2)  Heimholte.    filwUe-u   zur  Stri'U;    mi»>Ofi/ch'.<i:hi'f   Si/*temc.    ISSs-i.      G.!.*.  AMi. 

m,  P,  na. 
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whose  Variation  appears  in  Hamilton's  Principle,  the  Haniiltoniau 
function  11=  T  -\-W.  The  tniusfoniuition  of  Routh  and  Heimholte, 
instead  of  eliminating  all  the  m  velocities  q'.  eliminates  a  certain 
number,  which  we  will  choose  so  as  to  replace  those  having  the 
Suffixes  1,  2,  . .  .  r,  by  the  corresponding  momenta,  but  to  retain  the 
velocities  with  suffixes  r  +  1, . . .  m,  in  the  equations.  This  trans- 
formation,  while  it  may  be  made  in  the  geueral  case,  is  of  partieular 
advautage  where  the  eliminated  velocities  are  cyclic  and  the  corre- 
sponding momenta  constant,  as  in  the  case  just  described. 

The  equations  b?>)   §  30    for    tlie    eliniination    become    by  trans- 
position 

ftlfli  +  Ql^h  +■■■+  GlrSr  -PI  -  Cft.H-Xft^-1  +'  '  ■+  Qlmfti), 

138) 

Qrlti+Qr%ql  +  —  +Qrrg!--Pr-(.QT,r+t9r+l+  —  +Qrm£}. 

It  will  be  convenient  to  write  the  right  band  ruembers  above, 

Pt-Si,  ...Pr-Sr. 

Let  the  Solutions   of  equations   138)  be 

2i'  =  *u  CA  -  Si)  +  *u(A  -  ^  + ' " "  +  Ar  (fr  -  «■), 

139)    ;  ;  ;  ; ;  ; 

qj  -Brifa-  St)  +  B,s{Ps-Sz)  +  --+Brr  {pr  -  S,), 
where  the  R's  are  the  quotients  of  the  corresponding  minors   of  the 
determinant 

Iftl,       «.„■■■ftrl 


«,.,      Q,,,...Q,r\ 

by  the  determinant   itself,    and,    like  the  Q's,   are    functions    of   the 
coordinates  only. 

Introducing  the  values  139)  for  the  q"s  into  the  kinetic  energy, 
the  latter  becomes  a  function  of  the  velocities  g_r+i, . .  ■  q'„,  and  of 
the  momenta  plf . .  .p,-.  It  is  a  homogeneous  quadratic  function  of 
all  these  variables,  but  not  of  the  p's  or  q"s  considered  separately 
on  aceount  of  product  terms,  such  as  psql  whieh  are  linear  in  terms 
of  either  the  p'&  or  q"s.  The  function  2  thus  transformed  has  lost 
its  utility  for  l.agrange's  eqnatimis,  but  may  be  replaced  by  a  new 
function,   as  follows. 

Let    us    call    the    function    T   expressed    in    terms    of    the    new 
variables  T'.     We  have  thus  identieally 
140)  T(qi,  qt, . . .  qm,  qj,q,',..  .q$ 

=  T'(3i> ?»■••«»»  Pi,P*,---Pr,  g>'+i,...g«). 

Webstee,  Dynamics.  12 
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It  is  to  be  noticed  that  since  tbe  coordinates  q  appear  in  the  co- 
efficients  H  of  equations  .139)  tliey  a.re  introduced  into  I"  in  a  way 
in  which  they   do   not  appear   in   T,  so   that  vre   do  not  have 

dT_d_T 

dqs  ~  dqs ' 

but  since  q  enters  in  T'  both  explicitly  and  implicitly  thron gh 
equations  139),  we  have  for  s  =  r  +  1,  r  +  2, . . .  m, 

141.1  ^  =  ^  +  V-^!  t—r+l,...»), 

and   since  the  same  may   be  said   of  the  velwities, 

Now  if  the  eliminated  velocities  with  suffixes  1,  2, ...  r  are  cyclic 
and  the  corresponding  forecs  vanish,  we  have 

ST  _-  _ 

Aecordingly  equations  141/142)  become 

dT' __8T      \$    H', 

C%   ~dqs+^lCtdqs' 

143)  '™r 

or  transposing  a.ud   fl i JTereiitiatiu i>'    outsido    of  the  sign    of  summation, 

m  ;    7,    ( 

We  may  therefore  use  with  tlie  coordinates  whose  velocities  remain 
in  the  equations  Lag  ränge'  s  equations,  exc.ept  that  instead  of  the 
kinetic  energy   T  ire  nse  the  function 

and  instead  of  the  La.grangian  function  L—T—W,  we  nse  the  function 
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Equations  45)  or  40)  §  i'iü   nccordingly  become 
145)  iß^-^-O, 

(or  aqua!  to  J?,  if  this  represents  an  extraneous  force  not  included 
in  the  potential  energy,  or  any  dissipative  force).  The  function  <£ 
is  ealled  by  Routh  the  moäijkil  .h.tgrawiian  fv.urlion;  and  its  negative 
by  Heimholte  the  lindlc  potential.  It  is  to  be  understood  that  Ö>  is 
to  be  expressed  in  terms  of  the  velocities,  Qr+i,  ■  ■  ■  ff«i  by  means  of 
equations  139)  in  whieh  pu  .  .  ,pr  have  been  replaced  by  c,, . .  .  c,-. 
The  iinportant  thing  to  notice  about  C&  is  that  it  contains  linear 
terms  in  the  velocities,  as  well  as  a  homogeneons  quadratic  function 
of  the  c's  whose  coel'ücient*  depend  onlv  on  i.ho  coordinai.es  qr+i,...qm! 
like  the  Q's  from  whieh  they  are  derived.  The  terms  of  the  lattcr 
sort  in  —  -  cause  precisely  tiie  same  effect  as  if  they  were  added 
to  the  potential  energy.  The  effect  of  eyelic  motions  in  a  System  is 
iiecordmgly  partly  represented  by  an  apparent  change  of  potential 
energy,  so  that  a  System  devoid  of  potential  energy  would  seem  to 
possess  it,  if  we  were  in  ignorance  of  the  existence  of  the  eyelic 
motions  in  it.  The  effect  of  the  linear  terms  in  <E>  is  quite  different 
and  will  be  discussed  in  §  50. 

A  System  is  said  to  contain  concealed  masses,  when  the  coordiliates 
whieh  become  known  to  ns  by  Observation  do  not  suffice  to  dehne 
the  positions  of  all  the  masses  of  the  System.  The  motions  of  such 
bodies  are  ealled  concealed  motions.  It  is  often  possible  to  solve  the 
problem  of  the  motions  of  the  visible  bodies  of  a  System,  even  when 
there  are  concealed  motions  going  on.  For  it  may  be  possible  to 
form  the  kinetic  potential  of  the  System  for  the  visible  motions,  not 
eontaining  the  concealed  coorditiat.es,  and  in  this  case  we  may  use 
Ln.pmnce's  equations,  as  in  the  case  just  treated,  for  all  visible 
coordinates,  while  the  coordinates  of  the  concealed  masses  may  be 
ignored.  Such  problems  are  iucomplete,  inasmuch  as  they  teil  us 
nothing  of  the  concealed  motions,  but  very  often  we  are  concerned 
only  with  the  visible  motions.  Such  concealed  motions  enable  us  to 
explain  the  forces  acting  between  visible  Systems  by  means  of 
concealed  motions  of  Systems  connected  with  them. 

The  process  of  eliminating  the  eyelic  coordinates  of  the  concealed 
motions  as  above  described  is  termed  by  Thomson  and  Tait  ignoration 
of  coordinates.1) 

Examples  of  the  process  may  be  obtained  in  any  desired  number 
from  the  theory  of  the  motion  of  rigid  bodies  rotating  freely  about 


1)  Thomson  Lind  Tait,  A'ahmd  I'hilowphy,  Part  I,  §  319,  esamnln  ff. 
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axes  pivoted  in  bearings  fasteued  to  bodies  tliemselves  in  motion. 
Such  motions  will  be  treated  in  §  94. 

A  very  simple  case  of  the  above  process  is  enconntered  in 
treating  the  motion  of  a  particle  m  sliding  on  a  horizontal  rod. 
revolving  about  a  vertical  axis,  at  a  distance  r  from  the  axis.  Let 
the  angle  made  by  the  rod  with  a  flxed  horizontal  line  be  <p,  then 
the  Yelocity  perpendictdar  to  the  rod  is  rtp'.  The  veloeity  along  tlie 
rod  being  r',  the  kinetic  energy  of  the  body  m  is 

146)  T-\  ,»(>•>''  +  >'")■ 

Since  ip  does  not  appear  in  T,  tp  is  a  cyclie  eoordinate.  If  there  is 
no  force  tending  to  cliange  i.iie  angle  tp  we  have 

147)  pip  =  -    ;  —  mr-tp    ■  =  c, 
from  which  we  obtain 

148)  V'  =  ^ 
to  eliminate  tp'.     Thus  we  get 

149)  T'  =  \  {X, +  «*•"}• 
8np|(osing  tliat  there  is  no  pntential  energy  we  have 

150)  *  =  T'  -  ctp'  =  y  f»*11 2  -  £s\> 

illust.ritti.ti«'  the  general  property   of  <P  mentioned,  ~-mr!i  being    the 

quadratic   funetion   of  the  remaining   veloeity  r'  and  —  — :-„   heing 

the  quadratic  funetion  of  the  constant  <:,  which  contains  as  a  eoeffi- 
cient  a  funetion  of  the  eoordinate  r.  We  may  now,  ignoring  the 
eoordinate  cp,  use  the  differential  equation  for  r, 

,..,.,  ä*r       o$         e- 

We  aceordingly  see  lliai.  the  System  acts  as  if,  there  being  no  rotation, 
it  possessed  an  amonnt  of  potentn.il  energy  —  <l>,  prorlncing  the  force 
—  3  directed  from  the  eenter.  This  example  aecordingiy  illnstnit.es 
the  effect  of  ignored  cvelic  motions  in  producing  an  apparent  potential 
energy,  bnt  it  does  not  illustrate  the  effect  of  linear  terms  in  <p,  for 
they  disappear  in  this  example,  which  is  chosen  on  aecount  of  its 
very  simplieity.  The  example  hardly  seems  to  illustrate  the  case  of 
concealed  motions,  for  the  fact  of  there  being  a  rotation  <p'  could 
with    difficulty    be    eoncealed.     Nevertheless'  this    is    exactly    what 
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happens  to  bodies  at  rest  relatively  to  the  surface  of  the  earth.  To 
tlie  unsophisticated  mind  tliey  seem  at  rest,  the  eonstant  rütation  of 
tlie  earth  "belüg  concealed.  'J'lie  rotation  however  produces  an  effect 
in  altering  the  weight  of  tlie  body  by  the  vertical  cotnponent  of  the 
force  just  found,  which  is  known  as  the  eentrifugal  force.  (In  the 
case  of  the  rotatiou  of  the  earth  it  is  to  be  observed  that  it  is  <p' 
that  is  eonstant  rather  tlian  plp.  nevertheless,  if  in  the  case  above 
r  is  eonstant,  (p'  will  be  eonstant  at  the  same  time  with  p,p.)  The 
effect  of  the  motion  of  tlie  earth  will  he  treated   in  detail  in  %  104. 

49.  Example.   Three  Degrees  of  Freedom.    General  Case. 

As  a  furfcher  example  of  tlie  orocess  of  ignoration  of  coovdinates  we 
will  work  out  tlie  case  of  &  System  with  three  degrees  of  freedom. 
one  of  whose  co ordinäres  is  cyclic,  this  heilig  tlio  shoplest  example 
which  typili.es  the   behavior  of  tlie    geneeal    System.     We    have    then, 

152)  2'=|ft12i's  +  1  Qvti2  +  }  QztäP 

+  Qv  Qi  9,2  +  Qis  Vi  9-i  +  Qis  &'  &'■ 
If  g3  is  tlie  cyclic  coordinate,  all  the   Q's  are  i.ndepen.dent  of  ga,  and 
if  the  correspnnding  force  /';l  vanishes,  we  have  tlie  eon*t;Oit  m Omentum, 

153)  pt  =  Qu  9l'  +  Q23  q.2<  +  <2S3  g8'  =  <v 
From  this  we  determine  the  cyclic  velocity, 

154)  ^--'"8"fe'9"' 

inseiting  which  in  tlie   kineiic  energy   gives,  on  combining  terms, 
156)     T'-±(&<!*=Se-)4> 

.   i  /ft.ft,-ft.'\.,.       fe.ft.-ft.ft.-,-.   |   IV. 

s  \      97, )q' 07, Sl  q'      2  ft- 

It  is  noticeable  that  tlie  linear  terms   in  g1',  </.'   have   cancelled    each 
other.    It  will  be  proved  below  that  this  always  happens.    Bnt  when 
we   form    the   kinetic   potential,    whieh   is  to  he  naed  instead,   tliey 
reappear.     We  have 
156)  m-T  -c,5,' 

_'  /ft.ft.-ft.'V,,.      1  /«„«.,-«,.' 

~t\      g„      )'-><  +  i(    -q7, 
+  5ft7«>'  +  i!C1s.'-14;- 

Thus  the  effeet  of  the  cyclic  motion,  which  may  itself  be  concealed 
from  us,  is  made  evident  to  our  Observation  by  the  presence  of  the 
fourth  and  fifth  terms,  which  are  linear  in  qt\  qj.  The  apparent 
eoefHeienls    of  inertia,   that   is  the   eofheients   of  qt' s,  qj a,  q,1  qs',    are 
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changed  from  their  real  values  (unless  $1S  =  Qia  =  0),  while 
there  appears  the  term  —  ^-jj—  independent  of  the  velocities,  depend- 
ing  011  the  coordinates  q1!  qs.  This  is,  since  it  gives  rise  to  a 
Konservative  positional  reaction,  midist  mguiskiblc  in  its  effect  from 
potential  energy.  In  reality,  the  reaction  to  which  it  gives  rise  is 
motional,  instead  of  positional,  as  it  appears  to  be.  If  we  eould 
explain  all  potential  energy  in.  this  manner.  namely  as  due  to  concealed 
cyclic  motions.  we  should  have  solved  the  chief  mystery  of  dynamics. 
In  his  remarkable  work  on  dynamics,  Hertz  treats  all  energy  from 
this  kinetic  point  of  view.  In  Order  to  have  a  successful  model  for 
this  representation  of  potential  energy,  which  needs  in  order  to  be 
pcrfect  no  linear  terms,  we  must  have    Qls  =  $33  =  0. 

We  can  now  see  why  the  simple  example  of  §  48  showed  no 
linear  terms,  since  by  putting  all  the  Q's  with  one  suffix  2  equal  to 
Kero  we  pass  to  the  case  of  a  System  with  two  degrees  of  freedom. 
If  at  the  same  time  the  coordinates  are  orthogonal,  Qlä  =  0,  so  that 
the  single  linear  term  disappears.     This  was  the  case  above. 

Let  us  now  pass  to  the  general  case.  We  have  for  the  momenta 
the  equations  53)  §  37  and,  for  the  first  r,  137)  which  are  written  out, 


■IL, 


■+&„ 


157)1''        -ft-l        ll  +  Qrl        ii+---  +  Qrr        di  +  Qrr+l        9r'+l    +"  "  +  ft-.         äi' 


f.     -S.i      q't  +  Q„:      li+ ■■■+&■*      t'/JrQ,,+i     fr'+i   +  ■•  ■+§■„      ?,! 
Let  us  now  form   tke  kinetio  euurg'v  ii-om   the   definition,  §  oü,  38), 


15^1 


r-^P.ii 


Miiltip'lying  the  above  equations,  the  sth  line  by  qs',    and  adding,  we 
obtain  from  the  nrst  r  lines  on  the  right, 


^jCsqs'. 


The  terms  Coming  from  the  last  in  —  r  lines,  and  the  first  r  columus, 
as  marked  off  by  the  dotted  lines,  are  found  to  be,  on  oollecting 
according  to  columns, 
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on  ref erring  to  the  definition  of  the  defiuitions  of  the  SJs,  138), 

159)  8,  =  ft,r+l3V'+i  +  ftr+lSr'+l  +  "  '  "  +  &>»£.- 

Finally  the  terms  from  the  lower  right  band  sqnare,  of  m  —  r  rows 
and  columns  gives  us  a  quadratic  fnnction  of  the  last  m  —  r  velocities, 
namely  that  part  of  2T  wliicli  origu.mlly  dejieuded  on  these  velocities 
and  no   others.     This  part  we  will  call  2T„.     We  have   tkerefore 


NW  if  we  form   the   quadratic  iVmciions,  with  the  coei'fieieiits  R  from 
the  determinant  of  equations   139), 


160)  2T  =  22'„  +2  2.'  (&  +  *)■ 

quadratic  functions,  with 
uations   139), 

S  ~ -12 2  E"S-S: 

161)  '"'  '7- 

c-\22*«^ 


:  may   write  equatioiiK   139)  f 
162) 
>  that  we  may  write 


1  art\  i  vC  C  b  .  r    .. 


163)  zr-sr.+J?  <>.+«,)(!?-!!> 

But  since  C,  S  are  homogeneous  functions  of  cs?  Ss  respectively, 

so  that  the  above  hecomes, 

164)  2T=  2Ta  +  2(7  -  28  +^SS^  -2Cäl"s'* 
But  we  also  have 

so  tliafc  the  sums  in  164)  dcslrov   each  odier,  aud  there  remaius 

165)  T'  —  T.-B+C. 
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But  S  is  a  homogeneous  quadratic  function  of  the  SJs,  which  are 
themselves  homogeneous  linear  functions  of  the  £,"s,  so  that  S,  like  Tat 
is  a  homogeneous  quadratic  function  of  the  non-eliminated  veloelties, 
Thus  we  have  proved  that  the  linear  terms  disappear  from  the  kinetic 
energy.  At  the  sarae  time  we  have  obtained  the  general  value  of 
the  part  independent  of  the  velocities.  Forming  the  function  <Z>  for 
the  kinetic  potential, 


Ulli' 


so  that  the  part  C  which  iniitates  the  potential  energy  is  a  homo- 
geneous quadratic  function  of  the  momenta  c,  of  the  coneealed  cyclic 
motions.  The  terms  under  the  sign  of  smnmation  are  linear  in  the 
remaining  Yelocities. 


50.  Effect  of  Linear  Terms  in  Kinetic  Potential.  G-yro- 
SCopic  Forces.  We  will  now  examine  the  effect  of  terms  linear  in 
the  velocities  in  the  kinetic  potential,  arising  from  any  cause  what- 
ever.  We  have  seen  that  such  terms  urise  from  variable  i:(.mhvr;iin:h, 
and  from  ignored  cyclic  motions.  We  shall  lind  a  third  case  when 
we  treat  of  relative  motion,   §  103. 

Suppose  now  that  the  kinetic  potential  contains  the    linear  part 


167) 


#i  =  A  9i  +  A  9.2  4 1-  L,ltq,i 


where  the  coefficients  L  are  functions  of  the  coordinatcs,  and  may 
also  involve  the  time  explicltly.  Let  the  part  of  tlie  force  Ps  that 
must  be  applied  on  account  of  the  part  <5t  he  denoted  by  l'}l\  so  that 


16*) 

dt 

[dq'J       Tq,. 

=  p 

,(i), 

Now 

wrL> 

siufl  djffemi.tiat-.ing. 

™)   r,SJ)~ 

1t 

dl>,       8Lt 

'ir  +  iä* 

4- 

c'L 

We  have  also 
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Using  these 

i 
values  in 

168),  w 

]'  LlNEAi;  TKIJMS. 

e  oMain  for  the  force, 

170) 

P«( 

-fö- 

+  ■■■  + 

"5t" 


where  the  G'b  are  functions  of  the  coordinates  defined  by 

d.Lt        'öLf 

171)  <?,,=   „---^-. 

Oft  <>'h 

For   the   force   applied   to    chatte  a  coordinate  qt  we  have  a  similar 
form,  with  coefficients  such  that 

172)  ßtt='—      l  =  —G,t. 

0qs  0qt 

We  have  then  the  result  that  the  terms  linear  in  the  velooities  in 
the  kinetic  potential  giTe  rise  to  reaetions  linear  in  the  velocities. 
with  the  property  that  tlie  coefficienl  of  (/,'  in  the  reaction  P*  is 
eqnal  and  of  oppositr;  sign,  to  the  coefikient  of  qj  in  the  reaction  Pt. 
Such  reaetions  are  ealled  gyroscopic  forces  by  Thomson  and  Tait1), 
since  we  have  examples  of  them  where  gyrostats,  or  symmetrical 
bodies  spinn  lug  about  fixes  attached  to  parts  oi.'  sysi.ems,  act  as 
concealed  oyclio  motions.  If  we  find  the  activity  of  the  gyroscopic 
forces, 


i73)        ^-2w-22«. 


SV  fci 


we  find  that  in  the  part  P,[1Jg,'  we  have  the  term  Gs!qJ  qj  while  in 
the  part  P,qt'  we  have  the  term  G!sqJ  q',  and  sinee  Gu  =  —  Gsl, 
these  two  terms  destroy  each  other.  Accordingly  the  gyrostatit: 
forces  disappear  from  the  equation  of  activity.  These  forces  are 
coasecjuentlv  konservativ e  motional  forces.  Tliey  are  liowever  perfectly 
distinguishable  by  tlieii-  eft'ects  Crom  the  conservative  motional  forces 
arising  from  the  term  G  which  imitates  potential  energy,  and  they 
in  no  wisc  imitate  potential  energy,  as  we  shall  see  by  an  example. 
A  System  containing  gyrostatic  members  behaves  in  such  a  peculiar 
manner  that  their  presence  is  easily  inferrect.  The  theory  of  gyro- 
stats will  he  treated  in  Chapter  VII.  In  the  mean  time  the  following 
simple  example  will  illnstrate  the  theory,  and  at  the  same  time  serve 
to  prepare  for  the  general  theory  of  the  gyrostat,  of  which  it  con- 
«titutes  a  special  case. 

1)  Thomson  and  Tait,  Not.  Phil.  %  346  vi. 
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Let  four  equal  masses,  ->  be  fastened  to  tlie  ends  of  two  mntu- 
ally  perpendicular  arras  of  negligible  mass  (Fig.  38),  which  are  fastened 
rigidly  where  they  cross,  at 
tlieir  middle  points,  to  an  axis 
perpendicular  to  them  both, 
ftbont  which  they  turn.  Let  the 
point  of  crossing  of  the  three 
arms  be  flxed  while  the  System 
can  spin  about  the  axis  Ol1, 
which  can  move  in  any  manner. 
We  will  suppose  that  during 
the  motion  the  axis  OP  makes 
with  the  Z-  axis  a  small  angle 
whose  square  can  be  neglected 
in  coraparison  with  unity.  Let 
the  position  of  the  axis  be 
determined  by  tlie  coordinates 
£,  r(,  of  the  point  in  which  it 
intersects  a  plane  perpendicular 
to  the  Z-axis  at  unit  distance 
froui  the  origin.  The  Squares 
and  produets  of  \,  ij,  are  con- 
sequently  to  be  neglected.  Let  us  further  apeeify  the  position  of  the 
System  by  the  angle  ip  that  the  projection  of  the  arm  OA  on  the 
XF-plane  makes  with  the  _X-axis.  Thus  the  three  coordinates  §,  i\,  <f 
determine  the  position  of  the  whole  system. 

If  the  coordinates   of  the  point  A  are  x,  y,  z,   since  it  lies  in  a 
plane  whose  normal  passes  tlirougli.  the  point   '%,  t\,  1,  we  have 

174)  i  +  t*  +  W=>0. 

Bnt  since  OA  always  makes  a  small  angle   with  the  XF-pIane,   the 
projection   of  OA  on   this  plane  differs  from  it  in  length   only  by  a 
quantity  of  the  second  order,  which  we  neglect.     We  therefore  have 
x  =  lco$tp,     dx  =  —  yä(p, 
i/~ls'mcp,     dy  =      xdtp. 
Differentiating  174),  ' 

—  dz  =  %dx  4-  i}äy  +  xd%  -f-  ydr, 
=  xd%-\-ydy  +  (i}X-%y)d<p, 
so  that  we  have 

dx2  +  dy*  +  ds*  =  Q?  +  ifx*  +  £2#s  —  2^xy)  d<f- 
+  %*d%'  +  t/dtf  +  2scyd%di} 
+  2(rlx2  —  %xy)d%d<p 
+  2($xy  —  if)dvidyl 
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and  the  part  contributed  by  the  partiele  A  to    tbe  kinetic    energy  is 

175)  ~{(P  +  rf:>?+l*y*~nnnyWi  +  ztV  +  yirii  +  2xy%rt 

+  2(ijxa-^xy)k'ip'  +  2(i]xy~%y2)iiy'). 

The  opposite  partiele  0,  for  which  x*,  >/',  xy  have  tbe  same  values, 
contributes  tbe  same  amount.  Tbe  other  pair  of  particles,  for  which 
tbe  values  of  'J?,  y2  are  respectively  those  of  y2,  x2,  for  the  lirst  pair, 
and  the  values  of  xy  the  negatives  of  the  values  for  the  first  pair, 
consequenily  wtimbntos  an  amount  of  energy  which,  added  to  that 
already  found,  makes  the  terms  in  xy  disappear,  and  replaees  eaeh 
term  in  x2,  y2,  by  the  same  term  with  l2  written  in  the  place  of  x2 
or  y-.     Negleeting  tben  %2,  tf,  we  have  finally 

176)  T-'-f^'  +  4(1"+  '<")  +  1&V  -  ilV}. 

We  accordingly  see  that  <p  is  a  cyclie  coordinate  for  the  System,  so 
that  if  tbe  system  is  spinning  without  any  force  tending  to  change  <p, 
we  are  dealing  with  a  case  of  tbe  example  in  §  49.  We  have,  pro- 
ceeding  as  there, 

177)  H-ml'j^  +  ii,!'-!,')}-«, 
and  eliminating  <p', 

na)    T'-'^"i^a"+n")-i(<i?-ii'y} +  £,-,< 

from  which  we  form 

*-?{iff"+V')-T«-W}  +  !(<ii,-SV)-dn»- 

In  order  to  form  the  differential  equations  for  the  motäon  of  £>  tj, 
we  have  by  differentiation 

179)  '  ' 

ST"-!  (2(^-N)J  -y 

and  negk'cti.Lur  the  Squares  and  producta  of  the  small  quantities  £,,  y 
and  £', j/,  which  are  small  at  tbe  same  tirae, 


ISO' 
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Proce  (Kling   in   the   same   manner    for   ij,   we   liave   with    the 
degree  of  approximation 


JjW~  9.    y 


181) 


3? 


If  W  is  the  potential  energy  (there  being  no  apparent  potential 
energy  due  to  the  cyclic  motion.  since  the  part  C  is  liere  Konstant), 
the  equations  of  motion  are  accordingly, 


Thus    the    gyroscopic    terms    in  c  have   the  propurty   proved    in  172). 
If  there  is  no  potentia]   energy,    the  gyroscopic  forces    cause  the 
motion  to  be  of  such  a  nature  that 

8" r  +  v" v  =  o,   Yi"a+n"'  =  i p YH'+n" . 

that  is  the  acceleration  is  perpendicular  to  the  velocity,  and  pro- 
portional to  it.  Under  these  circumstances  the  motion  is  uniform 
circular  motion.     In  fact  the  equations  are  satisüed  by 

£  =  Acoapt,  .>,. 

183)  W  =  0,  .    .'    p=  %• 

ij  =  Asm.pt,  »»( 

Thus   the   circle,   whatever   its   size,   is   described   in  the   same   time 

>   which  is  invorsuly  proportional  to  the  momentum  of  the  cyclic 

motion.  We  may  describe  the  effect  of  the  gyroscopic  forces  in 
general  for  a  System  with  two  degrees  of  freedom  by  saying  that 
they  tend  to  cause  a  point  to  Teer  out  froni  its  path  always  toward 
the  same  side.  This  effect  äs  characteristic,  and  cannot  be  imitated 
by  any  arrangement  of  potential  energy  whatever.  By  the  aid  of 
this  principle  all  the  motions  of  tops  and  gyrostats  may  be  explnined. 

51.  Cyclic  Systems.     A   system   in   whieh  the  kinetic  energy 
is    represented    with     sufficient    approsimation    by     a    homogeneous 

quadratic  Function  of  its  cyclic  velocities  is  calied  a  Cyclic,  System. 
Of  course  the  rigid  expression  of  the  kinetic  energy  contains  the 
veJociiies  of  every  coordinate  of  the  system,  cyclic  or  not,  for  no 
mass  can  be  moved  without  ad  ding  a  certain  amount  of  kinetic 
energy.  Still  if  certain  of  the  co ordinales  change  so  slowly  that 
their  velocities  may  be  neglected  in  comparison  with  the  velocities 
of  the  cyclic  coordinates ,  the  approximate  coudition  will  be  fulfilled. 
These  coordinates  define  the  position  of  the  cyclic  Systems,  and  may 
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be  called  t.lie  posiliuml-  cooni-htales  or  -paramdos  of  the  system.  In 
tlie  example  of  §  48  if  we  suppose  the  radial  motion  to  be  so  slow 
that  we  may  neglect  rfi  in  comparison  with  r^ip'2  we  have 

184)  T=\mrt<pn, 

and  the  System  is  cyclic,  r  being  the  positional,  tp  the  eyclic  co- 
ordinate.     in    the    rase    of    a    li 


quid    cireulating    through    an 
rubber    tube,   the  positional  coordinates   would  specify  the    shape  and 


onal  coordinates   will  be  disth.i.guished 

not  being  marked   with  a  bar.     The 

.c  System  will  accordingly  be,    for    all 


position  of  the  tube.  The  positi 
from  the  cyclic  coordinates  by 
analytical  conditions  for  a  cycli 
coordiiifit.es.  eirlier 

,„.>  dT       _  ZT  n 

18o)  WT'=       or    Wä~'=P'=   ' 

or  if  we  use  the  Hainiltonian  equations  78)  §  39  with  the  value  of  T 
obtained  by  replacing  the  velocities  by  the  momenta,  which  we  shall 
denote  by  Tp,  since  the  non-cyclic  momenta  Yanish 

dT„  STn 

186)  ^-2  =  0,     and     ^J-  =  0, 

'  <?P,  ß%i 

for  the  cyclic  coordinates,  as  hefore.  We  accordingly  have  for  the 
external  impressed  forces  tendiug  to  increa.se  the  positional  coordinates,, 
by  §  37,  60),  §  39,  80)  respectively,  the  ürst  terra  vanishing, 

187)  f,-P,--i5'T-^-^+g,1) 
and  for  the  cvelie  coordinates 

m  *-£{%-%■ 

A  motion  in  which  there  are  no  forces  tending  to  charxge  the 
cyclic  coordinates  is  called  an  adiubaüc  motion,  since  in  it  no  energy 
enters  or  leaves  the  System  through  the  ci/clic  coordinates.  (It  may 
do  so  through  the  positional  coordinates.)  Accordingly  in  such  a 
motion  the  eyclic  momenta  remain  constant,  The  case  worked  out 
above  was  such  a  motion. 

In  adiabatic  motions  the  cyclic  velocities  do  not  generally  remain 
constant.  In  the  above  example,  for  instance,  the  cyclic  velocity  f' 
was  g'iven  by 

A  motion  in  which  the  cyclic  velocities  remain  constant  is  called 
isooycHc 


parentliesis  becomea   T' —  2T=—  Tp. 
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The  motion  of  a  particle  relativ ely  at  rest  upon  the  surface  of 
the  eartk  is  isocyclic,  taking  account  of  the  eartli's  rotation. 

In  auch  a  motion  the  eyclic  m Omenta  do  not  generally  remain 
constant,  but  forces  have  to  he  applied. 

In  the  example  of  the  bead  on  the  revolving  rod  if  r  varied 
forces  would  have  to  be  applied  to  fche  rod  to  keep  the  rotation  <p' 
constant. 

If  the  motion  is  isocyclic,  the  only  variables  appearing  in  T  are 
the  q's,  the  positional  coordinates.  The  positional  forces,  187),  are 
then  derivable  from  a  force-function  W  —  Tv),  so  that  even  if  the 
System  possessed  no  potential  energy,  it  would  appear  to  posaees  an 
aniount  of  potential  energy  —  T.  If  the  motion  on  the  other  hand 
is  adiabatic,  the  energy  in  the  form  TP  again  contains  as  variables 
only  the  coordinates  </,,  and  the  positional  forees  are  now  denvable 
from  the  force-function  Tp  +  W,  so  that  in  this  case  a  System 
without  potential  energy  would  appear  to  eontain  the  amount  of 
potential  energy  +  Tp.  In  this  manner  we  are  enahled  to  explain 
potential  energy  as  kinetic  energy  of  concealed  eyclic  niotions,  thus 
adding  nuiterially  to  our  eoneeptions  of  the  nature  of  force.  For  it 
is  to  be  noted  that  kinetic  energy  is  an  entity  depending  only  on 
the  property  of  iiiertia,  which  is  possessed  by  all  bodies,  white 
potential  energy  is  a  term  employed  only  to  disgnise  our  ignotance 
of  the  nature  of  force.  Aeeordingty  when  we  are  able  to  proeeed 
to  an  explanation  of  a  static  force  by  means  of  kinetic  phenomena, 
we  have  inade  a  distinet  advance  in  our  knowledge  of  ihu  subjeet. 
A  striking  example  is  furnished  hy  the  kinetic  theory  of  gaset,  by 
means  of  which  we  are  enahled  to  pass  from  the  bare  statement  that 
all  gases  press  against  t.heir  eonhning  vessels  to  the  statement  that 
this  pressure  is  due  to  the  impact  of  the  molecules  of  the  gas  agaiiist 
the  walls  of  the  vessel. 

52.  Froperties  of  Cyclic  Systems.    Reciprocal  Relatious. 

Since  by  the  properties  of  the  kinetic  energy  we  have  three  differeni 
kinds  of  quantities  represented  by  partial  derivatives  of  one  or  the 
other  of  two  funetions, 

ST       -         BT       „        oTP       ^,       BT« 
189)         P.  =  -  Wf>     fr  =  W;     P.  =  J^>     i.  =  d-Pt > 

applving  the  principle  that  a  derivative  by  two  variables  is  iudependerd 
of  the  order  of  the  differentiations  we  obtain  six  reciprocal  theorems. 
We  shall  throughout  suppose  that  there  is  no  potential  energy. 

1)  The  reaaon  for  the  appeamnee  of  W  witii  the  positive  sign  is  that  as 
expluined  in  s  3T,  ~I't  ilenot«s  the  exumal  impressed  i'orces,  which  in  the  case 
of  equilibrium,  ai'e  equal  and  oppoxite  to  tii«  inteniitJ  fortta  given  by   W. 
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Ia.  In  an  adiabatie  motion  if  an  increase  in  one  positional  co- 
ordinate  qr  causes  an  increase  in  the  impressed  force  Pa  beianging 
to  another  positional  coordinate  g,  at  a  certain  rate,  then  an  increase 
in  the  positiona]  coordinate  qs  causes  an  increase  in  the  impressed 
force  P,.  at  tlie  same  rate.     For 

SP,        os  T„        dPr 

Ib.  In  an  isocyclic  motion  we  have  the  same  property  as 
above.     For 

dP,  d*T        dPr 

IIa.  If  in  any  motion  an  increase  of  any  cyclic  in  Omentum  pr, 
the  positional  coordinates  being  unchanged,  causes  an  increase  in  a 
cyclic  velocity  q'  at  a  certain  rate,  then  an  increase  in  the  m Omentum  ~p.„ 

the  positional  coordinates  beijig  imclianged,  causes  an  increase  in  the 
velocity  7jJ  at  the  same  rate.     For 

'~P,-  Cp/'-Ps  ''P,, 

üb.  If  in  any  motion  an  increase  in  any  cyclic  velocity  qr',  the 
positional  coordinate;;  heilig  unchangod,  causes  an  increase  in.  a  cyclic 
momentan  p„  then  an  increase  in  the  velocity  </.,'  causes  an  increase 
in  the  momentum  pr  at  the  same  rate.     For 
dps  0S  T         apr 

>  d<tr~  H'rH's~  %', 

lila,  If  an  increase  in  one  of  the  cyclic  momenta  pr,  the  posi- 
tional coordinates  being  im c  1  lange d,  causes  an  increase  in  the  impressed 
force  Pj  necessary  to  be  applied  to  one  of  tlie  positional  coordinates  q, 
(in  order  to  prevent  its  changing),  then  an  adiabatie  increase  of  the 
positional  coordinate  qs  will  cause  tho  cyclic  velocity  qj  to  increase 
at  the  same  rate.     For 

BP,         cs2p        d7('r 
'  dpr       Sprdqs        Wqt 

Illb.  If  an  increase  in  one  of  the  cyclic  velocities  qr',  the  posi- 
tional coordinates  being  unchanged,  eaases  an  increase  in  the  impressed 
force  JP,  necessary  to  be  applied  to  one  of  the  positional  coordinates  q, 
(in  order  to  prevent  its  changing),  then  an  isocyclic   increase  of  the 

positional  coordinate  q,  will  cause  the  cyclic  momentum  pr  to  dwrwsc 
at  the  same  rate.     For 

cl\  ciT  dpr 
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53.  Work  done  by  the  Cyclic  and  Positional  Forces. 

I.  In  an  isocyelic  motion,  the  work  done  hj  the  cyclic  forces 
is  double  the  work  done  by  the  sysran  agai-ml  the  positional  forces. 
In  such  motions  the  energy  of  the  System  accordingly  increases  by 
one-half  the  work  done  hy  the  cyclic  forces,  the  other  halt'  being 
given  out  against  the  positional  forces.  For  if  we  use  the  energy 
in  the  form 

we  have  in  any  change 

190)  ÖT-=  ^-yj(qjd'lh  +p.8q.'), 

and  in  an  isocyelic.  change,  evury  äq,'  vanishing, 

187)  ST-  l-^g.'Sp,. 

Rnt  since 

198)  -*1  =  P„  3p,  =  PtSt,     and  since     g,'  =  -J^,    q,1  dt  =  Öqa, 
and  the  above  expression  for  the  gairi  of  energy  hecoraes 

199)  ÖT  =  ±yiqJPt8t  =  {N  P.Sq,. 
But  the  work  done  by  the  cyclic  forces  is 

200)  #2=2^.*?*  =  8*r. 

Therefore    the   last   part   of  the   theorem   is  proved.     Again,  in  any 
motion, 

20!)  ST-^S^+^H, 

and  in  an  isocyelic  motion, 

202)  ST  =  yilTSqs. 
But  since  the  work  of  the  positional  forces  is 

203)  SA  =2  p**9'  =  "2  TT  8q'  =  ~~  ST' 

the  first  part  of  the  proposition  is  also  proved. 

IL  In  an  adiahatie  motion,  the  cyclic  veloeities  will  in  general 
be  changed. 

Then  they  change  in  such  &  way  that  the  positional  forces 
caused  hy  the  change  of  cyclic  velodtios  opposo  the  motion,  tha.t  is, 
do   a  positive   amount   of  work.     For  since  for  any  positional  force 
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P  =  -  **t 
the  change  due  fco  the  motion  is 
204)       aP,--^--yrJ'T  Sqr-y-^,SqJ. 

Of  this  the  part  due  to  the  change  in  the  eyclic  velocities  is 

206)  ^.-^8S'*,S,-2^* 

and  the  vrork  done  by  these  forces   is 

206)  djA  =  yjd7Ptdqt  =>-'Sj'S±-^iqf&y. 

Now  we  have  for  any  motion 

207)  sir.^;si,+^s,:, 

and  in  an  adiabatic  motion   this  is  zero,  so  that 

208)  ^  "dg  '«•  =  S  W  **'" 

Substituting  this  in  the  double  sum  206),  we  get 

209)  s-,  A -_2^ 5T; Si! Si;  ~22  e"ä**' *»'• 

But  this  exprcssion  represents  [§  '-i6,  35)]  twice  the  energy  of  a 
possible  motion  in  wliich  the  velocities  would  be  dqj,  and  mnat 
therefore  be  positive  for  all  values  of  d'qj,  Sgr'. 

Accorrlingly  d-A>0. 

The  interpretation  of  this  tlieorem  for  electrodvnamics  is  known 
as  Lenz's  Law1),  namely,  an  electrieal  current  being  uopreseuted  by 
a  eyclic  velocity,  and  the  shape  and  relative  position  of  the  cirenits 
by  positional  coordinates,  if  in  any  System  of  eonduetors  carryäng 
currents,  the  relative  positions  of  the  eonduetors  are  changed,  tho 
induced  currents  due  to  tlie  motion  of  the  eonduetors  are  so  directed 
as  by  their  rnagnetic  aetion  to   oppose  tlie  motion. 

54.  Examples  of  Cyclic  Systems.    Let  ns  consider  the  esample 
of  equation  184)  as  illustrafcing  the  previous  theorems. 
We  have  for  the  momenta 

ST      ,      -         3T  ,,   , 

Pr  =  jpr  =  0,    P/p  =  j— -,  =  mr4(p , 


1)    These    Theorems    are    all   givou    by   Hertz,    Prinzipien    der    Mechanik, 
§§  568  —  583. 

WEBSTEE,  Dynamics.  13 
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and  introducing  these  instead  of  tbe   veloeities 

210)  T'-*t?H- 
We  have  for  tlie  positional  foree 

211)  Pr  =  --g-  =  -mr^s=-g^: ShW- 

This  being  negative  denotes  that  a  force  P,.  toward  the  asis 
raust  be  impressed  on  the  niass  m  in  order  to  maintain  the  cyclic 
state.  This  may  be  accoiiiplished  by  moans  of  a  goomctrical  constrn int-, 
or  by  means  of  a  spring.  The  force  or  reaction  —  P,.  which  the 
iriasä  in  exerts  in  the  direction  from  the  asis  in  virtuu  of  the  rotation 
is  the  so-called  cent  rii'ugal  force.  We  see  that  if  the  raotion  is  iso- 
cychc,  the  positional  foree  increases  with  r,  while  if  it  is  adiabatic. 
as  in  the  ease  worked  out  above,  it  decreases  when  r  increases.  The 
verification  of  the  theorems  of  §  52  is  obvious.     The  cyclic  force 

vanishes  when  the  rotation  is  uniform,  and  the  radius  constant.  If, 
the  motion  being  isocyelie,  that  is,  one  of  uniform  angular  velocity, 
the  body  moves  farther  from  the  axis,  Py,  the  cyclic  force  is  positive, 
that  is,  unless  a  positive  force  P,,,  is  applied,  the  angular  veloeity 
will  diminish.  In  moving  out  from  rt  to  ra  work  will  be  done 
against  the  positional  force  Pr  of  amount 

212)  -A=  -fPrär  =  m<p's  frdr  =  ^(r^-r,3), 

while  the  energy  inoreasea  by  the  same  amount. 

Thns  tbe  irrst  theorem  of  §  53  is  verifled.  If  the  motion  is 
adiabatic, 

p9  =  mr3(p'  =o. 

If  tbe  body  moves  from   the  axis,   cp'  will  accordingly  decrease, 

213)  rld<p'  +  2rtp'Ör  =  0. 

The  change  in  Pr  due  to  a  displacement  dr  is,  by  211), 

214)  ÖPr m(tp'*Sr+  2rq>'S<p'), 

of  which  tbe  part  containing  Ö  q. ', 

215)  dy'P,.  =  -2mrtp'd(p' 
does  the  work 
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216)  dfA  =  dy-Prär  -  -  2mr<p' 8<p'8r, 
or  by  213), 

217)  Sv-A  =  mr'8<p'a, 

whicb  is  positive,  illustrating  Theorem  II,  §  53. 

A.  further  example  is  found  in  the  motion  of  the  following 
System.  Two  partieles  of  equal  masses  m  are  fastened  to  a  rod  of 
Leiig'tLi  2a  pivoted  at  its  central  point  upon  an  axis  fastened  to  the 
horizontal  rod  of  the  previous  example  at  a  distance  h  from  the  axis 
of  rotation  in  such  a  way  that  the  two  masses  can  move  in  the 
vertical  plane  coutainmg  the  axis  of  rotation.  The  inclination  of  the 
pivoted  rod  to  the  vertical  heing  &,  the  distanees  of  the  partieles 
from  the  axis  of  rotation  are  respectively 

t\  =  b  -\-  a  sin  &,    rt  =  b  —  a  sin  &. 
The  system  is  fully  speeified  hy  the  coordinates  &  and  tp,   the  latter 
having  the  same  meaning  as  before. 

It  is  evident  that  the  kinetic  energy  is  given  by 

218)  T=  ~  {fiV"  +  fiV1  +  2as*'2] 

=  m{(l*  +  a*  sina »)  tp' a  +  a%9,s}, 
so  that  tp  is  again  the  eyclic  coordinati.1.1; 
To  find  the  change  of  %  we  have 

ja-«,-  =  2mas*',     jj  =  2masg)'ssind'COS'&, 

giviug   us  the  dilT'erentutl  equation, 


If  the  motion  is  isoeyclic  tp  is  constant,  and  since  the  angular 
acceluration  ,  s  vanishes  when  &  equals  zero  or  y>  we  8ee  *hat  ^ne 
rod  carrying  the  partieles  will  remain  at  rest  relatively  to  the  hori- 
zontal rod  in  either  a  vertical  or  horizontal  position.  It  is  easy  to 
see  that  the  vertical  position  is  one  of  unstable  equilibrium,  for, 
writing   the  eqnar.ion    i'Oi.M 

220)  ^P-y-'rinS«-, 

we  see  that  if  #  be  slightly  different  from  zero,  #  will  tend  to  become 

still   greater   in   absolute   value.     Writing   however   &  =  ~2 &    the 

equation  becomes 

221)  ^Sp—fmai»'. 


1)  The  system  is  eyclic  if  we  ccgleet  tri 
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If  &'  is  sli^htly  liilTermtt,  from  zero,  it  will  accordingly  tend  to 
approach  the  vahie  zero,  so  that  the  horizontal  position  is  stable. 

A  body  moving  according  to  the  differeuthil  etpiation  221)  is 
called  by  Thomson  and  Tait1)  n  qundrai/lai  prmhttmii,  snice  #  ehauges 
"  accoxdmg  to  the  same  law  with  reference  to  a  quadrant  Ou  each 
side  of  its  position  of  equilibrium  as  the  common  pendulnm  with 
reference  to  a  half-circle  on  each  side",  or  in  other  words,  in  the 
ordinary  pendulurn  the  aceeleration  is  proportional  to  the  sine  of 
the  angle  of  deviation  from  equilibrium,  and  in  the  quadrantal  to 
the  sine  of  twice  the  angle.  The  small  oacülation  performed  by  the 
bar  will  be  harmonic  with  the  frequeney  —  ■  Here  we  liave  an  ex- 
collent  example  of  an  appaxent  potential  energy   which  is  really  kinetic. 

1)  Thomson  and  Tait,  Hat.  Phil,  §  323. 
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TRANSLATION*  AND  ROTATIONS. 


CHAPTER  YI. 


SYSTEMS  OF  VECTORS.     DISTRIBUTION  OF  MASS. 
INSTANTANEOUS  MOTION. 

55.  Translations  and  Rotations.  A  rigid  body  or  system 
of  material  particles  is  one  in  which  the  distance  of  each  point  of 
the  System  from  every  other  is  invariable.  Its  position  is  known 
when  the  positions  of  any  three  of  its  points^are  known,  for  every  A^vf* 
point  is  detennined  by  its  distances  from  three  given  points.  These 
three  points  have  each  three  coordinates,  but,  since  there  are  three 
couditions  between  them,  defining  their  mutual  distances,  there  are 
only  six  indcpmdent  coordinates.    Tims,  a  rigid  body  has  ,s7,r  coordinates. 

A  rigid  body  may  evidently  be  displaced  in  stich  a  manner  that 
the  displacement  of  every  point  is  represented  by  equal  vectors,  that 
is    equal    in    length    and    parallel.      Snch    a    dis- 
placement   is    called    a    translation,'   and,    being 
represented  by  a  free  vector,  has  three  coordinates. 

A  rigid  body  may  also  evidently  be  displaced, 
so  that  two  given  points  in  it,  A  and  B,  remain 
fixed.  Since  any  point  P  must  move  on  a  sphere 
of  radius  BP  about  B,  and  also  on  a  sphere  of 
radins  AP  about  A,  the  locus  of  its  positions  is 
the  intersection  of  the  two  spheres,  that  is  a  circle 
whose  plane  is  perpendicular  to  the  line  AB,  and 
whose  radius  CP  is  the  perpendicular  distance 
from  P  to  the  line  AB.  If  this  is  zero,  the 
point  does  not  move,  therefore  all  points  on  the 
line  AB  remain  fixed.  The  displacement  is  called 
ü  rotation  and  the  line  All,  the  axis  oi'  rotation. 
speeified  if  we  know  the  Situation  of  the  line  AB  and  the  magnituds.1 
of  the  angle  PCP',  or  the  angle  of  rotation. 

A  line  may  be  speeified  by  giving  the  two  pairs   of  coordinates     ,\'**freewt/ 
of  the   points    in   which    it  intersects  two  of  the  coordinate  planes. 
A   line  has   thus  four  coordinates,   and  a  rotation,  five,   —  the  four 
of  the  axis  together  with  the  magnitude  of  the  angle. 


The  rotation  is 
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Any  displacement  of  a  rigid  body  raay  be  brougkt   about  in  an 

indefinite  number  of  ways.    Let  three  points  A  BC  (Fig.  40)  be  displaced 

to    Ä'B'C.     We    may    Bist 

A^  give    the    body  a   translation 

,//'\  X"~"~~^  defined   by   the   vector  AA'. 

X  /   \     "\  ^^>C   Tbis  will  bring  B  to  Bt  and 

X        I      \  >X  G  to  C\.     Then   through   Ä 

jS  /[^       r"  ~?C'         pass    an    axis    perpendicular 

yA\     /S  jS  to    the    plane    B^^A'B',    and 

/      ^xT  ,/  rotste   the   body   about   thia 

,■■'       ^v  y'  axis  through  theaDgIei^-4'.Z?'. 

jj^^ -Vf  This  brings  B1  to  B'  and  (7, 

i.'jg.  40.  to  a  new  position  C2.   Finally 

rotate    the   body  about  A'B' 

until  Ga  arrivea  at  C".     We  have  fchus   brought  about    the  given  dis- 

placemeut   by   means    of   a    succession   of  translations   and   rotations. 

Evuk'.utly  the  order  of  these  may  be  varied.     Accordin^iv. 

Any  displacement  of  a  rigid  oody  may  he  mlitm'l  to  a  succession 
of  translations  and  rotations. 

We  have  seen  that  a  translation  may  be  represented  by  a  free 
vector,  a  rotation,  by  a  vector  that  must  give  the  axis  and  the  angle. 
If  we  agree  to  draw  the  vector  in  the  axis,  and  make  its  lengtli 
numerically  equal  to  the  angle  of  rotation,  it  will  completely  specify 
the  rotation,  if  we  adopt  a  Convention  about  the  direction  of  rotation, 
This  shall  be  that,  if  the  rotation  is  in  the  direction  of  the  hands 
of  a  watch,  the  vector  shal.I  point  froin  face  to  back  of  the  watch. 
Vector  and  rotation  correspond  then  to  the  translation  and  rotation 
in  the  motion  of  a  eork-screw,  or  any  right-handed  screw.  As  the 
vector  may  be  placed  anywhere  along  the  axis,  but  not  out  of  it, 
it  has  five  coordinates,  and  may  be  charaeterized   as    a  slklhvj  vector. 

Translations  are  compounded  by  the  law  of  addition  of  vectors. 
The  resultant  of  two  rotations  about  the  same  axis  is  evidently  the 
algebraic  sum  of  the  individual  rotations.  The  resultant  of  a  trans- 
lation and  rotation  is  evidently  independent  of  the  order  in  which 
they  take  place. 

The  resultant  of  a  rotation  and  a  translation  perpendicular  to 
its  axis  is  equivaleut  to  a  rotation  about  a  parallel  axis,  for  it  is 
evident  that  all  points  move  in  planes  perpendicular  to  the  axis,  and 
that  the  motions  of  all  such  planes  are  alike,  or  the  motion  is 
aniplanar. 

Now  the  motions  of  any  two  points  in  a  plane  determiue  the 
motion  of  the  plane  parallel  to  itself. 
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liOT.vnoiss  Aiiori  parallel  axes. 


From  0  (Fig.  41)  lay  off  tlie  translation  vector  00'  of  length  x  and 
find  a  point  C  on  tlie  perpendicular  bisecting  00'  which  makes  the 
äugle  OCO'  equal  to  to,  the  angle  of  rotation,  and  in  tke  right  sense. 
Then  if  OC  be  rotated  about  0  fchrough  the  angle  ra  to  G'  and 
then  C  be  moved  by  the  translation  it  will 
retnm  to  C.  Therefore  the  point  G  remains 
fixed,  and  is  the  Center  of  rotation,  and 
thus  the  rotation  o  about  C  is  equiYalent 
to  the  eqnal  rotation  about  0  together  with 
the  translation, 

1)  r  =  2ÖCsm~! 
and  if  p  is  the  perpendicular  from  G  to  00',         j 

(O  t  0)  C 

2)  p=  OCcos  .,  -  -      cot--- 

56.  Rotations    about   two  Parallel   Axes.     As   betöre    the 
motiou  is  uniplanar  and  is  specified  by  two  points.  Let  A  and  B  (Fig.  42"; 
be  the  intersections  of  the  axes  with  the  plane  of  the  paper  perpen- 
dieular to  them.     Turn  about 
.1    through    the    angle    ra1, 
bringing  B  to  B'.    Then  turn 
about  B'  througli  the  angle  raä, 
bringing  A  to  A'.    Bisect  a, 
by  AG.    B  could  be  brougbt    a^ 
to  B'  by  rotation  about  any 
point  of  AG,   since  all  such 
points    are    equidistant   from 
BB'.     Bisect    ra2    by    B' D. 
A    eould   be   brought  to  A' 
by 'rotation  about  any  point 

in  .B'-D.  Therefore  the  motion  Kg.  is. 

of  A  and  B  could  be  produeed 

by  a   Totation    about  0,    the    intersection  of  AG  and  B' D.     Triangle 
AOA'  is  isosceles. 

Angle  AOD  =  angle  OAB'  +  angle  AB'O  =  Ä  +  ^, 

Angle  4(U'  =  2  -  angle  ,401)  =  co1  +  ©,, 
that  is,    two    rotations  about  parallel    axes  Compound  into  a  rotation 
equal    to    their   algebraic    sum    about   a   parallel  axis.     To    find    the 
position  of  this  axis  we  have 

,.  OB'   _    OÄ    _         AB 


If  the  order  of  rotation  is  chaaiged  we  obtain  a  differmt  result. 
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If  the  rotations  w1  and  ms  are  of  opposite  signs  and  of  equal 
magnitudes,  the  intersection  of  the  two  bisectors  is  at  infinity  and 
the  axis  of  rotation  is  thus  at  infinity.  A  motion  about  an  infinit ely 
di stsint  axis  is  a  transhi.tion.     The  direct  proof  is  as  follows. 

Let  A   tae   the   center   of  rotation  <o,  hringing  B  to  B'.     Then 
rotate    aboat    B'  through    an    equal    angle    in   the    opposite  direetion, 
hringing  A   to    A'.     Triangles 
ABB'  and  AA'B"   have  AB' 
common,  and  AB  =  A'B'  and 
the     included     angles     equal, 
therefore    AA'    and    BB'    are 
equal    and    parallel    and    two 
points     —     consequently     all 
points  —  have  moved  parallel 
to  each  other  the  same  distance.     The   motion   is   therefore   a  trans- 
lation of  magnitude, 

4)  t  =  2Ä~Bsm  -y- 

Atvonlhif/b/  crerij  Ircmslalion  may  he  decoinposed  hifu  rotations,  and  we 
may  reduce  all  displa-ccments  to  rotations. 

57.  Rotations  about  Intersecting  Axes.  Infinitesimal 
Rotations.  Let  OA  and  OB  he  two  intersecting  axes  about  which 
we  revolve  the  hody  through  the 
angles  mt  and  a.2  respectively. 
Descrihe  a  spherewiththecenterO. 
Let  the  rotation  ca1  about  A  briug 
B  to  B',  and  w2  about  B'  bring 
A  to  A'.  Pass  planes  through 
the  vertices  bisectiug  the  angles  as 
and  oiä,  then,  as  in  §  56,  the 
displacement  just  given  is  equi- 
valent  to  a  rotation  about  the  line 
of  intersection  CO  of  these  planes. 
The  order  of  the  rotations  affects 
the  result. 

Since  AG  bisects  the  angle 
BAB'  and  the  epherical  triangle 
BAB'  is  isosceles, 

angle  ABC  =  angle  AB'G  =  — ■ 

Thus  the  resultant  rotation,  ra  =  angleACA'  =  angle  BGB'. 

Angle  ACE=  angle  B'CD  =  angle  _DOB  =  — ■ 
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In  the  spherieal  tria-nglc  ABC  we  have 


5)  sin  COB        sin  GOA        sin  AOB 

The   preceding   results    are   much  simplified   if  the   rotations  are 
infinitely  small. 

We  sliall  first  prove  that  two  equal  infinitely  small  rotations  in 
the  sanie  sense  ahout  axes  infinitely  near  each  other  may  he  regarded 
as  equal.  Suppose  the  axes 
first  parallel,  and  perpendic- 
ular  to  the  paper  which  they 
cut  in  A  and  B.  Let  a  point  F 
be  rotated  ahout  A  through 
the  angle  da  to  P\  and 
through  the  same  ann'le  ahmii. 
B  to  P".  The  arcs  PP' 
and  PP"  differ  hy  the  arnonnt  äräm,  if  dr  is  the  difference  between 
AP  and  BP.  They  are  inclined  to  each  other  at  an  infinitely  small 
angle  BPA,  and  as  the  sides  PP'  and  PP"  are  infinitely  small,  and 
differ  by  an  infinitely  small  quantity  of  the  seeond  order,  p'P"  is  of 
the  seeond  order.  If  the  axes  are  inclined  to  each  other  at  an 
infinitesimal  angle,  there  is  a  third  component  C 

perpendieular  to  P'P",  which  is  litewise  of  the 
seeond  order.  Therefore  the  l.heorem  is  proved. 
The  theorem  of  rotations  ahout  intersecting 
axes  may  then  he  stated.  Two  infinitesimal 
rotations  ahout  intersecting  axes  are  equivalent 
to  a  rotation  about  an  axis  in  their  plane, 
the  order  of  rotations  being  immaterial.  To 
find  the  position  of  the  axis  of  the  resultant 
rotation,  we  have,  hy  5) 


6) 


1)007,*  " 


ii.  COA 


If  we  lay  off  on  the  axes  OA  and  OB  (Pig.  46)  lengths  OP 
Lind  OQ  proportional  to  the  rotations  dm1  and  i7%,  the  above  equa- 
tions  show  that  00  is  in  the  direction  of  the  diagonal  of  a  parallelo- 
grani  constmeted  on  OP  and  OQ  as  sides  and  the  resultant  rotation  da 
is  proportional  to  the  diagonal  OR. 

Therefore  the  resultant  of  two  infinitesimal  rotatioriB  whose  axes 
intersect  is  founcl  by  the  parallelogram  construetion,  or  by  the  law 
of  addition  of  vectors.  This  process  may  be  extended  to  any  number 
of  infinitesimal    rotations  whosc  axes  intersect. 
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The  theorem  rcgarding  rotations  ftbout  parallel  axes  becomes: 
Infinitesimal  rotations  about  two  parallel  axes  Compound  into  a 
rotation  about  a  parallel  axis  lying  in  tlieir  plane.  We  have  for  its 
Position  by  3), 

ahowing  tliat  tlie  point  of  application  of  the  resultant  is  at  the  center 

of  mass  of  masses  proportional  t.o  the  compone.ut  rotations  placed   at 

fcheir  points  of  application. 

If  vectors  repreeentrng  :oL  and  a.2  are  laid  off  anywhere  on  their 

axes,    the    position    of   the    axis   0    may   be    found  by  the    following 
construction.     At   A   a    point 
jy  on  the  axis  of  rotation  mx  lay 

off  AR  =  <aa  and  at  B  at  a 
point  on  the  axis  of  rotation  s>% 
in  the  opposite  äirection  B8=id1. 
Join  R  and  8,  and  where  this 
atraight  line  B  S  cnts  A  B, 
draw  OT  parallel  to  AR,  BS 
equal  in  length  to  cai  +  e>2.  For 
OA        Ali        cas 


The    construction    (Fig.  47) 
same   sign,   the   resultant  co1  +  ' 
If  m,   and  ©, 


as  required  by  7). 
;  that  if  aL  and  <a2  have  the 
its  axis  0  between  A  and  B. 
of  opposite  signs  the  same  construction  may 
be  used  (Fig.  48),  bat  0 
is  on  AB  produeed  and 
on  the  side  of  the  greater 
rotation.  If  co1  =  —  ra2 
evidently  0  is  at  infmity 
and  m  =  0.  The  resultant 
.is  then  a  transliif.ion  per- 
i.'i.'.u.uirvilar  to  the  plane  of 
the  two  axes,  and  its 
.Hia^nitude  i  is  by  4)  eqnal 
to  mm1  times  the  perpen- 
dicnlar  distance  between 
i.iie  axes. 

58.  Vector - couples.  A  pair  of  eqnal,  parallel,  oppositely 
directed,  sliding  vectors  will  be  called  a  vector -couple.  A  rotation 
vector-couple  is  thus  equivalent  to  a  translation  perpendicular  to  its 
plane,    equal  to    the   product    of  the  length   of  either  vector  by  the 
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pcrpendieulav  distance  between  their  lines,  or  tlie  arm  of  tlie  eouple. 
This  product  is  called  tlie  moment  of  the  eouple. 

Two  eouple  s  whose  planes  are  parallel  give  rise  to  parallel 
rrnnsliüions,  and  if  their  moraents  are  equal,  to  erpia!  Iran  slat  ums. 
Therefore  a  rotation-  eouple  may  be  displaced  without  altering  its 
effect,  if  its  plane  is  kept  parallel  to  itself  and  its  moment  is  un- 
changed. 

A  vector-couple  may  then  be  represented  by  a  single  vector 
perpendicular  to  its  plane,  whose  lei.igt.li  is  equal  to  the  moment  of 
tlie  eouple.  Its  direetion  will  be  governed  by  the  same  Convention 
as  before,  namely,  the  vector  moment  is  to  be  drawn  in  stich  a 
direetion  that  rotation  in  the  directiou  of  tlie  eouple  and  translation 
in  that  of  tlie  moment  correspond  to  tlie  motion  of  a  right-handed 
screw. 

Moments  will  "be  represented  by  heavy  vectors.  The  moment  of 
a  vector-couple  is  a  free  vector,  hence  the  eomposition  of  eouplcs  is 
simpler  than  that  of  the  slide-vectors  themselves. 

We  may  now  state  the  theorem  of  the  general  infinitely  small 
displacement  of  a  body  as  follows:  The  infm-Udy  small  äispUtcancvf 
nf  a  hody  map  be  reduml  to  a  iranslation  a-ntl  a  rotation,  or  in  oflier 
ivords  to  a  rotation  and  a  rotation-coxvße.  The  choiee  of  components 
may  be  made  in  an  infinite  number  of  ways. 

59.   Statics  of  a  Rigid  Body.      Two    equal,   parallel,    opposi- 

tely  directed  forces  applied  to  a-  ri^id  body  in  tlie  same  line  are  in 
aquilibrium.  For  otherwise  they  can  produce  only  distortion  or 
motion.  Distortion  is  exeluded  aecording  to  the  definition  of  a  rigid 
body.  They  satisfy  the  condii.ions  oi'  ei-pülibrium,  §  32,  for  if  applied 
at  the  center  of  mass  they  are  in  equilibrium,  and  their  moments 
about  an/)  point  are  equal  and  opposite.  Aecordingly  a  force  applied 
to  a  rigid  hody  may  be  applied  at  any  point  in  its  line  of  direetion 
without  change  of  effect.  Thus  forces  applied  to  a  rigid  body  are 
not  free,  but  are  sliding  vectors  (five  eoordinates).  (This  is  not  a 
property  of  forces,  but  of  rigid  bodies.)  Forces,  whose  lines  of 
direetion  hrtersect,  may  be  applied  at  the  point  of  intersection  and 
compounded  by  the  mle  of  vector  addition. 

I     * 

69a.   Parallel  Forces.    Force  -  couples.     Let  AM  and  tfQ 

(.f'ig.  49)  represent  two  parallel  forces  applied  to  a  rigid  body  at  A 
and  B.  Introdnce  at  A  and  B  two  equal  and  opposite  forces  AR 
and  ßS  of  any  magnitude  in  the  line  Aß.  These  being  in  equili- 
brium  do  not  affeet  the  System.  Find  the  resultant  of  AP  and  All 
by  the  parallelograni ,  giving  AC,  also  of  BQ  and  BS  giving  BD. 
All  these  forces    are    coplanar,    therefore    the    lines  AC  and  BD   will 
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meet  at  J5,  if  produced.  Slide  ^1C  and  BD  to  .E,  and  then  resolve 
into  components  parallel  to  the  original  ones.  We  get  EH  and  EJ 
equal  and  opposite  (belüg  equal  to  AB  and  BS),  and  _EZ  equal  to 
AP  and  ^X  to  BQ  applied  at  E.  Therefore  the  resultant  of  two 
parallel  forces   is  a  parallel  force  equal  to  tlieir  algebraic  snm,    and 

applied  on  a  line 
EO,  whose  posi- 
tion  is  to  be  found 
as  follows. 

Froni  the  simi- 
lar  triangles, 


..\0 


OE 


OE 


By   di  vision,   sinee 
FK=  GL, 


BÖ       AP 


Thus   the   position  of  the  resultant  of  parallel   forces  is  to  be  found 

by  the    same    construction    as    the    resultant    of  two   rotations    about 

parallel  axes,  Fig.  47. 

If  the  two  forces  are  oppositely  directed  (Fig.  50),  0  is  on  AB 

produced,    and    if  the    forces    are    equal  0    lies    at   infinity.      Accord- 

ingly  there  is 
no  force  tliat  can 
repLice  two  eijual, 
parallel  and  op- 
posituly  directed 
forces  not  along 
tlie  same  line,  or 
forcc-couple.  The 
distance  between 
the  lines  of  direc- 
tion  is  the  arm, 
l^"  and  the  product 
■  of  either  force  by 
the  arm  is  the 
»imwmt      of      the 

C'.iiijdr. 

hall  prove  the  following  theorei 
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Theorem  I.    A  couple  may  be  tnui.spoHed  parallel  to  its 
in  its  own  or  a  parallel  plane  without  ehauging  its  effect. 

Consider  tlie  forces  P1  and  Ps  both  equal  to  P,  applied  perpendi- 
cularly  at  the  ends  of  AP.  (Fig.  51).  Afc  the  ends  of  an  equal 
and  parallel  line  A'B'  apply 
four  equal  and  opposite  forces 
P^P^P^Pz,  each  equal  to  P, 
which  are  in  equilibrium.  The 
resultant  of  the  equal  parallel 
forces  Plt  PB  is  a  force  2P 
applied  half-way  between  A 
and  B'.  The  resultant  of  Pä 
and  P5  is  a  force  2P  in  the 
opposite  direction  applied  half- 
way  between  A'  and  B.  Since 
ABB'A'  is  a  parallelogram 
these  two  points  of  application 
eoincide  and  the  two  resultants  nentralize  each  other.  We  have  left 
the  couple  P3P,,  equivalent  in  effect  to  the  original  couple. 

Theorem  II.     A   couple   may  be   turned   in   its   plane   about   its 
center  of  symmetry  witliout  clianging  its  effect. 

Let  A'B'  he  a  line  of  the  same  length  and  with  the  same  center 
0  as  AB,  the  arm  of  the  couple,  and  in  the  plane  of  the  couple 
(Fig.  52).  Apply  at 
„i'andi"  four  equal 
and  opposite  forces 
in  equilibrium,  euch 
equal  to  P,  and 
perpeiidicular  to 
A'B'  and  in  the 
plane  of  the  couple. 
Consider  Px  and  Ps 
applied  at  C",  their 
point  of  inter- 
section,  and  by 
symmetry  tlieir  re- 
sultant willbealong 
OC.  Similarly  the 
resultant  of  P3  and 
P6  is  an  equal  force 
along  OD    in    the  £ 

opposite    direction. 

These  two  resultants  neutralize  each  other,   leaving  the  couple  PaP4 
which  has  the  same  effect  as  the  original  couple. 
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Theorem   III.     A   couple    may    be    replaeed    by    another   in   the 
same  plane  having  equal  moment. 

Let  the  couple  be  PXP^  and 
«hfl  arm  be  iß  (Fig.  53).  At  0 
on  AB  produced  and  at  B  apply 
fonr  equal  and  opposite  forcea  Q 
gi  | '     of  such  magnitude  «hat 


The     resultant     of    the     parallel 

forces,  P„  QSf  is  equal  to  Pt  plus 

<33   applied   at  B  on  account   of 

|  £"•  "     the     aboYe     equation.     This     is 

i?  couuterbalaneed  by  the  forces  P.2 

Fig.  53.  and  <24  applied  at  B,  leaving  the 

couple   QXQS    of  moment 

Q-BC  =  P-AB, 

equivalent  to  the  original  couple. 

A  force-eouple  is  deterrui.ued  llierefore  by  its  plane  and  moment, 
and  may  be  represented  by  a  free  veetor  perpendicular  to  its  plane 
and  of  lengtk  equal  to  the  moment. 

Theorem  TV.  Composition  of  Couple«.  Srippose  the  two  eouples 
are  in  different  planes.  By  turning  each  in  its  own  plane  bring  all 
the  four  forcea  into  directions 
perpendicular  to  the  intersection 
of  their  planes,  and  then  by 
varying  one  of  the  eouples  cause 
them  to  have  the  same  arm  AB. 
The  forces  Q1B,  applied  at  A 
Compound  by  the  parallelogram 
into  By  P2  and  Qs  applied  at 
B  Compound  into  B%  equal  and 
opposite  to  Bv  The  arm  of  all 
tbese  eouples  is  the  same,  there- 
fore  their  m Omenta  are  propor- 
tional to  P,  Q  and  B.  The  vectors 
*  the  moments  are  perpendicular  to  AB  and  to  P,  Q  aud  B 
L-espectiTely,  Um*  tliey  form  the  aides  and  diagonal  of  a  parallelogram 
similar  to  that  of  P,  Q,  B.  Therefore  eouples  are  compounded  by 
Compound  mg  tiieir  moments  by  the  law  of  addition  of  vectors. 
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60.  Beduction  of  G-roups  of  Forces.  Dualism.  Suppose  we 
have  any  number  of  forces  applied  to  various  points  of  a  rigid  body, 
Let  one  auch  be  P  applied  at  A.    At  aiiy  point 

0  apply  tffri  equal  and  opposite  forces  ec|ual  and               p  /> 

parallel  to  P.    One  of  fliese  Pa  forma  a  couple            j  f 

with  P.  The  other  is  equal  and  parallel  to  P.          I  j 

The  moment  of  the  couple  is  perpendicular  fco         /  / 

this  force.  J- ...fo 

In   this   manner   the  points   of  application  / 

of  all  the  forces  may  be  brought  to  0,  where  / 

they    ean    tlien    be    compounded   into   a  single 
r e s u  1  taut    H.     For    each    force    tlms  transferred  /. 

tiiere   vemains   a   couple,    and    all   the    couples  nB.  -,ä 

may  be  compounded  into  a  single  one.    There- 

fore   all  the    forces    applied    to    a   rigid  body  may  be   replaced  by  a 
single  force  and  a  single  couple. 

We  may  now  state  the  following  dualism  existing  between 
infinitesimal  rotations  and  forces: 

Infinitesimal  rotations  are  slid-    I    Forces  applied  to  a  rigid  body 

ing  vectors.  are   sliding  vectors. 

When    their    axes    intersect  they  are  compounded   by  the  vector  law. 

Parallel    infinitesimal    rotations    |    Parallel  forces 
have  a  resultant  parallel  and   eqnal   to   their  algebraic  sum,  placed  at 
the  eenter  of  mass  of  their  points  of  application. 

Two  equal  and  opposite  parallel    I    Two  equal  and  opposite  pai-allel 


rotations  form  a  rotation- 
couple  represented  by  its 
moment,  a  free  vector. 
Every  displacement  of  a  rigid 
body  may  be  reduced  to  a 
rotation     and     a     rotation- 

UOUplft. 


forces  form  a  couple,  re- 
presented by  its  moment,  a 
free  vector. 
Svery  combination  of  forces 
applied  to  a  rigid  body  may 
be  reduced  to  a  force  and 
foree-couple. 


The  theory  of  couples  is  due  to  Poinsot. 

61.  Variation  of  the  Elements  of  the  Beduction.  Central 
Axis.  Null  -  System.  We  have  seen  that  any  System  of  slide- 
vectors  may  be  reduced  to  the  resultant  of  a  single  vector  and  a 
single  moment  applied  at  any  point  whatever.  We  have  now  to 
esamine  the  Variation  of  the  pair  of  elements,  vector  R  and  moment  S, 
as  we  vary  the  point  of  application  0.  11  is  invariable.  As  we  move  0 
along  the  line  of  B  there  is  no  change  since  B  may  be  applied  at 
any  point  of  its  axis,  and  S  may  be  moved  parallel  to  itself.     If  we 

WEBSTEB,  Dynamics.  14 


/Google 


210  VI.  SYSTEMS  Ol'1  Vi'XTi  UtS.    DlSTIUlU.iT.  Ol'  MASS.   IXSTAXT.  MOTION. 

make  the  resolution  at  any  other  point,    0',  the   conple  to    be  com- 

pounded  with  S  at  0',  is  perpendicnlar  to  R  and  00',  so  that  if  S 

has  any    component  parallel  to  R  it 

cannot    be    neutralized    by    the    new 

couple.    AccordingLy  in  order  that  the 

couple  may  vanisli   for  any  point  0', 

the   couple  S  must  be  perpendiculur 

to  11  at  all  other  points.    As  a  ehange 

of  0    introduces    only    a    component 

■'  ^^^     of    S   perpendi cular    to   R,    the    com- 

" " "  •  /rf**"^  ponent  parallel    to  R   is    unchanged. 

y.     5B  Therefore    the    projection  of  S  on  R 

is  the  same  for  all  points   0, 

8)  Scos#  =  ,S0. 

Although  in  general  II  and  S  liave  different  di.reetions,  we  may 
find  points  0'  for  whieh  they  have  the  same  direction.     Let  S  and  R 
include  the  angle  &  at  0.    Eeaolve  8  into  S0=Scoad 
X  parallel  to   R ,  and  81  =  S  sin  &   perpendicnlar    to   R. 

If  we  take  0'  on  a  line  perpendicular  to  SR  at  a 
distance  d  such  that  ä  ■  R  =  Ssind-  in  the  positive 
direction  of  translation  eorresponding  to  a  rotation 
from  R  to  S,  the  component  Sx  will  be  neutralized. 
and  we  shall  have  at  0',  R  and  S'  =  S0  in  the  same 
direction.  Tliis  propertv  Judds  for  all  points  on  the 
line  of  R  through  0'.  This  line  is  called  Voinsoi'» 
central  axis. 

In  order  to  consider  the  resolution  at  any  point  0 
we  may  refer  it  to  the  central  axis.  Drop  a  per- 
pendicnlar from  0  (Fig.  58)  on  the  central  axis. 
and  take  tliis  perpendicnlar  for  the  axis  of  X.,  the 
central  axis  for  the  axis  of  Z. 
Then  as  above 


Ssin#  =ä-R, 


and  if  xys  are  the  coordinates  of  the  end  of  S,  we  have 

10)  e  =  -S„,    y  =  Hx,    ton»  =  %-g-> 

and  for  any  point  on  the  line  of  S, 

that  is  the  line  of  S  lies  on  a  hyperbolic  paraboloid. 
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It  is  evident  that  if  we  slide  the  whole  of  Fig.  58  along  or  turn 
it  around  the  central  axis  nothing  is  changed,  consequently  if  we 
suppose  the  vector  S  laid  off  at 
every  point  of  space  0,  and  con- 
sider  the  assemblage  of  couplee 
thus  forined,  the  assemblage  re- 
mains  unchanged  if  we  rotate  it 
about  or  slide  it  along  the  cen- 
tral axis. 

Every  S  is  tangent  to  a  cer- 
tain  helix,  or  locus  of  a  point 
which  moves  on  a  circular  cylinder 
in  a  path  makuig  a  con^ümt  angle 
with  its  generators  (Fig.  591.  This  angle  is  less 
cylinders  is  less,  so  that 


*  the  dianietev  of  the 


10) 


tan  \y  =  x 


S0 


All  these  heliees  have  however 
one  constant  in  common, 
naraely  the  distance  traversed 
parallel  to  the  central  axis  for 
each  turn.  If  är  be  the  trans- 
lation    for    a  rotation  dm,    we 


Thevi 
12)  ?  =  -l7. 


is  the  traverse  for  each  turn, 
and  is  called  the  pitch  of  the 

helix.  Every  helix  lies  on  a  mied  screw-surface,  made  hy  the  revolution 
of  a  line  perpendieular  to  the  central  axis,  which  slides  along  it  a 
distance  proportional  to  the  angle  of  rotation,  the  pitch  of  the  screvv 
being  p  =  2%  '■•  The  lines  of  the  assemblage  of  moments  have  every 
rlirection  in  space  —  there  are  a  triple  infinity  of  lines  of  the  System 
(one  for  each  point  in  space),  but  only  a  double  infinity  of  direc- 
tions  —  therefore  every  plane  cutting  all  these  lines  has  for  its 
points  (a  double  infinity),  every  possiblo  direction  for  S.  For  one 
point  only  is  this   perpendicular   to    the   plane.     This  point    is    ealled 
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the  focus   of  tlie   plane.      Let   tlie  plane   cut   tlie   central  axis  in  A. 

Tfcrough  A  draw  a  plane  perpendicular  to  the  central  axis,  intersecting 

tlie    given    plane    in  AO.      Ab    we    go    along    the    line    AO,    S    turns 

about  it,  and  for  one  point 

has   the    direotion   of  the 

normal  to  tlie  ^iven  plane. 

Accordingly   to  every 

point  in  Space  there  corre- 

sponds   one  plane,   and  to 

every     plane     one     point. 

The    correspondence    was 

discovered  l.iy  Cliasles,  and 

tlie  System    of  point*    and 

plan.es  was  called   a  Null- 

Systeia   by  Möbius. 


62.  Vector-cross.  Besides  the  reduction  to  the  BCrew-type 
we  may  reduce  the  system  of  veetors  to  two  veetors  not  lying  in 
the  same  plane,  withont  a  conple.  This  reduction  may  he  made  in 
an  infinite  number  of  ways,  and  the  line  of  one  of  the  veetors  may 


be  given.  Let  AB  (Fig.  61)  be  the  given  line.  At  any  point  0 
on  AB  let  B  he  the  resultant  vector.  S  the  resultant  couple. 
(R  and  S  will  not  in  general  lie  in  a  plane  with  AB)  At  0  pass 
a  plane  perpendicular  to  S,  intersecting  the  plane  of  B  and  AB 
in  OF.  Resolve  S  into  the  pair  of  veetors  OB  and  CQ  so  taken 
that  the  resultant  of  R  and  OB  shall  lie  in  AB.  The  length  of  OB 
is  thus  determined,  and  the  distance  hetweeu  its  line  and  that  of  CQ 
is    determined    by    S.     Thus   the   line  AB   determines   the    line   CQ. 
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NULL  -  SYSTEM.  VECTOR-  CROSS. 


2.1.3 


The  lengtlis  OB  and  CQ  are  determined  as  soon  as  the  line  AB  is 
given.  Two  such  non-parallel  and  non-coplanar  vectors  Oll,  CQ  will 
be  termed  a  vecior -  cross.  Tliu  Crossing  will  degenerate  to  intersection 
only  wheu  S  =  0  and  to  parallelism  when  R  —  0. 

As  any  line  may  be  taken  for  AB,  and  as  there  are  a  quadruple 
infinity  of  lines  in  space,  there  are  a  quadruple  infinity  of  vector- 
erosses.  Thcy  all  posscss  a  property  in  common,  namely,  that  the 
tetrahedron  f'ormed  by  joining  the  four  ends  of  a  veetor-cross  has  a 
constant  volume.  Let  OB,  CQ  (Fig.  61)  be  the  vector-cross,  aud  iet 
us  reversa  the  preceding  reaolation.  The  vohmie  of  a  tetrahedron  is 
equal  to  one-third  the  product  of  its  altitude  hy  the  area  of  its 
base.  The  area  of  the  base  OCQ  is  one-half  the  moment  of  CQ 
S,   while   the   altitude  is  the  protection   of  OB  on  the 


about  0,  or  : 
perpendicular  to  OCQ,  that  : 
the  plane  OCQ,  OK  has  the 
B  cos  %■,  consequently 


on  S.     But  since  BR   is  parallel  to 
ame  projection  on  S  as   OB,   namely 


F=  l-Ecos&-~S^-l  RSgob». 


v  =  ±rs0. 


But  by  8), 

tiwefoiv 

13) 

This  theorem  is  due  to  Chasles. 

Corresponding  lines  of  vectoi'-crosses  possess  n  romurkable  relation 
to  the  null- System.  Let  AB  and  CQ  (Fig.  62)  be  the  two  lines  of 
the  vector-cross.  Through  CQ  pass  any 
plane,  cutting  AB  in-  0.  The  moment 
of  CQ  is  perpendicular  to  the  plane  OCQ, 
and  the  other  vector  has  no  moment 
about  0,  since  it  passos  through  it.  Accord- 
ingly  0  is  the  focus  of  the  plane  OCQ. 
'  Thus,  if  a  plane  turns  about  :i  line,  its 
focus  traverses  another  line,  and  these 
two  conjugate  lines  are  lines  of  a  yector- 
cross. 

We  have  here  sliown  the  interme diäte 
nature   of  a   line  bctween  a  point  and  a 

plane,  in  the  dual  role  as  generated  by  the  motion  of  a  point  and 
by  the  rotation  of  a  plane.  In  the  first  relation  the  line  is  spoken 
of  as  a  ray,  in  the  second  as  an  axis. 

If  two  conjugate  lines  are  at  right  angles.    pass  a  plane   through 
one,  AB,  perpendicular  to  the  other,  CD  (Fig.  63).     By  the  preceding 
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theorern,  tlie  point  of  intersection  of  tlie  plane  with  OD  is  the  focus 
of  the  plane.     Resolving  at  any  point  F  in  AB,  the  moment  of  OD, 

dicular  to    Ol) 


and    OF,   lies   in   tlie    plane 
OJB. 

That  line  in  a  plane  which 
lias  the  property  that  f'or  all 
its  points  the  resultant 
moraent  lies  in  tlie  plane  is 
ealled  tlie  characteristic  of 
tlie  plane,  or  of  its  foeus. 
Its  distance  OX  =  d  from  the 
focus  is  such  that1) 
14)  äBzm»  =  S 

The  line   OX,  of  length 


is  perpendicular  to  tlie  plane 
of  B  and  S,  and  drawn  toward  tlie  side  covrespondiiig  to  the  motion  of 
a  right-  handed  screw  wken  rotated  in  the  direction  from  B  to  S.  If 
we  should  go  from  Ö  in  the  direction  OX  a  distance  d'  =  — = —  we 
shoukl  reach  tlie  central  axis,  and 
15)  da'  =  -,,S' 


63.  Complex    of  Donble-lines, 
the  pole  of  a  plane  2,  then  the   pli 


If  a  plane  1  pass  through 
i  2  passes  tlirocgh  the  pole  of 
the  plane  1.  Let  P  (Fig.  64) 
be  the  pole  of  the  plane  1,  and 
let  FO  be  any  line  in  1  throngh  P. 
The  moment  of  B  abont  Ö  is 
perpendicular  to  PO,  and  so 
is  S,  hence  so  is  their  resultant. 
Thus  the  moment  at  0  is  per- 
pendicular to  OF,  and  the  polar 
plane  of  0  contains  the  line  OB, 
that  is,  if  0,  the  pole  of  2  lies 
in  1,  then  P,  the  pole  of  1  lies 


In  this  case  the  two  poles  He  in  the  line  of  intersection 
of  the  planes,  and  we  sce  that  if  a  plane  turns  about  a  line  tlirough 
its  pole,  its  pole  traverses  that  line.    Such  a  double  line  is  conjugate 

1)  For  the  componant  ia  AB,  li  sm&,  "hau  tlie  moment  S  about  0. 
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to  itself.  The  necessary  and  suflleient  Kondition  tkat  a  line  is  self- 
coivjiigat.fi  is  tliat  the  pole  (focus)  oi'  a  plane  through  the  liue  falls 
in  tlie  line.  For  theu  as  tlie  plane  rotiites  about  tlie  line  as  an  axis, 
the  focus  deseribes  tlie  line  as  a  ray.  Hence  the  double  lines  lying 
in  a  partieular  plane  all  puss  througb  the  pole  of  thafc  plane,  and 
conversely,  all  the  double  lines  passing  fchrongh  a  point  lie  in  the 
polar  plane  of  the  point.  Such  a  System  ol'  lines  is  called  by  l'lücker 
a  line  complex  of  tlie  first  degree.  There  are  in  all  a  double  infinity 
of  lines  paBBing  through  any  point  in  space,  bnt  of  these  only  a 
single  infinity  belong  to  the  complex.  Therefore  lines  belonging  to 
the  complex  have  one  less  degrees  of  freedom  than  lines  in  general. 
or  a  complex  contains  a  triple  infinity  of  lines.  A  complex  may  be 
represented  analytically  by  a  single  relation  between  the  four  Para- 
meters detenniiring  a  line.  If  we  mark  off  on  a  line  any  lengtli  II, 
and  give  its  projoetions  on  a  set  of  reetaiigular  axes  X,  Y,  Z,  and 
the  projeetions  L,  M,  N  of  its  moment  about  an  origin  0,  the  line 
is  completely  determined.  For  its  direction  is  given  and  giving  the 
moment  S=~\/L2  —  M'2  +  N~  give*  tlie  plane  th cough  0  containing  IL 
and  the  distancc  from  tlie  line,  if  the  length  of  Jt,  is  given,  but  this 
is  giyen  by  B  =  YX*  +  Y8-f  Z*. 

As  tlie  determination  of  the  line  is  independent  of  the  length 
of  11,  the  ratios  of  the  six  quantities  determine  the  line.  But  these 
five  ratios  are  not  independent,  for  since  by  §  5,  12), 

L  =  yZ-  zY, 

16)  M=zX-xZ, 
K—gY-yX, 

we  have  the  identical  relation, 

17)  LX  +  MY+NZ=0, 

«xprpssiug  the  fundamental  property  tliat  the  moment  of  a  vector  is 
perpendicular  to  it.  The  coordinates  LMNXYZ  are  known  as 
Plücker's  line -coordinates. 

Thus  there  remain  four  independent  quantities  to  determine  a 
line.  A  relation  between  these  dcuot.es  a  complox,  and  in  pariieular 
a  linear  relation, 

18)  aX  +  bY+  cZ  +  dL  +  eM+fX=0, 

denotes  a  complex  of  the  first  degree. 

Sinee  the  double  lines  of  the  null- System  are  the  loci  of  points 
which  are  the  poles  of  planes  contaiuing  tho  double -lines,  at  every 
point   of  a  double-line  the   resultant  moment  is  perpendicular  to  it, 
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or  double  lines  are  lines  of  no  moment.  In  tbe  kinematieal  appliea- 
tion,  points  on  a  double -line  experience  no  translation  along  it. 

If  a  double-line  cuts  one  of  a  pah-  of  conjugate  lines,  it  cnts 
tbe  other.  Let  PQ  be  a  double-line  cutting  the  line  AB.  Theo 
tbe  pole  of  tbe  plane  BPQ  lies  in  tbe  line  conjugate  to  AB.  But 
since  PQ  is  a  double-line,  the  pole  of  BPQ  lies  on  PQ.  Hence 
PQ  cuts  the  conjugate  to  AB.  Conversely,  every  line  cutting  two 
('■'iti.hi^iil.es  is  :i   doublü-lino 

Tbe  eornplex  of  double- lines  is  svmmutrical  witli   rcspect  to  the 


central   axis.     f-et  A  />'  (Fig. 


be  a  line  of  the  coraplex,  and  let  OX 
be  the  common  perpendicular  to  it  and 
tbe  central  axis.  Now  AB  is  perpen- 
dicular to  the  moment  S  at  X,  but  S 
is  perpendicular  to  OX,  and  the  distanee 
OX  is  d  =  y  tanö1.  If  <p  is  the  angle 
that  the  line  AB  makes  with  tbe  central 
axis  we  have 

19)        tan  if  =  ctn  %  =  ^V 


'"  This  equation  siiows  that  the  double-lines 

coustituting  the  complex  are  tangent  to 
an  infinite  number  of  heliees,  which  become  less  steep  us  ti  decreases. 
so  that  the  double-lines  cutting  the  central  axis  are  perpendicular  tu 
it,  and  those  at  infinity  are  parallel  to  it.  For  the  pitch  p  of  any 
helix  tangent  to  lines  of  the  complex  we  have 


20) 


-— ,-  =  ctn  a 


Thus  the  pitch  is  not  eonstant,  but  varies  as  cP. 

This  construction  shows  the  triple  infinity  of  complex -lines.  In 
a  plane  perpendicular  to  the  central  axis  every  point  is  on  one 
complex  line.  There  is  a  double  infinity  of  such  points.  But  there 
is  a  Single  infinity  of  such  plane*,  and  tkerefore  in  all  a  triple  infinity 
of  complex  lines.  It  is  evident  that  the  complex  is  unchaugud  if 
we  rotate  it  about,  or  slide  it  along  the  axis. 

64.  Composition  of  Screws.  Suppose  we  have  two  Systems 
of  vectors,  each  reduced  to  tbe  type  of  a  screw.  (Tbe  combination 
of  forces  of  this  type,  naniely  a  Force,  and  a  coupie  tending  to  cause 
rotation  about  its  line  of  directum,  is  called  a  ivrench.  B  is  ealled 
tbe  intensity  of  the  wrench,  or  the  amplitude  of  the  rotation.)  Tbe 
resnltant  of  botli  Systems  may  also  be  reduced  to  a  serew,  and  we 
may  find  its  position. 
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Let    us    first   suppose    that   the 
inr+'rsuct  at  riglit  anwies ,  and  let  i 
Let  their  pitclies   be 

S 

Let  E  (Fig.  66),  the  resultant 
of  Rx  and  Ti,,,  make  an  angle  a 
with  the  X-axis,  and  let  S, 
the  resultant  of  Sx  and  SS) 
make  an  angle  ß  with  the 
same  axis.  Then  the  central 
axis  is  parallel  to  Ii,  and  cuts 
the  ,?-axis  at  a  distance  from 
the   origin 

OZ=^sm(ß-a). 

The  resultant  raoment  along 
thia  line  is 

80  =  ScoB(ß-a). 
We  have  now 

Scosß  =  8x=^Rx  =  ^Ila 

__  PV_  , 


of  the   eomponent   screws 
take  them  for  axes  of  X  and  Y. 


■JV. 


Stinß  —  S,  -  £| B,  -ilBsinc, 

0«-|«n((i-«)-^HE««»«, 
S„  -  S  oo.  0  -  «)  -  S.  (j,,  „„„> «  +  A  , 

For  the  pitch  of  the  resultant  screw  we  obtain 

2 !  *  ^  ~B  =  2^  (#"  C0S   U  +  '^  S1T1   *) ' 
22)  #  =  px  cos2  k  +  jjj  sin2  u . 

The  equations  of  the  central  axis  are 


'22,) 
Inserting  the  values 
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24) 


e(x*  +  f)- 


-xy 


=  0, 


as  the  equation  of  the  ruled  surface  of  tlie  third  order  in.  which  the 
resultant  acrew  must  He,  whatever  the  values  of  lix,  li„.  This  suiiaee 
ia  called  the   Gtßinäroül. 


23) 


and  call  tlie  cooi 

■rlinate: 

t  of  their  enda  xy,  we 

and  our  equatior 

;. 

=    ,_cosk,     w  =    ,  ..sin 
P  =  P*px'  +  Pul»/, 

25) 

Px3?  +Ä!/a=  1, 

---     sin  2a 

tlie  surface  is  the  locus  of  a  liue 
wbieh,  always  intersecting  a  fixed  line 
at  right  angles,  revolves  about  it,  and 
niakes  a  harmonic  oscillation  along  it, 
making  two  complete  oscillations  for 
each  rotation.  In  this  manner  tlie  niodel 
shown  in  Fig.  67   was  constracted. 

For  every  screw  lying  on  the 
eylindroid  there  ia  a  defmite  pitch, 
given  hy  tlie  equation  22).  If  we  lay 
off  tlie  Square  roots  of  tlie  reciprocals 
of  the  pitches  on  linea  making  angles  a 
with  the  _X-axis    in  the  plane  of  XY. 


represeufc.i.ug  a  <xmic  section,  such  tliat  the  pitch  belonging  to  the 
direction  of  any  radius  vector  is  inversely  proportional  to  the  Square 
of  the  leugth  of  the  radius  vector.  This  is  called  the  pitch-conic. 
If  px  and  p,j  are  of  the  same  sign,  the  pitch-conic  is  an  ellipse,  if 
of  opposite  signs  it  is  an  hyperbola.  In  the  latter  caae,  there  are 
two  lines  of  zero  pitch,  given  hy  the  asymptotes.  In  other  words, 
if  one  screw  is  right-handed,  while  the  other  is  Ieft-handed,  there 
are  two  screws  on  the  eylindroid  representing  merely  rotation. 

Any  two  screws  determine  a  eylindroid.  Let  their  pitches  be 
PiPz,  let  them  make  an  angle  y  and  let  the  length  of  their  common 
perpendicular  he  h.  Then  if  they  lie  on  a  eylindroid  we  must  have. 
by  23),  22), 
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es  —  «i  =  Ä)     "=!  -  ßi  =  r> 

26)  »'-Tr^'»  «■-'  4»-»nä°- 

pj  =pIeos-aL  +  jj„siii"«3. 

2>3  =  #*  cos2  «s  +  ^  ein2  a2 , 
as    six    equations    to    determine   px,  ptr  slr  st,  a^,  «a. 
elimination 

z%  —  s1  =  -  (sin2«,       sin  "2«,) 


-«., 

using  the  first  two  equations, 

(7)                           /.  -^--  c°s  («,  +  «,)  sin  ]., 

»i  +  h  -  —J^  (™  2  «,  +  sin  2  «,) 

=  ~\^~  am  («2  +  «0  eos  y, 
pa—p1  =  px  (cos3  «3  —  coss  aL)  +  ps  (sins  <%  —  sin2  ct) 
=  (p£  —  #v)  (eoss  as  —  cos2  kJ 
=  (jh  -P,j)  sin  («j  +  oj  sin  («,  -  «J, 

29)  joä  -  A  =  (»,  -  ft)  sin  (Kä  +  aL)  sin  y, 

30)  p,2  +p1=px  (cos*  «3  +  cos2 «()  +  p„  (sin8  «ä  +  sin2  «J 

=  Px  +PV  +  (ff*  —  i>y)  (cos2  Kg  —  sin2  «J 
=  P»  +J>,  +  (ff*  -A)  cos  (ki  +  «*)  cos  P- 
From  27)  and  29)  we  obtain 

4se!Äs  -f  (pg  — i>i)s  =  (ff.,  —  pxf  sin2  y, 

From  27)  and  30), 

Pi>  +  i>*  ~  i>s  +  i>i  ~  2  ff  Ä  ctn  j». 
From  29)  and  31), 

sin  («,  +  «,) 


■s  (o,  +  «,)  - 


2afi 


32'! 
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From  32)  with  c%  —  <tx  =  y, 


33) 

«■-ir    «-')■ 

Since  the  cylindroid  is  thiB  deterrnined  by  31)  and  33),  a  twist 
about  p1  can  be  resolved  into  a  twist  about  px  and  one  about  pv, 
A  twist  about  pt  can  be  likewise  resolved.  Tbe  two  components 
about  px  add  together,  so  do  tliose  about  pS}  and  since  tbe  rosultant 
of  any  twists  about  px  and  p„  lies  on  the  cylindroid,  tbe  resultant 
of  p,  and  pg  does.  Its  direction  can  be  found,  since  tbe  amplltudes  11 
of  the  two  twists  about  i^p,  Compound  by  the  parallelogram  law, 
hence  tbe  angle  made  by  the  resultant  with  the  axes  is  knuwn.  The 
pitch  is  then  fouud  from  the  pitcb-conic. 

65.  Work  of  Wrench  in  Producing  a  Twist.  Let  us  find 
an  expression  for  the  work  done  during  a  twist  of  ampliiude  Ei 
about  a  screw  of  pitch  pk  by  a  wrench  of  intensity  11,  about  another 
screw  of  pitch  pf.  We  atready  know  the  work  done  by  a  force  in 
a  translation,  namely,  it  is  equal  to  the  product  of  the  magnittirti;« 
by  the  cosine  of  the  included  angle.  Tf  tbe  force  is  Rf  and  the 
translation  (rohttion-eouple)  is  jSt,  we  haye 

Notice  that  the  vector  of  one  System  is  multiplied  by  the  vector- 
couple  in  the  other. 

We  can  find  tbe  work  done  by  the  force  -  couple  in  a  rotation 
about  its  axis.  Apply  the  couple  so  that  one  of  its  members  P 
passes  througb  the  axis  of  rotation.  In  a  rotation  fchiu  member  does 
no  work,  for  its  point  of  application  is  at  rest,  whÜe  that  of  the 
other  member  Q  moves  in  a  rotation  a  distance  dos,  where  d  is  the 
arm  of  the  couple.  Accordingly  tbe  work  is  W=Fda>  wbich  is 
equal  to  the  product  of  the  twist  by  tbe  moment  of  the  couple. 
Eere  again  we  multiply  the  vector  of  one  System  by  the  vector- 
couple  of  the  other. 

If  the  axis  of  rotation  is  perpendicnlar  to  the  axis  of  the  couple. 
tbe  motion  is  perpendicnlar  to  the  force,  and  no  work  is  done.  Hence 
we  niust  take  the  resolved  pjirt  of  the  couple  on  the  vector,  as  hefore. 

We  ean  now  find  the  work  of  a  wrench  during  a  twist.  Tho 
work  of  the  force  in  the  displacement  S*  is  jlf  St  cos  a,   a  being  the 

angle  between  the  two  screws.  The  work  of  the  couple  S/=  "  11/ 
in  the  rotation  R^  is 

8f  ](;,  cos  a  =  ,,  ■'  llf  II :■  cos  a . 
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But  wlien  Bf  is  changed  to  tne  origin  of  Rk  it  gives  rise  to  a  moment 
perpendi  ciliar  to  11,-  equa.l  to  lud,  ä  being  tlie  perpendicular  distance 
between  the  screws.  This  moment  therefore  m altes  with  Rk  the 
angle  a  -\-  —>   and  the  work  done  by  it  in  the  rotation  JVj  is 

dB/likWs  (a  +  ~)  =  ~  dRyB^ma. 
Thus  the  whole  work  is 


34)  W  =  R/Rk  f^  cos  a-d  sin  a) , 


It  is  symmetrical  with  respect  to  both  screws,  kence  tlie  wreneli  and 
twist  might  have  been  interebaiiged. 

The  geometrical  qnantity  in  parentheses  is  called  the  Virtual 
eoefficient  of  tlie  two  screws,  and  if  it  vanishes  no  work  is  done, 
that  is,  a  body  free  fco  twist  only  about  a  particnlar  screw  ia  in 
eqviüibrium  under  a  wrench  about  another  screw  if  the  Virtual  eoef- 
ficient of  tlie  two  serews  is  zero.  The  two  screws  are  then  said  to 
be  reeiproeal. 

66.    Analytical    Representation.     Line    Coordinates.     In 

.Flacker 's  liiie  coordinates  referved  to  ariy  origin,  since  each  component 
of  vector  does  work  on  the    corresponding  component  of  couple    in 

tlie  ntli.ur  System, 

35)  W=*XfLi  +  Y/Mi  +  ZfNi-\-  LfXk+  MfYk  +  NfZk. 

If  a  screw  is  reeiproeal  to  two  screws  on  a  cylindroid,  it  is 
evidently  reeiproeal  to  all  the  screws  on  it. 

For  two  screws  to  be  reeiproeal,  the  eondition  is. 

36)  XyL,  +  YyMt  +  Z,NS  +  L%X2  +  MtYs  +  NXZ2  =  0. 

If  the  coordinates  of  one  of  the  screws  be  constant,  while  those  of 
the  other  be  variable,  this  is  the  equation  18)  of  a  eomples  of  the 
first  degree,  so  that  all  the  serews  reeiproeal  to  a  given  screw  form 
such  a  complex. 

Since  between  the  six  coordinates  X,  Yl  Zl  L,  Mt  iVj  there  is 
always  the  identical  relation 

X1Li  +  YlMl  +  Z1N1  =  Q, 

we  may  always  make  them  satisfy  five  equations  like  the  above, 
that  is,  we  may  always  find  a  screw  reeiproeal  to  five  arbitraiily 
given  screws. 

Suppose  the  coordinates  of  ibe  System  of  vectors  for  an  origin  0 
are    XYZLMN,    being    the    projeetions    of    R    and   S   at  0.      Let 
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XYZL'M'N'  denote  the  same  for  a  point  0'  whose  coordinates 
wxy*.     Then  L-r  +  yZ-äY, 

Sl)  M  =  M'  +  eX-xZ, 

N=N'  +  xY~yX, 
In  order  that  the  point  0'  may  iie  on  the  central  axis,  the  directum 
of  resultant  and  couple  must  coincide,  or 


henee   the  equations  of  the  central   axis    in    OartesJan    coordinates  are 

J,-yZ\zY       M-xX+xZ         N-xY+yX 

du)  -       x  -  ■    ■        r         ■   =  -  —  w 

The    equation  of  the   focal  or  polar  plane   to  a  point  x' y'  z'  is, 
since  it  is  perpendicular  to  L'M'N', 

39)  (x  -  x')  L'  +  (jj  -  V)  M'  +  (s-  z')  N'  =  0 
and  inserting  the  values  of  L'M'N', 

(x-x')(L-,j'Z+z'Y)  +  (,i-y'){M-l'X  +  x'Z) 

+  (e~i<)(N-x'Y+y'X)  =  0, 
or,  more  symmctrically  arranged, 

40)  L(x-x')  +  M{y-y')  +  N(ß-s')  +  X(zy'-yn') 

4-  Y(xz'  —  zx')  4-  Z(y%'  —xy')  =  0. 

This  equation  is  symmetrica!  witli  respect  to  xyz,  x'y'ß',  hence  if 
x'y's'  is  fixed,  xye  is  on  its  polar  plane,  or  if  xye  is  considered 
fixed,  x' y'  s'  is  on  its  polar  plane,  showing  the  reeiprocal  relation 
of  pole  and  polar. 

Tf  the  vector  System  is  to  reduce  to  a  single  vector,  the  resultant 
and  couple  at  any  point  must  be  perpendicular,  or 

41)  LX  +  MY+  NZ  =  0. 

We  must  have  in  general,  at  any  point,  Scos&  =  S0  that  is, 
LX+MY+NZ 
R  •     }■''. 
and  the  pitch  p  is  given  by 


42")  n*.  +  JB.±tT,*    =  s 

1  s  ^yx'-'+Y'  +  z2      °' 


43) 


l   _  *n        LX  +  MY+NZ 
8»  —  B  ~     X*  +  Y*  +  Z* 
The  v.olume  of  the  tetrahedron  on  a  vector-cross  is 
44)  l  RSB  =  l  (LX+  MY+  NZ), 

and  this,   like  the   last  expression,    is    independent    of   the    choiee    of 
origin  or  axes,  that  is,  is  an  invariant. 
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äuppose  that  the  two  members  of  a  vector-cross  have  Plucker's 
co  ordinales 

X,  Yt  Z,  L,  31,  Nt     and     X2  Fs  Zt  L%  Mt  Na 

witli  tke  identical  relat-ions, 

LL  Xj  +  Mx  Y1  +  ^  Z,  =  0,    iä  X,  +  M3  Za  +  Ns  Z3  =  0. 
Their  resultant  has  components 

X=Xl  +  X3,      L=  Lt+  L,; 

Y=Yt+Ys,     M  =  Mi  +  3I2! 

Z=Z,  +  Z,,      N=NX  +NS, 

and  the  volume  of  the  tetrahedrön  is  one  sixth  of 

LX  +  MY+  NZ  = 

(A  +  4)  (^i  +  **)  +  iMi  +  Mt)  (*i  +  *i)  +  C^i  +  *i)  C^i  +  %)> 

which  in  yirtue  of  the  two  identities  is 

45)  L,X2  -|-  MXY%  +  N,ZS  +  LtX1  +  Jf,^  +  N,Zt. 

If  any  two  lines  are  given  by  their  Plucker's  coordinates,  the 
condition  that  they  sliall  intersect  is  that  the  above  expression  shall 
vanish. 

We  may  now  find  the  eqnation  of  the  complex  of  double-lines. 
We  have  seen  that  every  line  meeting  two  conjugate  lines  is  a 
donble-lina  Let  the  coordinates  of  the  two  conjugate  lines  be 
Xj  .  .  .  JV,,   Xä  .  .  .  Ns,  safcisfymg  the  conditions 

XL  +  X2  =  X0,     L,+  X2  =  i0, 

46)  F,  +  Yä  =  r0,     M,  +  Ma  =  M0, 
Z±  +  Zt  =  Z0!      Na  -+-  N2  =  N0, 

where  XaYQZaLll3fllNll  dehne  the  veetor- System.  Let  the  coordinates 
of  a  double-line  be  XYZL3IN.  The  condition  that  it  meets  the 
line  XjY&LiMiNi  is 

LiX  +  M1Y+N1Z  +  X1L+YlM+Z1N=0, 
and  that  it  meets  XaTiZiLiMiNa, 

L2  X  +  MSY  +  N,Z+  X,L  +  YtM  +  Z,N  =  0. 
Adding  these  equationa,  and  using  the  conditions  46)  we  obtain> 

47)  L0X  +  M0Y+  N0Z+  XaL  +  YDM+Z0N  =  0, 

as   the    equation    of  the   complex,    tliat   is,   any    linear    relation    in 

Plucker's  coordinates  represents  a-  linear  eoinplox,   as  stated  in  §  63. 

It  is  to  be  noticed  that  the  eqnation  47)   does  not   signify  that 

the  line  XYZLMN  euts  the  line   XJ'ZttL03fi.yo  unless  the  latter 
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are  the  coordinates  of  a  line  (not  of  a  general  System  of  vectors), 
that  is  fnlfill  the  relation 

LüXo  +  MoYo  +  NaZ0  =  0. 

If  they  do,  then  every  line  of  the  complex  cuts  the  line  X0  Yü X0  L0 M0 N0 , 
and  the  equation  may  be  considered  tlie  equation  in  Plücker's  co- 
ordinates of  the  line  Z0F0^0i0 MaN0  (see  Clebsch,  Geometrie,  Vol.  II, 
p.  51).  For  further  Information  on  this  subject,  the  reader  may 
consult,  Ball,  Theory  of  Scretvs. 

67.  Momentum  Screw,  Dynamics.  The  previous  sections 
have  shown  how  to  comb  ine  Systems  of  vectors  having  different 
points  of  application,  provided  they  are  unchanged  if  slid  along  their 
Iines  of  direction.  As  one  particular  System  to  which  the  Operation 
is  applicable  we  have  had  the  various  rotation-velocities  of 
a  rigid  body,  as  another,  sets  of  f'orces  applied  to  a  rigid  body. 
That  these  vectors  are  susceptible  of  such  treatment  may  be  considered 
as  due  to  properties  of  a  rigid  body,  rather  than  of  the  vectors 
themselves.  We  have  however  previously  dealt  with  two  other  sorts 
of  vectors  which  may  he  dealt  with  in  similar  fashion,  on  acconnt 
of  their  physical  nature,  and  independently  of  the  nature  of  the 
bodies  in  which  their  points  of  application  lie.  By  means  of  these 
properties  we  are  able  to  conneet  the  kinematical  aspect  of  a  rigid 
body,  as  expressed  by  its  instantaneous  screw  motion,  with  its 
dynamical  aspeut,  as  expressed    by   an    applied  wrench    abont  another 

If  for  each  point  of  the  System  we  consider  the  momentuni, 
whose  six  eoordinates  (one  heing  redundant),  in  the  sense  of  §  o'6  are. 

mV,,,     mvy,     mv„     m(yv1  —  zvy),    m(evx  —  xv^),     m(xvy  —  yvx), 

and  form  the  general  resultant,  we  obtain  a  System  whose  eo- 
ordinates are 

Mx  =  Smvx,    Hx  =  Um  (yv,  -  evs), 
48)  Ms  =  2mv,j,     Hv  =  2m  {svx  -  xvt), 

M,  =  Smv„     H,=  £m{xv,j  —  yvx), 

which  represent  the  momentum  of  the  System,  the  three  projeetions 
Mx,  Mv,  M.s,  being  more  particularly  characterized  as  the  linear 
momentum,  the  others  Hx,  H,/t  Hl;  as  the  angitlar  momentum  oi* 
moment  of  momentum  with  respect  to  the  origin. 

We  have  now  by  tlie  general  prineiples  of  dynamics,  as  shown 
in  §  32,  45),  §  33,  61),  the  fact  that  the  time  -  derivatives  of  these 
six  components  of  momentum  are  equal  to  the  corresponding  com- 
ponents  of  the  resultant  wrench, 
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X  =  ZX,     Y=2Y,     Z=SZ, 
L  =  2(yZ-ssY),    M=2{sX~xZ),    N=2(xX-yX), 
applied  to  the  System.     That  is, 


äM 

dMy 

=  Y, 

dMs 
dt 

=  2, 

~dT 

=  M, 

düi 

=  N. 

Integrating  these  equations  with  respect  to  tlie  tdme, 

Mx=fxdt,    Ms=iYdt,    M,  =  jZdt, 

50)  °    ,  °    ,  °    ( 

H*  =  JLdt,     Hv  =  JMdt,    H,  =  JNdt, 

we  may,  in  tbe  sense  of  §  27,  call  the  m Omentum  tlie  impulsive 
ivrmcli  of  the  System.  Physically,  then,  the  momentum  that  a  system 
possesses  at  any  instant  is  equal  to  the  impulsive  wrench  neceasary 
to  suddenly  communicate  to  it  when  at  rest  the  velocity-system  that 
It  actually  possesses.  As  a  prelude  to  the  dynamics  of  a  rigid  body 
we  must  aecordi.ngly  study  the  properties  of  the  momentum  or 
impulsive  wren.cb  of.'  a  body  possessmg  a  given  instantaneous  twist- 
Telooity. 

All  the  Systems  of  Teetors  in  question  may  be  reduced  to  the 
screw  type,  and  their  respective  screws  are  in  general  all  different. 
Thus  we  may  speak  of  the  instantaneous  velocity- screw  and  instan- 
taneous  axis,  the  momentum  screw,  and  tbe  force-screw.  As  the 
body  moves,  all  these  screws  cliange  both  tlieir  pitcb  and  position 
in  the  body.  describing  ruled  surfaces  botb  in  the  body  and  in  Space. 
The  Integration  of  tbe  differential  equatkms  ol'  molion  49)  will  enable 
us  to  find  these  surfaces.  The  kineinatitial  description  of  the  motion 
will  be  complete  if  we  know  the  two  ruled  surfaces  described  in 
space  and  in  the  body  by  the  instantaneous  axis,  together  with  such 
data  as  will  give  their  mutual  relations  at  each  instant  of  time. 

68.  Momentum  of  Rigid  Body.  The  properties  of  the 
momentum  of  a  rigid  body  are  conTeuiently  investigated  by  the 
'■ixnsiu'Tation  of  the  vel o ei ty- system  as  an  instantaneous  screw-motion. 
Let  V  be  the  velocity  of  translation,  and  <o  of  rotation.  Then  every 
partiele  of  mass  m  has  one  component  of  momentum  parallel  to  the 
axis  of  th~  """'  'meous  twist  (wbich  we  will  take  for  Z-axis), 
equal  to  «  and  the  resultant  for  all  is 

51)  M,  =  SmV=  VZm  =  MV, 
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where  M  is  the  total  mass  of  the  body.  By  the  constraction  of 
§§  57,  59  the  resufhmt  of  parallel  Tectors  7'  and  Q  is  applied  at  the 
center  of  mass  of  masses  proportional  to  P  and  Q  placed  at  their 
points  of  appllcation.  Consequently  the  various  elements  heing  pro- 
portional to  the  masses  m, 
this  component  of  the 
momentum  is  applied  at 
the  center  of  mass  of  tlie 
body. 

There  remaias  the 
compotifiutj  of  momentum 
perpendkiulnr  to  the  instau- 
taneous  axes.  Let  OZ 
(Fig.  68)  be  the  instan- 
taneous  axis,  and  let  r  "be 
tlie  j)crpcjidii;ular  distmice 
from  it  of  any  point  P, 
and  let  the  angle  made 
by  r  with  the  X-axis  be  #. 
Nbw  P  is  moving  parallel 
to  the  XF-pIane  with  the 
veloeity  v  =  i 
ular  to  r,  so  that  the  projections  of  this  veloeity  are 

Vx  =  —  «sin#  =  —  mrsm&  =  —  my, 
i'„  =       »cosi?  =       gjj-C0S'9'  =       cax. 
Thence  we  obtain  the  components  of  momentum 

-  wUmy  =  —  May, 


52) 


-  Smmy  = 

Xmmo:-- 


where  x,  y  are  the  eoordinates  of  the  center  of  mass.  The  resultant 
momentnm  is  accordingly  equal  and  parallel  to  the  momentum  that 
the  body  would  haye  if  concentrated  at  the  center  of  mass,  but  its 
point  of  appllcation  is  different,  for  the  components  ßfX}  Mv  are  not 
applied  at  the  center  of  mass,  inasmuch  as  their  elements  are  pro- 
portional, not  to  m  but  to  my  and  mx.  The  magnitude  of  the 
resultant  momentum  being  given  hy  Mx,  Mv,  M~,  we  may  find  its 
asis  by  obtaining  its  three  remaining  eoordinates,  representing  the 
angular  momentum.     We  have 

Hx=  2($mv,  —  ismVy)=  VSmy  —  aSmsx  =  MV'y  —  <a2mzx, 
53)  Hv=  S(smvx  —  xmv,)  =  - mSmyg -VSmx  =  - MVx  —  taSmys , 
Hi  =  SfstmVj,  —  ymvx)  =  ca£m  (x1  +  y*)  =  co£mr*. 
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Of  these  the  terms  in  V  are  the  moments  of  the  vector  MV 
in  the  direction  of  the  i?-axis  applied  at  the  center  of  mass,  while 
the  terms  in  a  are  applied  elsewhere.  The  er|uations  of  the  central 
axis  of  momentan  are,  hy  §  66,  38),  x' y' s'  being  the  running 
coordinates, 


54) 

Hx- 

y'Mz\ 

_v.;. 

JMy        Hv  -  z'  Mx  +  x'  M:       Bz  -  x'  My 

+  • 

or  inserting  the  values, 

55) 

MVy-  aZmxz  -  y'  MV  -\-  z' Mvx 

-May 

- 

-  MVx-  a>2my*  +  JMmy  +  X1  MV 

Max 

- 

<oZm(x,-\-y'i)  -  a/Max  —  y'Muy 

MV 

This 

does 

not    p; 

ass    through    the    center    of    mass 

TTfll( 

%'  =  x,  y'  - 

=  y,  *' 

=  #> 

56) 

—  aEinxz  -J-  Mutzte        —  atZmys  -\-  Moiyz 

—  May                                 Mmx 

MV 

■pinvivig 


We  see  that  the  resultant,  momentum  involves  the  varions  sums 
Umx,    2my,    Emxs,    Smys,    Zmr*, 
the  axis  of  Z  being  the  instantaneous  axis.    These  sums  are  constants 
for  the  rigid  body,  dcpending  on  tbe  Distribution  of  mass  in  it.    The 
first  two  represent  the  mass  of  the  body  niultiplied  by  the  coürdimtes 
of  the  center  of  mass.     The   last  represents  the  sum    of  the  mass  of 
each  particle  multiplied  by  the  Square  of  its  distance  from  the  Z-axis, 
and  is  what  has  been  called  the  mommt  of  inert  ia  of  the  body  with 
respect  to  that  axis.     We  are  thus  led  to  consider  the  sums 
A  =  Um  0S  +  sr),     B  =  21m  {/  +  as"),     C=Zm  (a*  +  y% 
D  —  £myz,  E  =  Umzx,  F=  Htnxy. 

Of  these  the  last  three,  D,  E,  F,  are  termed   the  producta   of  inertia 
with  respect  to  the  respeetive  pairs  of  axes.   , 

In  the  case  of  a  contimious  d.i.stribution  of  mass,  we  must  divide 
the  body  up  into  infinitesimal  elements  of  volume  dt,  and  if  the 
density  is  p,  the  element  of  mass  is  dm  =  qät  and  the  six  sums 
become  the  deflnite  integrals 

A-fff,V  +  *)ch,  B-Jfß^'+^d,,  C-jjJe^  +  f)dt, 
D—jjßyidz,  E-j I  ji/nxdT,  F-fjjfxydt. 
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The  determination  of  these  quantities  is  then,  like  that  of  centerH  of 
mass,  a  subject  belonging  to  tlie  integral  calculus. 

The  six  constants  A,  S,  G,  D,  E,  F  together  with  tlie  mass  M 
and  coordinates  x/y/g,  of  the  center  of  mass,  completely  charactcrizc 
the  body  for  dynaniical  pnrposes,  since  when  we  know  their  values 
and  the  instantaneons  hvist,  the  mommtum  or  impulsive  wrencli  is 
completely  given.  The  body  may  therefbre  he  replaced  by  any  other 
having  the  same  mass,  center  of  mass,  and  moments  and  produets 
of  inertia,  and  the  new  body  will,  when  acted  upon  by  the  same 
forces,  describe  the  same  motion. 

69.  Centrifugal  Forces.  As  the  body  moves,  its  diiferent 
parts  exercise  forces   of  inertia  npon  each  other,   so  that  there  is  a 

resultant  tending  to  change  the  instantancons  sermv  in  tlie  Lodv. 
Let  us  suppose  tlie  translation  to  vanish,  and  examine  the  kinetic 
reactions  developed  by  the  rotation,  or  the  euntrifugrd  forces.  The 
iustanUneous  iisis  heing  again  taken  as  the  axis  of  Z,  a  particle  P 
experienees  tlie  eenti-ipetal  acceleration  —  =  ras  towards  the  axis,  and 
the  centrifugal  foree  is  JJ5  =  mro2  (see  p.  119)  directed  along  the 
radius  r  f'rom  the  asis  OZ,  and  having  the  projeetions 

X,:  =  Mä  —  =  mxta2, 

Zc=  0. 

For  the  moment  of  the  centrifugal  force  we  have 
Lc  =  yZ,.  —  zYs  —  —  mysm2, 
58)  Mc  =  zXc-xZc=      »*««*, 

Nc  =  xY,-yXe=  0     , 

so  that  the  coordinates  of  the  )rsn'lf.arit  centiitYigal  force  and  couple  are 
Xc=      oPZmx  =      ra2Jfä 
5TC  =       o^Zmy   =      ta^My 
Ze=  0 

'':'  Lc  =  -tfZmyg=~Das 

Mc  =      miBmBx=      Eco* 
Sc  =■  0 

Thus  the  centrifugal  foree  is  eqnal  and  parallel  to  that  of  a 
mass  placed  at  the  center  öf  mass,  and  moving  as  the  latter  point 
does.  It  vanishee  when  the  center  of  mass  lies  in  the  asis.  The 
system    of    centrifugal    forces    is   however,    as    in   the    case    of    the 
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ni Omentum,  not  to  be  replaced  by  a  Single  foree  plaeed  at  the  center 
of  mass,  for  the  eouple  is  not  equal  to  what  its  value  would  be  in 
that  case,  unless  =-  =  JU  If  the  center  of  mass  lies  on  the  axis, 
although  the  centrifugal  force  R,  vanishes,  the  centrifugal  eouple  S{ 
does  not,  unless  D  =  E  =  0. 

The  centrifugal  forces  then  in  general  teud  to  change  the  instan- 
taneous  twist,  unless  the  axis  of  the  latter  passes  through  the  center 
of  mass,  and  for  it  D  =  E  =  0.  Such  axes  are  called  prinoipal  axes 
of  inertia  of  the  body  at  the  center  of  mass,  and  are  characterized 
by  the  property  that  if  the  body  be  moving  with  an  instantaneous 
twist  ahout  such  an  axis,  it  will  remain  twisting  about  it,  unless 
aeted  on  by  external  forces.  In  order  to  examine  the  effect  of  the 
diutribution  of  mass  of  the  body,  we  are  Ied  to  interrupt  the  con- 
sidei'fition  of  dynamics  in  order  to  consider  the  purely  geoinotrica! 
relations  amonp;  moments  and  produets  of  inertia. 

70.  Moments  of  Inertia.  Parallel  Axes.  Consider  the 
moments  of  inertia  of  a  body  ahout  two  parallel  axes.  Let  the 
[jerpmdieular  distances  from  a  point  P 
on  the  two  axes  be  pi  and  p2  and  let 
the  distance  apart  of  the  axes  be  d. 
Let  A  and  B  (Fig.  69)  be  the  inter- 
sections  of  the  axes  with  the  plane  of 
pt  and  pi .  If  we  take  A  B  for  the 
X-axis,  A  for  origin,  we  have  mg.  «s. 

Ä2  =  J>ia  +  <^  ~~  2pld eoB  (Pix)> 
60)  Ump^  =  Umpj2  +  Md1  —  2dSmp1  cos  (ptx) 

=  Emp*  +  Md2  —  2dZm%. 

The  last  terra  is  equal  to  —  2dMx  and  vanishes  if  the  axis  1  passes 
through  the  center  of  mass.  Consequently  the  moment  of  inertia 
about  any  axis  is  equal  to  the  moment  of  inertia  ahout  a  parallel 
axis  through  the  center  of  mass  plus  the  moment  of  inertia  of  a 
particle  of  mass  equal  to  that  of  the  body  plaeed  at  the  center  of 
mass,  about  the  original  axis.  Consequently  of  all  moments  of  inertia 
about  parallel  axes,  that  about  an  axis  through  the  center  of  mass 
is  the  least.  In  virtue  of  this  theorem  the  study  of  moments  of 
inertia  is  reduced  to  the  study  of  moments  of  inertia  about  axes  in 
different  directions  passing  through  the  same  point. 

71.  Moments  of  Inertia  at  a  Point.   Ellipsoid  of  Inertia. 

Consider  now  moments  of  inertia  about  different  axes  all  passing 
through  the  same  point  0.     Let  a,  ß,  y  be  the  direction  cosines  of 
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any  axis.  Let  p  be  the  perpendicular  distance  of  a  point  P  from 
the  axis,  r  its  distance  from  Ö,  and  q  the  distance  from  0  of  the 
foot  of  the  perpendicular.  Now  since  q  is  the  projection  of  r  oa 
the  axis, 

61)  $  =  ax  +  ßy  +  ys, 
and  we  have 

p*  =  r3  —  q2  =  x?  4-  ya'  +  ss  -  («s  +  /Jy  +  rs)s 

62)  =  x2  ( 1  -  «*)  +  y'  (1  -  ß2)  +  ea  (1  -  f) 

—  2  {ßyyz  +  yazx  +  ceßxy). 
Now  since  we  have 

«a  +  /3a  -f  rs  =  1; 

1  -  b»  -  /P  +  y",     1  -  03  =  y*  +  <iä,      1  -  y*  =  <*ä  +  /5S, 
and  replacing  in  62), 

*■  =  a2  Q,3  +  *3)  +  ß*  (*3  +  aF)  +  ys  (x*  +  y8) 

—  2(/Jj<»/2  +  ?"«•  +  aßxij), 

}      2Jmp2  =  a2Sm{if  +  s2)  +  ß2£m(z2  +  x*)  +  y2Sm  (x2  +  y^) 

—  2ßySmyz  —  2yu2mzx  —  2v.ßZmxy. 

Tnus  the  moment  of  inertia  K  about  any  axis  whose  direction  cosines 
are  a,  ß,  y,  is  given  by 

64)  K=  Äa2  +  Bß2  +  Cy2 -2Dßy -  2Fya -2Fuß  =  F(a,ß,y), 
as    a   homogeneous    quadratic   function    of   the    direction    cosines    of 
the  axis. 

The  sum  of  products  of  the  mass  of  each  particle  multiplied  by 
the  Square  of  its  distance  from  a  given  plane  is  called  the  moment 
of  inertia  of  the  System  with  respect  to  the  plane.  Although  it  has 
no  physieal  significanee  it  will  be  convenient  to  consider  it.  For  a 
plane  normal  to  the  preceding  axis  we  have 

65)  Q  =  2mq*  =  u?2m%*  +  ß*2Imy'  +  y22ms2 

+  2ßy£myz  +  2ya£mzx  +  2aßHmxy, 
and  if  we  put 

A'  —  Smx2,    B'  =  2my3,    C  =  Ems*, 
we  have 

66)  Q  =  A'a2  +  B'ß;!+C'y2  +  2Dßy  +  2Fytt  +  2Faß  =  F'(<x,ß,y). 

The  six  quantities,  A,  B,  G,  A',  B',  C,  being  sums  of  Squares,  are  all 
positive.     We  have  evidently 

A  =  B'  +  C,  B=C'  +  A\  0  =  A'  +  B', 

67)  B+C=A  +  2A',    0+A  =  B  +  2B',    A  +  B^C+2C\ 
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so  that  the  sum  of  any  two  of  tlie  moments  A,  B,  C  is  greater  than 
the  tliird. 

If  we  lay  off  011  the  axis  a  length  q  and  Call  the  coordinates  of 

tlie  point  P  so  detennined  i-,  y,  £  we  have 

68)  F'(t,ti,?)-i?F'(«,ß,r)-?Q- 

If  we  now  make  the  length  of  OP  vary  in  such  a  manner  that 
ßa$=  1,  we  obtain  for  the  coordinates  of  P  the  equation 

69)  F'  (g,  v,  0  =  ^'|2  +  B  Y  +  C" f  4-  S.D*t  +  2E&  +  2F%n  =  1, 

or  P  lies  on  a  cenlnv'  fiumlric  .-uir/'iicr.      S.i.nce  y  =  — =  is  ahvavs  real, 

this  is  an  ellipsoid.  It  possesses  the  property  that  the  moment  Q 
with  respect  to  any  plane  through  its  center  is  inversely  proportional 
to  the  Square  of  a  radius  veetor  perpendicular  to  it.  It  will  be 
termed  the  fumlfoiimilal  elli'/mid  of  inertia  at  the  point  0.  It  was 
discovered  hy  Binet. 

In  a  similar  manner  the  moments  of  inertia  ahont  the  various 
axes  are  inversely  proportional  to  the  Square  of  the  radii  vector^s  in 
their  direetion  of  another  elli 


70)    F(£,  n,  0  =  AV  +  Bv*  +  C?  -  2Dtf  -  2-Bfl  -  S-Dgij  =  1. 

This  is  known  as  Poinsot's  dlipsoid  of  inertia  at  the  point  0. 

Since  a  central  quadric  always  has  threc  prineipal  axes  perpen- 
dicular to  each  other  (see  Note  IV),  we  find  that  there  are  at  any 
point  in  a  hody  three  mutually  perpemlicular  directions,  namely  those 
of  the  axes  of  the  two  ellipsoids  of  inertia,  characterized  by  the 
property  that  for  them  the  prodnets  of  inertia  D,  E,  F,  are  equal  to 
zero.  These  are  termed  the  prineipal  axes  of  inertia  of  the  body  at 
the  point  in  question.  They  have,  as  sliown  in  §  69,  the  property 
that  if  the  hody  he  rotating  about  one  of  them  the  centrifugal  couple 
vanishes,  so  that  if  the  center  of  mass  lies  on  the  axis  the  body 
remains  rotating  about  the  same  axis,  unless  acted  on  hy  external 
forces. 

The  moments  A,  S,  C  about  these  axes  are  called  prineipal 
moments  of  inertia. 

It  is  important  to  notice  that  as  we  pass  along  a  Iine  which  is 
a  prineipal  axis  at  one  of  its  points,  the  directions  of  the  axes 
of  the  ellipsoids  at  successive  points  are  not  the  same,  so  that  in 
general  a  Line  is  a  prineipal  axis  of  inertia  at  only  one  of  its  points. 
We  are  thus  led  to  study  the  relative  directions  of  the  prineipal 
axes  at  different  points  of  the  body. 


/Google 


232  VI.  SYÜTJC.MS  Ol'' VIXTOit-S.  JJlSTJ.UF.rT.  Ol'  M"ASS.  INSTANT.  MOTION. 

72.  Ellipsoid  of  G-yration.  The  moment  of  inertia  about  any 
axis  may  be  eonsidered  equal  to  that  of  a  particle  whose  mass  is 
that  of  the  body  placed  at  a  distanee  Ti  from  the  axis,  such  that 
K  =  Mks.  li  is  called  the  radius  of  gyration  for  this  axis.  The 
radii  of  gyration  about  the  priueipal  axes  of  iuertia  at  any  point  are 
called  the  prineipal  radii  of  gyration  for  that  point.  If  we  call  their 
lengths  a,  b,  c  we  have 

A  =  3fa2,     B  =  Mb*,     G  =  Mc%, 
and  70)  becomes 

71)  k-  =  «V  +  p»V  +  y*c*. 

Another  ellipsoid  besides  Poinsot's,  which  referred  to  its  axes  is 

72)  F(x,  y,  s)  =  Ax2  +  Bf  +  6V  =  1 

is  sometimes  convenient.  If  at  any  point  x,  y,  8  on  Poinsot's  ellipsoid 
we  draw  the  tangent  plane,  and  from  the  center  let  fall  a  perpen- 
dicular  upon  it,  its  length  p  will  be  the  projection  of  the  radius 
vector  r  on  a  Üne  parallel  to  the  normal, 


i) 

p  =  x  eos  (nx)  +  y  ■ 

JOB  («*)  + 

,öCos(ji.c- 

)• 

Bnt 

sine*1 

<:(y>>  (v.  x) 

-£/{©"+ 

(«») 

'+©*}' 

i, 

i    y^ 

■+j»v 

HO'«' 

74) 

cos  iny) 

=f/|©'+ 

fe) 

'+©') 

Bf 

yZ*a 

TO 

!+  c1^ 

COS  («,;) 

=§?/(©'+ 

'+©*} 

Gz 

VI-J 

■  +  B^ 

'  +  Wi> 

(liis 

gives  for  the  ellipsoid 

dF  ,      dF  , 

, 

1/(1 


\a+  py+  pv  i/iv+av+fl1» 


Thus  the  direction  cosines  of  $  are,  by  74), 

a'  =  cos{«a;)  =  Apx  =  Apra, 
75)  ß'  =  cos(ny)  =  Bpy  =  Bprß, 

y'  =  cos  (ws)  =  Cps  =  Cpry, 
If  on  the  perpendicular  we  mark  off  a  point  P',  at  a  distanee 
OP'  =  r'  =  ■ — j    and  call  its  coordinate*  z'.y'.e',  we  have 
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76) 

from  which  1 

") 

and  by  72) 

78) 


ELLIPSOID  OF  GYRATION. 

x'  =  r'  a'  =  Apr'x  =  TPAx, 
if  =  r'  ß'  =  Bpr'y  =  IPBy, 
z'  ^r'y'  -  Gpr's  -  B'Oi, 


•J~i 


Aceordingly  the  locus  of  P'  is 
inversely  proportional  to  tliose  of  the 
the  inverse  ellipsoid.  If  we  take 
R*  =  -^  we  have 


L    elli 

ginal  ellipsoid.     It  is  called 


79) 


r  +  1^- 


=  1 


and  the  semi-axes  of  the  inverse 
ellipsoid  are  equal  to  the  principal 
radii  of  gyration  a,  b,  c. 

Since  the  two  ellipsoids  have  the 
directions  of  their  principal  axes  coin- 
cident  (namcly  Uie  directions  in  which p 
and  r  coincide),  the  relations  are 
evidently  reciprocal,  and  OP  is  per- 
nio:] dicukir  to  the  tan  gen  t  plane  at  P'.  pj 
Let  the  length  of  the  perpendicular  in 

this  direction  he  p'.    Then  since  the  triangles  OPQ,  Ol"  Q'  (Fig.  70) 
are  similar, 

80)  i_^,    p'r-r^-E'. 

Since   the  moment  of  inertia   about  OP  is 


81) 
we   li.ii ve 


-t-w 


/,■- 


and  the  property  of  the  inverse  ellipsoid  is  that  the  radius  of  gyration 
about  any  line  is  equal  to  the  part  intercepted  hy  a  plane  perpen- 
dicular to  it  tangent  to  the  inverse  ellipsoid.  The  inverse  ellipsoid 
is  accordingly  called  the  ellipsoid  of  gyration. 

It  is  evident  that  the  direct  ellipsoid  more  nearly  resembles  the 
given  body  in  shape  than  the  inverse  ellipsoid,  for  if  the  body  is 
spread  out  much  abont  any  particular  axis   the  inertia  and  radius  of 
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gyration  about  that  axis  are  large,  so  that  the  inverse  ellipsoid  has 
a  large  dimension  in  the  direetion  of  that  axis,  while  the  direct 
ellipsoid,  like  the  body,  has  a  small  one. 

73.    Ellipaoidal    Coordinates.      The    equation    of    a    central 
quadric  referred  to  its  axes  may  he  written, 

82)  —  +  ^  +  -  =  1, 

where  alf  aa,  a3,  may  be  positive  or  negative.  If  they  are  all  negative. 
the  surface  is  imaginary,  for  the  equation  is  not  satisfied  by  any 
real  values  of  x,  y,  z. 

1°.  Suppose  one  is  negative,  say 

%  =  —  <?, 
while 

a,  =  a3,     «ä  =  ¥. 
Let 

a  >  b  >  c. 
The  equation  now  is 

The  surface  is  cnt  by  the  XF-plane  in  the  ellipse 

whose  seiui-axes  are  o  and  b,  and  whose  foci  are  at  distances  froin 
the  center 

Ya*  —  &s  =  Y<h  —  öj 
on  the  X-axis. 

The  section  by  the  ZX-plane  is  the  hyperhola 


with    semi-axes  a,  c,    and   foci    at   distances  ~\/as  +  ca  =  Yai  — 
the  X-axis.     The  section  by  the   YZ-plane  is  the  hyperhola, 

with    semi-axes  b,  c,   and   foci    at    distances  yV  +  c2  =  yäs  - 
the   JT-axis.     The  surface  is  an  hyperboloid  of  one  sheet. 

2°.  Let  two  of  the  constants  o,,^,^,  be  negative,  say 


The  equation  is 
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The  sections  by  the  coordinate  plnn.es    and    Uieir  foeal   distance 

XY    J  -  j£  —  1       Hyperbola,     yV  +  ba  =  Va^V3  on  X- 

ZX    -j  — -g  =  1       Hyperbola,     l/a3  +  c*  =■  |/a,  —  a3  on  JT-axis. 


F.Z    |ä-  +  ^ 1   Imaginary  Ellipse,     )/—  (fc2  -  c2)  =  y^  - 

The  surface  is  an  hyperboloid  of  two  sheets. 

3°.  If  a1,  a2,  fla  are  all  positive,  the  sections  are  all  ellipses,  and 
the  surface  is  an  ellipsoid.  In  all  three  cases,  the  Squares  of  the 
focal  distances  are  the  differences  of  the  constants  ßu  Ba,  ös.  Con- 
sequottlv  if  we  add  to  the  three  the  same  nnrnber,  we  get  a  surface 
whose  principal  sections  have  the  same  foci  as  before,  or  a  surface 
confocal  with  the  original.     Accordingly 


83)  -i—  +  ,-/,-  +  -fr-  =  1 
represents  a  quadric  confocal  with  the  ellipsoid 

J  +  $  +  £  =  1, 
for  any  real  value  of  q. 

If    a  >  b  >  c    and    q  >  —  c5,    the    surface    is    an    ellipsoid.     If 

—  cl  >  p  >  —  b2,   the  surface  is  an  hyperboloid   of  one  sheet,  and  if 

—  b2  >  Q  >  —  «ä,    an    hyperboloid    of    two    sheets.     If  p  <  —  «*,    the 
surface  is  imaginary. 

Suppose  we  attempt  to  pass    through   a  given   point   x,  y,  z,   a 
quadrie  confocal  with  the  ellipsoid 

5  +  |f+  J  =  l  («>C>c). 

Its  equation  is  83),  where  the  parameter  q  is  to  be  detenninnd. 
Clearing  of  fraetions,  the  equation  is 

84)  f(9)  =  («"  +  Q)  (b>  +  (.)  („'  +  (,)  -  X*  (V  +  ,)  (»'  +  (.) 

-  »'  (»'  +  9)  («'  +  P)  -  «"  («'  +  S>)  (»!  +  ?)  -  0 
a  cubic  in  (>.     But   this  is    easily   shown   to    have   three    real   roots. 
Putting  successively  q  equal  to  oo,  —  c2,  —  b2,  —  a2  and  observiug  signs 

»f  m, 

<•-     <*>,   He)-°°  + 

Q  =  -c°-,  f(t>)  =  — ^{a? -!?)(!>* -c°)  - 
,--V,  f(d  =  ~f(c'~b*)(a>-V)  + 
,—  af,    f(t>)  =  -x'(V-a')(c>-a')      - 
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Call  the  roots  in  order  of  magnitude  X,  ,«,  v.  Tlie  changes  of 
sign  above  show  that  A  lies  in  the  internal  X  >  —  c3  necessary  in 
arder  that  the  surfaee  shall  be  an  ellipsoid,  /i  in  tke  interval 
—  cs  >  (i  >  —  b2  that  it  may  be  an  liyperboloid  of  one  sheet,  and  v 
in  the  interval  —  1/  >  v  >  —  a%  that  it  may  be  an  hyperboloid  of 
two  sheets.  There  pass  therefore  through  every  point  in  space  one 
surfaee  of  each  of  the  three  kinds.     If  we  call 

85)  Fl).,  z,,,.)  =  ^l  +  s^l  +  ^fl-l. 

the   equation  F  =  0  defines   X  as  a  funetion  of  x,  y,  s.     The   normal 
to   the   surfaee   ?.  (xy  s)  =  const.   has   direction  eosines   proportional  to 

dl       dl       dl 
dx       dg'     dz 
Now  since  identically  F  —  0,  düferentLiiting  tohilly. 

,  „       dF ,      ,   dF  ,      ,    oF  ,      .    cF  , .        n 

i?.F=  -..,.,  cfa  -I-  ^  <^'  4-  -£--de+  £jäX  =  Q, 

and  we  have 

Ol  _  ldl_\  __d_Z  l&F 

dx~  \dx)*»Zl=       %äl  ~<>1' 
for   the   required   partial  derivative  of  l  with  respect  to  x,  when  y 
and  s  are  eonstant. 
Therefore 


■  dl 

#s 

o^~ '. 

?+i/ 

l(aH^  + 

(&■  +  !)■ 

^  CcE  +  ä 

IShiiilsirly 

di 

8« 

(6'+l)J  ■  "■ 

dl 

2a 

fl)p'(l) 

The  Bum  of  the  Squares  of  the  derivatives  beiug  called  h-)2,   we  have 

Now  the  direction  eosines  of  the  normal  to  the  surfaee  X  =  conti,  are 

,       ,       1  dl        .  Y-F'(l)             2j:                ,  x 


COB  («-;/)  = 
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Similarly  for  the  nornials  to  the  surface  ,«  =  const, 

cos  (nux)  =  ±  — : — ■  _.      ) 


The  angle  between  the  normals  to  k  and  (t  is  given  by 


Now  by  subtracting  from  the  equation 


the  equation 


92)     (*-!»)  {&,i  +  l,Co»  +  rt  +  (6t  +  ii)(fti  +  (i)+  (c.  +  i)  ((,«  +  „)}=  °- 

Accordingly,  unless  %  =  (l,  eos(mj.»t/t)  =  0,  and  the  two  normals  are 
at  right  angles.  Similarly  for  the  other  pairs  of  surfaees.  Accord- 
ingly  the  tliree  surfaees  of  the  eonfoual  svstaii  passing  tlirough  any 
point  cut  each  other  at  right  angles. 

If  we  give  the  values  of  X,  fi,  v  we  determine  eompletely  the 
ellipsoid  and  two  hyperboloids,  and  hence  the  point  of  intersection 
x,  y,  z.  To  be  snre  there  are  the  seven  symmetrica!  points  in  the 
other  quadrants  which  have  the  same  values  of  X,  fi,  v,  but  if  we 
speeify  which  quadrant  is  to  be  considered  this  will  cause  no 
ambigutly.  Thus  the  point  is  speeified  by  the  three  quantities  k,  ft,  v, 
which  are  called  the  etlipsoiäal  or  eilipüc  wmliwitvs  of  the  point. 

74.  Axes  of  Inertia  at  Various  Points.  Let  K=31ki  be 
the  moment  of  inertia  about  an  axis  whose  direetion  cosines  are 
a,  ß,  y,  at  a  poiot  0  whose  coordinates  with  respect  to  the  prinzipal 
axes  at  the  center  of  mass  G  are  xys.  Let  p  be  the  distance  of  the 
axis  at  ö  from  a  parallel  n\is  tlirough  G,  and  q  the  distance  of  the 
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foot    of   the    perpendicular    from  G.     Then    by  the   two  theorems  of 
§  70  and  §  71, 

K  =  Act*'  +  Bß2  +  Of  +  Mps, 
9i5^  k2  =  a2a2  +  b*ß*  +  c2y2  +  p2. 

Now 

^3  =  r3  _  gs  =  ri  _  (ux  +  ßy  +  j>ä)s, 

94)  £s  =  aV  +  6a/3a  +  cB72  +  r2  -  q2. 

in   order  to   find   the  principal  axes  at  0   we  must  make  tbis  a 
maximnm  or  raininmra  with  respect  to  a,  ß,  y  subject  to  the  condition, 

a2  +  ß2  +  y2  =  1. 

,\lult.ipk"nig    this    by    n  eonstuii.t  o.    suljtr:icti.iig    fratn   94).    u;id    liiÜV- 
rentiating 

T  Ji (*'  -  « (■*  +  ^  + 1^  ~  "*"  -  3*  -  ««  -  0, 

95)  1  rp  I*'  -  "0'+ ?!  +  f1))  ~  *"'  -  a»  -  «t>  -  °. 
T  il  l**     5  (o* +  0'  +  ^  -  «!r  -  «<■  -  «y  -  0. 

Multiplying  these  eqnations   respectively  by  a,ß,y  and  adding, 
2  +  ö2ß2  +  c2y2  —  q(ax  +  ßy  +  ye)  —  6  =  0. 


96) 


Ä»  _  rä  „  ö  =  0 


Thus  B  is  determined  as 

97)  ff_*»-H. 

Inserting  this  value  in  95)  we  have 

(a2  +  rs  —  1^)  a  =  qx, 

98)  (b2  +  r2  -  h2)  ß  =  qy, 

(c2  +  r2  -  k2)  y  =  qz. 

'Mi;]l.iplyiug  tlicsü  cquatious  respectively  by 

a  V  s 

a'+r^-k*'     &*-{-»•*— 1!:"       cs+r»-fcs 

and  adding,  we  get,  sinee  §  divides  out, 

")  Jtfcp  +  irftr.  +  i.+  ^-l. 

If   we    now    put  r2  —  k2  =  p,    this    is  the  same  cubic   as  83)  to 
determine   p,  and  gives  three  real  roots  for  li', 
kx2  =  r2  -  l, 
fcjs  =  ra  —  /i, 
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The  direction  cosines    are    then  given,  according  to  95)  and  98),  by 
}Q>i  +  r*-K*)  =  ^(ci  +  r*-k1*), 

^  +  ^_V)  =  ^  +  r2_V), 


**■+*    o*+»    fi5+* 

Henee  the  principal  axes  of  inertia  at  any  point  0  are  normal 
to  the  three  surfaces  through  0  confocal  witli  the  ellipsoid  of  gyration 
at  the  center  of  mass.     This  theorem  is  due  to  Binet. 

Since  X  >  /i  >  v,  the  least  moment  of  Inertia  is  about  the  normal 
to  the  ellipsoid,  the  greatest  about  the  fovo-sbeeted  hyperboloid,  and 
the  mean  about  the  normal  to  the  one-sheeted  hyperboloid. 

We  have 

k*  +  y  +  ^i  =  3»-a  -  (i  +  p  +  v). 

But  the  sum  of  the  three  roots  is  the  negative  of  the  coefficient 
of  pB  in  the  enbic  83), 

;.  +  ii  +  v  =--  a;s  +  f  +  s"-  -  (a2  +  Z>2  +  <?), 

101)  /c,s  +  fe,3  +  V  =  2r2  Jras  +  b2  +  c\ 

Thus  the  sum  of  the  principal  moments  of  inertia  is  the  same  for 
all  pointB  Iying  at  equal  distances  from  the  center  of  mass. 

It  is  now  easy  to  see  fchat  any  given  line  is  a  principal  axis  for 
only  one  of  its  points,  unless  it  passes  thron «'.b  the  center  of  mass, 
when  it  is  such  for  all  of  its  points.  It  is  also  evident  that  not 
every  line  in  space  can  be  a  principal  axis. 

If  the  central  ellipsoid  o!  gyration  is  a  sphere,  all  the  elli  pso  ul.> 
of  the  confocal  system  are  spheres,  and  all  the  hyperboloids  cones. 
Every  ellipsoid  of  inertia  is  a  prolate  ellipsoid  of  revolution,  with 
its  axis  passing  through  the  center  of  mass. 

If  the  central  ellipsoid  has  two  equal  axes,  the  ellipsoids  of 
inertia  for  points  on  the  axis  of  revolution  are  also  of  revolution. 
If  the  distance  of  a  point  on  this  line  from  the  center  of  mass  is  d, 
and  the  moment  of  inertia  about  it  is  Ml;.2 


*1 

'-  --  a- 

', 

''.' 

>-V 

+  a> 

'S.' 

'  —  V 

+  a> 
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If  b  <  a  there  are  two  points  for  which  the  ellipsoids  of  inertia  are 
spheres,  namely  where  d  =  ±  y"a2  —  b2.  This  is  the  only  ease,  except 
the  above,  where  there  are  epheres. 

If  we  look  for  ellipsoids  of  revolution  in  the  general  case  when 
a,  b,  c  are  unequal,  we  must  distinguish  hetween  prolate  and  oblate 
ellipsoids  of  gyration. 

1°.  'Prolaie.  The  two  equal  radii  of  gyration  are  the  two  smaller 
\  and  lt2.  For  these  to  be  equal,  we  must  have  X  =  jt.  But  as  X 
and  {t  are  separated  hy  —  iß,  if  they  are  equal  they  must  be  equal 
t0  _  pä  jn  ^n]s  oage  the  axis  of  the  ellipsoid  and  one-sheeted 
hyperboloid  are  both  zero,  and  the  ellipsoid  beeomes  the  elliptieal 
disk-  with  axes  y'ii1  -  (r,  yV  —  c2,  forming  part  of  the  XY-plane, 
and  the  hyperboloid  all  the  rest  of  the  XY-  plane.  Points  lying  on 
both  surfaces  lie  on  the  ellipse  whose  axes  are  ya?  —  cs,  yb2  —  cs, 
which  passes  through  the  four  foci  of  the  System  lying  on  the  X- 
and  Y"-axes,  and  is  aucordingly  c-fdled  tiw  focal  ellipse  of  the  coni'oeal 
System.  (We  saw  by  92]  that  if  X  =  (i  the  two  surfaces  were  not 
necessarily  orthogonal.)  All  points  lying  on  this  ellipse  have  prolate 
ellipsoids  of  gyration,  the  axes  of  rotation  lying  in  the  plane  of  the 
ellipse. 

2°.  Oblate  ellipsoids  of  gyration.     In  this  case  we  have 

fcj  =  lA,     (i  =  v  =•  -  b\ 

The  F-axes  of  the  two  hyperboloids  now  vanisb.  That  of  one  sheet 
beeomes  the  part  of  the  X/iT-plane  lying  within  the  hyperbola 

and  that  of  two  sheets  the  remaining  parts.  Tbe  points  common  to 
both  are  those  lying  on  the  hyperboht,  whose  axes  are  y^a2  —  b2,  ~\/b2—C- 
and  which  passes  through  the  remaining  two  foci  of  the  System,  and 
is  called  the  focal  hyperhola.  The  axes  of  revolution  of  the  ellipsoids 
of  gyration  lie  in  tbe  plane  of  the  hyperbola. 

75.  Calculation  of  Moments  of  Inertia.  In  the  case  of  a 
continuous  solid,  the  sums  all  hecome  definite  integrals,  as  stated 
in  §  68.  All  the  preceding  theorems  of  course  are  unaltered.  If 
the  body  is  homogeneous  all  the  integrals  are  proportional  to  the 
density.  Since  the  mass  is  likewise,  the  radii  of  gyration  are  in- 
dependent  of  the  density.     We  will  therefore  put  o  =  1. 
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Reetangular  Parallelepiped,  of  dimensions  2a,  2b,  2c. 

Ä'  -J  J  Jafdxdyds  -  -J-a'Sc, 

B'  —  f  j   jy'dxdyde  —  yVoa,  (Jf-8oSc) 

C  -  j  J  Ji\lxdyds  =  ^<?ab, 

A  —  B'  +  C'  =  ^-cibe(b'  +  e'): 
102)  B-  C  +  A'  =  -  ube(c'  +  if), 

C-4'  +  B'=.|o6c(o,  +  6,). 
Tims  the  radii  of  gyraticm  «0,  ba,  ea  are 

Sphere,  with  radius  B. 
yi'  =  /  /  l  x^dxdyda,  B]  =  /  /  /  y^dxdydü,   C'  =  t  f  j  ^dxdijdä, 
tlie  limits  of  Integration  being  gh-en  by  tlie  inequality  x2+ys+  z*<Rs. 

Ä  +  B'  +  C—  f  f  Hx'  +  y'  +  e^dxdydi. 
Uliajiging  to  polar  coordinates, 

4'  +  B'  +  C  —  fiKr,dr  =  ^xRs, 
A'-B'-C  -i  ««', 
4  -  B'  4-  C"  -  5,  ,!■    ilf_  !«.«>, 
104)  ^1  -.B  -C  -|-.JOä',    S-ü|/|- 

Ellipaoid,  with  semi-axes  a,b,e. 

A'  =  I  I  I  x^dxdydz, 
the  limits  of  integration  being  given  by  the  inequality 

Webstee,  Dynnmicu.  16 
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Tlie   Integration   is   most    easily  performed   by  a  change   of  variable. 
If  we  pnt 


A'  —  I  f  I  a2x'sadx'häy' cd.?'  =  az~bc  j  f  j  x'^dx' dp' 'dz', 

tlie    integral    beiug   takeu    for   values   con-esponding    to  points  within 
the  sphere 

as',  +  y"  +  *'1<l. 
Now  the  moment  of  inertia  of  tlie  sphere  witK  respeot  to  a  <lis.uiKjt.ru!. 
plane  is      ■  %,  hence 

A'  =  --xatyc,    B'  =>  —itWca,     C  =-.-3tc3ab. 

A  =  B'  +  C'—^xabeQP  +  i?), 

105)  B  —  O'  +  A'  =  ~  %abc  (c» +  <»■),        (jtf=|«ftc) 

C  =  ^  +  B'  —  ~  reaöc  (et2  +  V), 

106)  «q=y^.  k=Y^>  <k=V^iE- 

Thin  Cireular  Disk  normal  to  ij-axis. 

A' -JJx'dxdy,    W  -JJy'dxdy,    ff —  0, 

A'  +  B'  -jj(x'  + !/')  «is  <ty  -fezr'dr  =\xll\ 

x  —  sit',  a'  —  b'  —  ^mb;   0'  —  o: 

107)  1-B-ilB',     C  — -i-JfB'. 

Tlie  moment  about  the  normal   to    the   disk   is   double   that   about  a 
diameter. 

Cireular  Cytinder  of  radius  R,  length  21. 

The  moment  about  the  axis  of  rotation,  is,  as  for  the  disk. 

0—yXB',    Ä  =  B'--\lIB\ 
C'  —  fxB'tit  —  \ xB'l'  -  i  JH>, 

108)  yl__B-Jlf(-J"  +  -8")>     C-ijfB'. 
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We  have  A  = 


aiovrsG  axes. 
3=C  if 


Then  the  cyliiider  Js  rlyiiamically  equivalent  to  a  sphere,  as  is 
also  the  case  for  a  cnbe. 

These    exarnples    furaish    the    means    o£   treating  the   cases  that 

usiuilly   sippusLT  in  practice. 

76.  Analytical  Treatment  of  Kineinatics  of  a  Rigid 
System.  Moving-  Axes.  In  §§  55  —  57  we  have  treated  the 
general  motion  of  a  rigid  System,  iVom  the  purely  geometrical  point 
of  view,  withoot  analysis.  We  shall  now  give  the  analytical  ireatment 
of  the  same  subject.  Let  ua  refer  the  position  of  a  point  in  the 
System  to  two  diff ereilt  sets  of  coordinatea.  Let  x' ,  y',  s'  be  its  co- 
ordinates with  respect  to  a  set  of  axes  flxed  in  space,  and  let  x,  y,  z 
be  its  coordinates  with  respect  to  a  set  of  axes  moving  in  any 
manner.  The  position  of  tlie  moving  axes  is  defined  by  the  position 
of  their  origiii.  «hose  coordinates  referred  to  tlie  flxed  axes  are 
\,  rj,  %,  and  by  the  nine  directum  cosines  of  one  set  of  axes  with 
respect  to  the  otlier.     Let  these  be  given  by  the  following  table 


X    Y 

Z 

«i     A 

Vi 

«.jfl, 

n 

«,  .  ß, 

7i 

The  equations  for  the  trausforniation  of  coordinates  ai-e  then, 
109) 


*' -  6  +  «k*  +  0,»  +  }•,», 

y'  =  i]  +  u2x  +  ßsy  +  y%B, 


the   direction   cosines    of  the   X-axis   with 


to  X',  Y',  Z\  we  have 


110) 
and  sirailarly 

110) 


fV  +  h'  +  h'  -  1, 

7iä  +  y*  +  7z  =  i- 
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Since  the  axes  Y,  Z  are  perpendicular,  tlieir  direction  cosines  satisfy 
the  conditions, 

ui)  Ar.  +  ß,r,  +  ß',n  -  o, 

und  similarly, 

«iA  +  «ift  +  «ift  -  a. 

Thus  the  nine  cosines  are  not  independent,  but,  satisfying  six 
conditions,  may  be  expressed  in  terms  of  three  pararneters.  These, 
with  the  three  £,  i;,  %,  show  the  sia;  degrees  of  freedom  possessed 
by  a  rigid  System. 

By  interchanging  the  röleu  of  the  axes,  and  considering  the 
direction  oosines  of  X',  Y',  Z'  with  respect  to  X,  Y,  Z  we  find  the 
equivalent  conditions 

«i'  +  ßi'  +  ri'-h 

112)  «t'  + A'  +  ft'-lf 

113)  w  +  Ms  +  w»  =  o, 

If  we  now  diiferentiate  the  nrst  of  equations  109),  supposing 
x,  y,  S  to  be  constant,  we  obtain 


Äs'  ei«,    ,       (Zft.    ,       rfv, 


for  the  components  in  the  directions  of  the  fixed  axes  of  the  velocity 
of  a  point  fixed  to  the  moving  axes. 

Let  us  now-  resolve  the  velocity  in  the  direction  wbich  is  at  a 
given  instant  that  of  one  of  the  moving  axes.  To  resolve  in  the 
direction  of  the  X-axis  we  have 

1151       v   -  a  v  '  4-  a  v  '  4-  a  v  '  —  a  U  4-  a  ^  +  a.  ^ 

/      da,     ,         dKa    .         eia.\    .        /      dB.  dß.    .         Äö.\ 

The  coefficient  of  a;  in  Ulis    expression   is   the  derivative  of  the  left- 
harid  member  of  the  first  of  equations  110),  and  is  accordingly  equal 
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to  zero.  If  we  now  denote  the  coefficients  of  y  and  z  by  Single 
letters,  and  compare  them  with  the  results  of  differentiatiug  equa- 
tions  111),  writing 

da,     .         dB,    ,         dß,  (,   dy,     .     -   dy„    .     ,   ä-/.\ 

p  -  r,  f,  +  r,  #  +  n  {f  -  -  (A  -f,  +  ß,  -Jf  +  P>nt)> 

116)     q-^  +  a,- 


dy..  I      da,     ,  du,     ,  du.,\ 


'-a£+A$  +  a£~  («n 


117) 


*-AaH 


~ft 


dt    ' 


■Vt 


py  -  <&. 


These  eqnations  express  the  fact  tliat  the  velocity  of  a  point  attached 
to  the  moving  axes  is  the  resultant  of  two  Teetors,  one  of  which, 
V,  is  the  same  for  all  points  of  the  System,  being  independent  of 
x,y,z,  and  having  the  coniponerits  in  the  direction  of  x',y',s'  equal 
to  jt>  '-jj>  Yf>  and  'n  fo®  direction  of  x,  y,  s,  equal  to 


This  part  of  the  motion  is  accordingly  a  trannlat-inu. 

The  other  part  of  the  velocity,  whose  coinponeiits   in  the  direc- 
tion of  the  instantaneous  posii.ions  of  the  X,  Y,  /f-axes  are  given  by 


vt=py  —  qx, 

being  the  vector  produut  of  a  yector  cj  whose  eomponents  are  jp,  q,  r, 
and  of  the  position  vector  p  of  the  point,  is  perpendicular  to  both 
these  vcctors  and  is  in  magnitude  equal  to  o)psm(ojo).  1t  accord- 
ingly represents  a  motion  due  to  a  rotation  of  the  body  with  angular 
velocity  <o  about  an  axis  in  the  direction  of  the  veetor  m.  Thus  we 
have  an  analytical  demonstration  of  the  vector  natnre  of  njigular 
velocity.     If   we    take    as    a   position    of   the    fixed   axes    one   which 
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eoinciduä  with  thafc  of  the  moving  axes  at  some  partieular  instant 
of  tirae,  the  direction  eosines  vanisli  witli  the  exception  of  au  ß%,  y8, 
which  are  equal  to  unity.     We  then  have 

^   i>  —  -;i-  ~      d( »    <z  —  ~dt  —      dt '    r  —  dt  —      dt  ■ 

But  since  |33  =  cos(j/s'),  yB=  cos(ey'),  we  have  on  differentiating 


sin($/s')  =  sin  (></')  = 


*  A *(y*0 


Thus  it  is  clearly  seen  that  p,  q,r  are  angular  velocities,  being  the 
rates  of  increase  of  the  angles  ey\  xs',  yx' ,  or  in  other  words,  the 
angular  velocities  with  wliich  the  moving  axes  X,  Y,  Z  are  turning 
about  each  other. 

It  is  to  be  noticed  that  p,  q,  r,  though  angular  velocities,  are 
not  time-derivatives  of  any  functions  of  the  coordinates,  which  migbt 
be  taken   Cor  tliree  generalij.ed    Lag.nnigia.il  eoordinates  q. 

They  are  merely  linear  functions  of  the  derivatives  of  the  niiie 
eosines,  which  latter  may  themsdves  be  expressed  in  terms  of  three  qs. 

If  we  seek  to  find  those  poiuts  of  the  body  whose  actual  velocity 
is  a  minimum,   we   must  differentiate   the   quantity. 

121)  vi  =  (Vx  +  qz  —  ry'f  +  {Vv-\-rx—psf  +  {V,  + py  —  qxf 
with    respect    to    x,  y,  z,    and    equate    the    derivatives    to    zero.     We 
thus  obtain 

t{V,j  +  rx  —  ps)  —  q(V,  +  py  —  qx)  —  0, 

122)  p{V,  +  py  —  gx)~-  r(Vx  +  qg-ry)  =  Q, 
q(Vx  +  qts  —  ry)  —  p{V<,+  rx  —  ps)  =  0, 

which  are  eqnivalent  to  the  two  independent  equations, 
V^  +  qz-ry  V9  +  rx~ps  _  V^j-py-gz 

>  p  ~  <t  —  r 

These  are  the  equations  of  a  line  in  the  body,  namely  of  the  central 
axis,  as  round  in  §  66,  38). 

Calling  the  value  of  the  common  ratio  X,  Clearing  of  fractions, 
multiplving  by  p,q,r,  and  addiug,  we  obtain  the  value   of  l, 

*  ( P"  +  S*  +  rs)  =pVa  +  q¥y  +  rV:, 
pY  +qV  +rV 
124)  X***     »V.'T,     ■ 
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Making  use  of  tbis  value  o£  1  with  equations  121),  123),  we  obtain 
for  v  for  points  on  tlie  central-axis 

125)  v  =  -    'IV.-  .-  i, 

tfp'+a'+r' 
agreeing  with  42). 

If  the   veloeity  of  points  ou  the  central  axis   is  to  be  zero,  wo 
must  have 

126)  '  pVx  +  gV,,  +  rr=  =  0, 
when  the  motion  reduces  to  a  rotation,  as  in  41). 

77.    Relative   Motion.     In    forming    equations    114)   and    the 

folJowm«-,  ivü  have  suppused  the  poiut  in  question  fixed  in  the  hody, 
so  that  X,  y,  ä  were  eonstants.  If  this  is  not  tlie  ease  we  have  to 
add  to  the  right  band  members  of  114)  the  quantities 

da;    .     -  dy    ,        dz 

•.S  +  fijj  +  ftjp 

, ,_,  dx    ,    a  dy    ,        dz 

127)  *3i  +  &i?  +  ftär 


3  dt 


which,    on   being    multiplied    by  the  proper  eosines,   will  appear   in 

equations  117)  as  yr  ■  ■>  --i  so  that  we  have  for  the  components 
of  the  aetual  veloeity  in  the  direction  of  the  axes  X,  Y,  Z  at  the 
instant  in  question,  if  the  orii/in  of  tlie  latter  is  fixed, 


128) 


These  equations  are  of  very  great  importance,  for  by  means  of  them 
we  may  express  the  veloeity  components  in  directions  eoineiding 
with  the  instantaneous  direction  of  the  moving  axes  of  the  end  of 
am}  veotor  x,  y,  e.  If  for  x,  y,  s  we  put  the  components  of  the 
veloeity  v,  we  obtaiu  the  aeceleratton-co.mponents  (§  103),  if  the 
components  of  angular  momentum  II  we  have  a  dynamical  result 
treated  in  §  84. 


~a7  +  1z  ~ 

-ry, 

"?,+"- 

-  pz, 

"s  +  py- 

-  qx. 
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If  we  apply  these  equations  to  a  point  fixed  in  space,  for  ivhich 
r,  vv,  v„  vanish,  we  obtain 

,„.,  dx  äy  dz 

129)         -r-ry-qz,     .j=pz-rx,      -r-qx-py. 


T.kmg 

a  point  on 

the  X 

'-axis 

at  unit  dista 

nee 

from  the 

■  c 

rif 

have  x 

=  a, 

>y  =  ßi 

,  a  --■ 

Yu 

130) 

da, 

dt 

=  ßtr- 

-rii, 

dt  ~ 

=  7iP 

—  e^r, 

dt 

=  «i5- 

A 

i>» 

and  in 

like 

manner 

taking  points  on 

the  Y 

an 

d  if'-axe,1 

!, 

130) 

das 
.  dt 
da, 
dt 

-ß,r- 

-Ya2, 

-Y$$, 

dßs  _ 
dt  - 
dßs  _ 
dt  = 

"ftP 

"Y%P 

—  uär, 

—  asr, 

(iy, 
dt 

<*7s 
dt 

A 

A 

CJsing   these    values   of   the    derivatives    of  the  cosines,   we  find  that 
they  identically  satisfy  equations  116). 

78.  Angular  Acceleration.     If  we  call  p',  q',  r   the  compon- 

ents   of  the   angular  velocity  on  the  fixed  axes  X',  Y',  Z',  we  have 

p'  =  <hp-\-  ßig  +  nr, 

131)  q  =  a,p  +  (Vi  +  y-2r, 

r'  =  Kip  +  ßBq  +  ytr. 

The    time    derivatives    of   these   quatitities  will    be    called  the  angular 
aecelerations  about  the  axes  X',  Y',  Z'.     Differentiating  the  first, 


V.VS) 


Tims  the  angular  acceleration  is  obtained  by  resolving  a  veetor  whose 
eomponents  about  the  axes  X,  Y,  Z  are  -^>  -^i  ', '  •  In  otber  words, 
the  tirne  derivatives  of  the  eomponents  p,  q,  >;  of  the  angular  velocity 
in  the  directions  of  the  moving  axes  at  any  instant  are  equal  to  the 
angular    aecelerations     of   the    motion    about    axes    fixed    in    space 


dt 

-»5  +  AÄ  +  1 

~dt 

-**+A*+» 

dr' 
~di 

-^+*S+» 
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eoinciding  in  direction  with  the  position  of  the  moving  axes  at  the 
given  instant.  This  theorem,  uli.ich  is  by  no  means  seif -evident,  is  of 
great  importance,  as  is  the  similar  property  of  the  angular  velocity. 
of  which  we  have  already  made  use. 


79.    Kinetic    Energy  and    OTomentmii    eine    to    Rotation. 

EVom  equations  119)  we  find  for  the  part  of  the  kinetic   energy   of 
the  rigid  body  due  to  the  rotation,   supposing  -=r-  =  -57  =  -ri  =  0; 

133)  l  =  ~Z;m(vJ+v!l3+v*) 

=  ^p*2m  (f  +  3!)  +  y  2a2;m  (a2+  x3)  +  y  r*2m(x*  +  ys) 
—  qrDmys  —  rpSmzx  —  pqHmxy 
_  i  4p>  +  i  2J2'  +  \  C.->  -  BSr  -  Erj>  -  Fm, 
and  for  the  angular  niomentum,  iatroduchig  119)  in  48). 

Hx  =  Z>m\>t){py  -  qx)  —  e(ris—  j>a)]  =      4P  —  -Fg  —  .Er, 

134)  #„  =  £m[«(g«  -  ry)  -x(py-qx')]  =  -  Fp  +  Bq  -  Dr, 
H-  =  Sm[x{rx-pz)  —  y(g_n  —  ry)]  =  —  JSp  —  Dg  +  Cr, 

the  last  eolnmn  being  what  we  obtained  in  §  68,  53). 

1t  is  evident  tluit 

13o)  Hx=-rr- 1     #„=-—>     H-^  ,-y 

1  dp  s       01  or 

so    tliat   in   this   respect  p,  q_,  r,  11?,  Il„,  77:   bave    the    relation    of 

LauTsmgiiUi  generali zed  velociticss  and  momenta. 
Since  we  have 

136)     I_i(pg+s»|  +  f^)_i(J,a+äB,+  rfla, 

the  kinetic  energy  is  one-half  the  geometric   produet   of  the  angular 
veloeity  and  angular  momentan. 
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OHAPTEB  VII. 

DYNAMICS  Oi1  ROTATING  BODIES. 

80.  Dynamics  of  Body  moving  abowt  a  Pixed  Axis.    The 

simplest  case  of  motion  of  a  rigid  body  next  to  that  of  translaXion 
is  a  movement  of  rotafcion  with  one  degree  of  freedom,  namely  a 
motion  about  a  fixed  axis.  The  centrifugal  i.'orce  exerted  by  the  body 
on  the  axis  is  Mda*  where  d  is  the  distance  f'rom  the  axis  of  the 
center  of  mass  of  the  body,  and  since  this  is  in  tlie  direction  of  ä, 
whieh  is  eontinuaily  changing,  if  a  body  is  to  run  rapid Ly  in  bearings 
the  center  of  mass  should  be  in  the  axis,  otherwise  the  bearings  are 
subjected  to  periodically  varying  forces.  At  the  same  time,  even  if 
this  condition  is  fulfilled,  there  will  be  a  centrifugal  eouple,  also 
tending  to  tear  the  body  from  its  bearings,  unless  the  axis  is  a 
principal  axis  of  inertia.  It  is  worth  noticing  that  the  first  condition 
may  be  obtained  in  praetice  by  staticul  ineans,  by  making  tlie  axis 
horizontal,  and  attaching  weiglils  imtil  ihe  body  is  in  equilibrium  in 
any  position,  but  that  the  second  condition  is  only  obtained  by 
experiments  on  the  body  in  motion.  For  this  reason  the  former 
condition  is  generally  fulfilled  in  such  pieces  of  machinery  as  the 
sirmatures  of  dynamos,  while  the  latter  is  not  espeeially  provided  for. 
Let  us  consider  the  motion  of  a  heavy  body  about  a  horizontal 
axis.  The  resultant  of  all  the  parallel  forces  acting  on  its  various 
particles  is  by  §  59a  equal  to  a  single  foree  equal  to  the  weight  oi.' 
the  body  Mi/  applied  at  the  center  of  mass.  The  position  of  the 
body  is  determined  by  a  Single-  coordinate  whieh  we  will  take  as  the 
angle  #  made  with  the  vertical  by  the  perpendicular  from  the  center 
of  mass  on  the  axis.  If  the  length  of  tlie  oerpendicular  is  h  the 
work  done  in  turaing  the  body  from  the  position  of  equilibrium  is 

1)  W=  Mgh  (1-G0B&). 

The  kinetic  energy  is 

2)  r-4x„>.-!*(g)'. 

Tbe  equation  of  eneiyv  act'ordiuoly   is 

3)  i^(^)!+Jfjrl(l-(!os»)-conBt 
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But  thia  is  tlie  equation  of  motion    of  a  simple  pendulum    of  length 

The  body,  which  is  often  called  a  Compound  pendulnm,  aecord- 
ingly  moves  like  a  simple  pendulum  of  length  l.  This  is  called  tlie 
eq  trivalent  simple  pendulum.  It  is  to  be  notieed  tliat  in  virtue  of 
the  constraint  of  rigiriity,  points  at  distances  from  tlie  axis  less 
than  l  move  more  slowly  than  tliey  would  if  moviug  alone  in  the 
same  paths,  while  those  at  greater  distimces  move  faster,  and  those 
at  distance  l  move  just  as  they  would  if  free  to  move  in  the  same 
circular  paths. 

Let  kg  be  the  radius  of  gyration  of  the  body  about  a  parallel 
axis  throagh  the  centor  of  gravi  ty.     Then  by  §  70, 

4)  k*  =  Tel  +  Ä!,     I  —  -^  +  h, 

so  that  l  is  always  greater  than  h.  If  we  take  a  parallel  axis  0'  at 
a  distance  h'  =l  —  Jb  beyond  the  Center  of  mass  Cr,  so  that  it,  G, 
and  the  original  axis  are  in  the  same  plane,  we  have 


If  now  the  axis  0'  be  made  the  axis  of  Suspension,  the  equi- 
valent  simple  pendulum  has  a  length 

6)  r-w  -•-,,--  -h  +  11-1. 

Tlie  axis  0'  is  called  the  axis  of  oscillation,  and  we  have  the 
t.heorem  that  the  axes  of  Suspension  and  oscillation  are  interclnutgenule 
aud  separated  by  the  distance  equul  to  the  length  of  ihe  erpiivalent 
simple  pendulum.  This  is  the  principle  of  Kater's  reversible  pen- 
dulum, used  to  determine  the  aeceleratirm  of  gravitv.  The  pendulum 
is  furnished  with  two  knife  edges,  so  that  it  may  be  swung  with 
either  eud  down.  Movable  niasses  attacbed  to  the  pendulum  are  so 
adjusted  that  the  time  of  vibratiou  is  the  same  in  both  positions, 
and  then  the  distance  betweeu  the  Jaiif'e-eciges  gives  Uie  length  l 
from  which  #  =  ~,s  •  The  present  example  also  iueludes  the  metro- 
nome  aud  the  beam  of  the  ordinary  balance.  The  masses  of  the 
pans  may  be  regarded  as  concen träte d  at  the  kuife-edges. 

If  the  fixed  axis  is  not  horizontal,  the  modirication  in  the  result 
is  very  simple.  Slippose  tlie  sixis  makes  an  angle  a  with  the  vertical. 
Let  us  take  two  sets  of  fixed  axes,  Z'  vertical,  Z  the  axis  of  rota- 
tion,   7'  horizontal  in  the  plane  of  Z  and  Z',    7  in  the  same  plane, 
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and  X  and  X'  coincident.  Then  we  have  for  the  transformation  of 
coordinates 

g'  =  —  y  sin  u  +  S  cos  k, 

and  determining  the  position  of  the  System  hy  the  angle  •&  made  by 
the  perpendicular  from  the  center  of  mass  on  tlie  axis  of  rotation 
witt  tte  T-axis, 

y  =  r  eos  -fr, 

g'  =  —  r  sin  k  cos  #  +  ^  cos  «. 
The  potential  energy  is  as  hpfore 

PT=  Mgg'=  —  Mgh  sin  «  cos  *  +  cwwtj 
thus  the  equation  of  energy  is 

7)  —  K{—A  —  .Mi//«  sin  k  cos -8-  =  consi. 

Thus.  the  equation  is  the  same  as  before,  except  that  the  lengtb  of 
the  equivalent  simple  pundiiJuii!  is  increased  in  the  ratio  of  l;sin«. 
Tliis  example  includes  tlie  case  of  a  swinging  gate  and  of  the  im- 
portant  physieal  instrument,  the  horizontal  pendnlum  of  Zöllner. 
The  mode  of  action  of  the  latter  depends  on  the  fact  that  the  moment 
of  the  force  reqtured  to  produce  a  given  deflection  9-, 

0  =  —  g  ■„-  =  Mgh  sin  « sin  &, 

may  be  made  as  small  as  we  please  by  deereasing  a,  which  is 
ol)ä(;iTcd  in  praetiee  by  niaking  the  tirae  of  Vibration   long. 

81.  Motion  of  a  Rigid  Body  about  a  Fixed  Point. 
Kinematics.  We  stall  now  consider  one  of  the  most  important 
and  interesting  cases  of  the  motion  of  a  rigid  body,  imiiiely  that  of 
a  body  one  of  whose  points  is  fixed,  and. which  tlms  posseaseB  three 
degrees  of  freedom.  This  ease  was  dealt  witt  very  fally  by  Poinsot, 
in  tis  celebrated  memoir  "Theorie  nonveü-e  de  Ja  rotation  des  earps", 
in  tte  Journal  de  Liouville,  tom.  XVI,  1851.  On  aecount  of  the 
instruetive  nature  of  tis  processes,  which  are  entirely  geomefcrical, 
we  stall  present  his  method  firat.  The  treatment  of  the  properties 
of  tte  moment  of  inertia,  wtict  is  coutained  in  tte  same  paper,  tas 
already  been  giyen  in  §§  70—72. 

If  one  poiut  of  the  body  remains  fixed,  tte  insfcantaneous  axis 
must  at  all  times  pass  thron  gli  that  point.  The  motion  is  completely 
deacribed  if  we  know  at  all  times  the  position  of  the  inatantaneona 
axis  in  the  body  and  in  space,  and  the  angular  velooity  about  it. 
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Let  0,  Fig.  71,  be  the  fixed  point,  and  let  071  be  the  instan 
taneonH  axis  at  a  given  instant.  Döring  the  time  dt  snppose  : 
line  01%  moves  to  the  position  01%,  and 
dnring  tlie  next  interval  /li  let  the  body 
turn  abtrat  this  line  as  instantaneous  axis. 
Dnring  this  interval  let  another  line  0IS  moye 
to  OLf'  which  then  bocomes  the  instantaneous 
axis,  and  so  on.  We  have  tbus  obtained  two 
pyramids,  one  Ol^OLOI^  . .  .  fixed  in  space, 
the  other  O^OT^Or/ .  . .  fixed  in  the  body, 
and  we  may  evident] y  describe  the  motion 
by  saying  that  one  pyramid  roUs  upon  the 
other.  As  we  pass  to  the  limit,  making  äi 
infinitely  sraall,  the  pyramids  ev.i.dently  become  0 
eones,   and   the  generator  of  tangency  is  the  m&  "• 

instantaneous  axis  at  any  instant. 

The  rolling  cone  may  be  externa!  or  internal  to  the  fixed  one. 
In  the  form  er  case,  Fig.  72a,  the  instantaneous  axis  moves  around 
the  fixed  eone  in  the  same  direction 
in  which  the  body  rotates,  and  the 
motion  is  said  to  be  progressive,  in 
the  second  case,  Fig.  72c  it  goes  in 
the  opposite  direetion,  and  the 
motion  is  said  to  be  regressive  or 
retograde.  It  is  to  be  noticed  that 
it  makes  no  differenee  wbetlier  the 
rolling  cone  is  convex  (Fig.  72a)  or 
concave  (Fig.  72b)  toward  the  fixed 
cone.  (In  the  fignres,  in  which 
merely  for  convenience  the  cones 
are  shown  circular,   C\  denotes   the  ms-  '*■■ 

fixed,  Cs  the  rolling  cone.) 

If  one  of  the  cones  closes  up  to  a  line,  lipon  which  the  other 
rolis,  it  always  remains  in  contact  with  the  same  generator,  that  is, 
the  instantaneous  axis  does  not  move.  Aceordingly  if  either  cone 
degenerates  to  a  line,  the  other  does  also,  and  the  instantaneous  axis 
remains  fixed  in  space  and  in  the  body.  This  case  has  been  already 
treated. 

If  we  lay  a  plane  perpendicular  to  the  instantaneous  axis  at  a 
distanoe  Ji  (Vom  0,  Fig.  7;3,  and  if  the  radii  of  curvature  of  its  inter- 
sections  with  the  fixed  and  rolling  cones  be  (ij  and  p5  (taken  with 
the  same  sign  if  they  lie  on  the  same  side  of  the  common  tangent), 
and  the  an  gl  es  made  by  consei-utivo  tungunts  at  the  ends  of  correspond- 
ing  arcs  äs,  and  ds*  are  dx^äx^,  we  have  äsx  =  ^ ätlt  äs2=  Q2dx3. 
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The  angle  tumed  by  the   body  in  rolling    the    a 
dsx  is  dTa  —  dtj,  and  the  angular  veloeity 


.3t((it,-<iT1)-f;(j--i). 


ilä    equü.I 


Now  if  iv  denote  the  angular  veloeity  with  whieh  the  instanten  eous 
axis  is  turning  about  an  axis  through  0  perpendi ciliar  to  the  common 
tangent    plane   to    the  cones,   we  have 

7?,„  —  ds 


which  i 

iserted  in 

8) 

givos 

9) 

l=R 

({ 

~v> 

If   the    eones    have    extemal    contact, 
gg  is  negative,  and  if  "we  consider  the 
absolute    values,    we    must    take    the 

sign  plus. 

8') 

da  / 

m  ~  dt  \ 

Qt\ 

+  rä 

- 

9') 

i-*( 

~^T 

+  rä 

■ 

Consequently  if  we  give  the  values  at  every  instant  of  three  of 
the  qnantities,  m,  the  angular   veloeity  abc  i  tantaneous    axis. 

io,  the  angnlar  veloeity  of  cliange   of  the  .. :  ms  axis 
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ar  radii  of  cnrvature  of  tlie  sections  of  the  fixed  and  rolling 

eo«^,  ..—  -jurth,  and  consequently  tlie  whole  motion,  are  determined. 
Tliis  corresponds  to  the  fact  that  t.he  borlv 
lias  three  degrees  of  freedom. 

If  Ol,  Fig.  72,  is  the  instantaneous 
axis,  OCl  and  0(1,  tlie  lines  of  eenters  of 
i.'.iii'vatnre,  the  point  I  may  be  considetvd 
to  be  travelling  around  tlie  cones  with  the 
velocity  -.  i  and  about  tlie  lines  0C\  and 
OC,.  as  axes  with  tlie  angular  velocities  v,  n, 
of  which  ra  is  tlie  resultant.  This  was 
proved  by  Poinsot  as  follows.  Let  Fig.  71 
represunt  u  section  of'Fig.  Ti'a  in  the  plane 
of  the  axes  OCu  Ol,  OC\.  If  ru  r,  are 
tlie    perpendienlars    from    I    on   OCn  OC.,, 


and  v  and  t 
values  only, 

are 

the  angles  GyOI,  C.,01,  we  have,  consid 

äs, 

d't  " 
1    d 

da. 
i,                          1    äs, 

=  VQQSV, =  fiCOSM. 

10) 

Inserting  in 

8') 

ii) 

(o  =  ii  cos  m  +  v  eos  u, 

also  since 

we  have 

sin»  =  m£u       and     l"'1  =  '**'" 

12) 

[isimt  =  vainu. 

That  is,  sinco  the  three  axes  are  in  the  same  plane,  and  ta  is  the 
sum  of  the  components  of  )i  and  v  in  its  direction,  while  their 
eomponents  in  the  perpeudieulai-  direction  are  equal  and  opposite, 
ra  is  the  resultant  of  (i  and  v.  Figs.  72a,  72b,  72c  ahow  the  three 
cases,  where  the  cones  have  externa!  contact,  where  the  lixed  cone 
is  internal,  and  the  rolling  cone  is  internal,  respectively.  The 
|.'arallf/loü:r;mi  cousiniction  is  shown  on  the  figures,  and  the  direction 
of  rotation  is  shown  by  the  arrows  rcprestmting  tlie  rector  rotations. 
It  will  be  notieed  that  in  each  case  the  arrow  on  the  figure  showing 
the  direction  in  which  I  is  travelling  around  the  rolliny  cone  is 
opposite  to  the  direction  of  rotation  (i  about  C's. 

The   rotation   about  OC,  is   known   as  precession.     If  both  fixed 
and  rolling  eones  are  cones  of  revolution,   and  fi,  v,  w   constant,   the 
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preeession  ia  called  regulär.     If  we   call  ■&  the  angle  Ct(  vn 

the  axes  of  the  cones,  we  have 

13)  -.|-  =  £--  =  ^, 

14)  ro2  =  ,u3  +  v"-  +  2/n<  cos  fr. 

An  important  case  of  a  regulär  preeession  is  furaished  us  in  the 
motion  of  the  earth,  which,  dm-egarding  nutniioi)  {§  i)3),  describus 
a  cone  with  &  =  23°27'  32"  in  the  time  25,^68  years,  tb.e  motion 
heilig  retroiirade,  i'ig.  72e.     We  tlius  have 

s™"  =  STö££5s  -  sinO»,0087, 

'JiJ,i3l.lO  >'  abU.BOl) 

so  that  the  pole  of  the  earth  describes  a  circular  cone  wliose  half 
angle  is  0",0<>s7,  an  angle  too  small  to  be  pereeived  by  astronomicai 
means,  the  radius  of  the  circle  cut  by  this  cone  on  the  surface  of 
the  earth  being  only  21  centimeters. 

82.    Dynamics.    Motion  under  no  Forces.    We  have  already 

foimdj  ^  (>*,  t'iö,  f'ollowiiig  T'oinsot.  the  expression*  for  the  m Omentum 
and  the  oentrifugal  forces  for  the  general  motion  of  a  rigid  body. 
If  the  fixed  point  be  the  center  of  mass,  both  the  linear  momentnm 
and  the  centrifugal  resultant  vanish,  and  we  have  to  deal  only  with 
the  angular  momentnm  and  the  centrifugal  eouple.  At  the  same 
time  the  resultant  of  the  etfect  of  gravity  passes  throngh  the  fixed 
point,  and  is  neutralized  by  the  reaction  of  the  Support.  Let  na 
then  consider  the  motion  of  a  body  turniug  about  its  center  of  maas, 
or  more  generally,  the  motion  of  a  body  under  the  action  of  no 
forces.     Such  a  motion  will  be  called  a  Poinsot- motion. 

Let  OZ  be  the  instantaneous  axis.    Then  we  have  from  §  68,  53) 

15)  H„  =  -Dm, 
S,  =        Ca. 

Let  us  call  the  resultant  of  IL  and  H„,  i/£,  Fig  75.  We  have  for 
the  centrifugal  eouple  S,.,  from  §  69,  59), 

Le  =  — Dra* 

16)  Ma  =     Etat, 

Ns  =        0. 

Since  Ne  is  zero,  the  axis  of  the  centrifugal  eouple  ia  perpendicular 
to  the  instantaneous  axis.     But  since 
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CENTRIFUGAL  COUPLE. 


EXLC  +  HVMC  +  H,Ne  =  0, 


it  is  also  perpendicular  to  tlie  angislnr  momentum. 
the  axis  of  tlie  centrifugal  couple 
is  perpendicular  to  the  plane 
eontaining  the  instantaneous  axis 
and  the  axis  of  angular  momen- 
tum, and  is  drawn  in  such  a 
direction  that  if  Sc  he  turned 
through  a  right  angle  in  the 
direction  of  the  body's  motion  it 
will  coincide  in  direction  with  Nr 
Also  since  the  components  of  S„ 
are  equal  in  absolute  value  to  the 
components  of  H2  multiplied 
by  co,  vre  have 


Consequently 


18) 


Sc=  Ham 


mHam(jRm). 


Thus  the  centrifugal  couple  is  equal  to  the  Teetor  produet  of 
the  angular  momentum  by  the  angular  velocity.  In  case  the  instan- 
taneous axis  is  a  principal  axis  at  0,  the  direction  of  H  coincides 
with  that  of  a  and  tlie  centrifugal  couple  vanishes.  The  body  will 
then  remain  permanently  turning  about  the  same  axis.  This  property 
of  a  heavy  body  turning  about  its  eenter  of  gravity  about  a  principal 
axis  of  maintaining  the  direction  of  that  axis  fixed  in  space  was 
utilized  by  Fouoault  in  his  gyroscope,  the  axis  of  which  points  in  a 
uxed  direction  while  the  earth  turns,  and  thus  the  motion  of  the 
earth  is  made  observable.  The  same  principle  is  utilized  practically 
in  the  Obry  steering  gear  contained  in  the  Whitehead  automobile 
torpedo,  in  wliicli  a  rapidly  rotating  gyroscope  is  made  to  give  the 
direction  to  the  torpedo,  and  by  acting  on  the  steering  gear  to  make 
it  return  to  its  course  if  it  accidentally  leaves  it. 

Suppose  on  the  otlier  hsmd  thal;  the  instantaneous  axis  is  not  a 
principal  axis.  The  centrifugal  couple  then  tends  to  generate  an 
angular  momentum  whose  axis  is  in  its  own  direction,  and  this  new 
momentum  Compounds  with  that  which  the  body  already  possesses. 
Let  us  consider  iwo  successive  positsoiss  of  the  body.  Suppose  that 
in  the  timc  dt  the  body  turns  about  the  instantaneous  axis  through 
an  angle  d<p  =  aät.  At  the  end  of  that  tirae  the  vector  !/.,  (Fig.  75), 
would  haTe  turned  through  the  angle  d<p  into  the  position  J/s',  the 
length  of  tlie  infinitesimal  vector  ti„]l.!  being  Ihdtp  =  H^mät.  But 
during  this  time  the  centrifugal  couple  Sc  has  given  rise  to  the 
angular  momentum 

Ssdt  =  Bs<adt. 

R ,  DjnamiCB.  17 
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This  vector,  being  parallel  to  Sc  and  thus  perpendicular  fco  Hs' 
gives,  when  compounded  with  Hs'  a  resultant  exactly  equal  to  H2. 
The  eomponent  of  H  parallel  to  o  being  unchanged  by  the  motion, 
we  find,  geometrically,  that  the  angular  momentum  remains  constant 
throughout  the  motion,  as  we  have  round  by  a  general  theorem 
in  §  33. 

As  we  now  wish  to  follow  the  motion  of  the  body  from  one 
instant  to  another,  it  will  he  convenient  to  free  ourselves  from  the 
choice  of  axes  which  made  the  instantaneous  axis  the  ^-axis.  Let 
us  take  for  axes  the  principal  axes  of  the  body  at  0.  Let  the  com- 
ponents  of  the  angular  velocity  to  on  the  axes  he  p;  q,  r.  Then  the 
angular  momentum,  being  the  resultant  of  the  three  angular  momenta 
dne  to  the  fchree  angular  velocities  p,  q,  r,  are  by  §  68,  53)  or 
§  79,  134), 

19)  Hx  =  Äp,     H,  =  Bq,     Rs  =  Cr. 

If  we  draw  any  radius  vector  to  the  ellipsoid  of  inertia  at  the 
fixed  center  of  mass 

F=-Ax2  +  Bf  +  C/i=l, 

the    perpendicular    8    on    the    tangent  plane    at  the    point  x,  y,  Z  has 
direction  cosines  proportional  to  Ax,  By,  Cz. 

If  we  draw  the  radius  vector  p  in  the  directiou  of  the  instan- 
taneous axis,  so  that 


equations  19)  give 

21)  Hx  =  nAx,     Hy  =  nBy,     R,  ^nCs, 

or  the  angular  momentum  vector  bears  to  the  angular-  velocity  vector 
the  rel&tion,  as  to  direction,  of  the  perpendicular  on  the  tangent 
plane  to  the  radius  vector.  Otherwise,  if  the  angular  momentum  is 
given,  the  instantaneous  axis  is  the  diameter  conjngate  fco  the 
diametral  plane  of  the  ellipsoid  perpendicular  to  the  angular  momentum. 
The  centrifugal  couple  being  per- 
pendicular to  the  plane  of  ä  and  p, 
lies  in  the  diametral  plane  conjugate 
to  p.  It  produces  in  the  time  dt  an 
angular  momentum  3,dt  whose  axis 
is  in  the  same  direction.  To  find 
the  axis  of  the  angular  velocity 
corresponding  thereto  we  mnst  find 
the  diameter  conjugate  to  the  plane 
perpendicular  to  Sc,  that  is  the  plane  pd.  Bufc  the  diameter  conjua'nr.e 
to  a  plane  is  conjugate   to  all  diameters    in   it,    hence    the   n 
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diameter  is  conjugate  to  p  and  lies  in  the  plane  conjugate  to  p,  that 
is,  parallel  to  the  tangent  plane  at  x,  y,  s.  Consequently,  if  we 
Compound  with  the  velocity  <a  ahont  p  the  veloeity  corresponding  to 
Scdl  parallel  to  the  tangent  plane,  the  resultant  has  the  aame  com- 
ponent  perpendicular  to  the  tangent  plane  as  co.  In  other  words  the 
component  g)COs(c3,H)  is  eonstant  throughout  the  motion. 

Now  we  have  found  that  H  is  eonstant  in  inagnitude  and  diree- 
tion, hence,  multiplying  by  the  eonstant  ujcosfo-H), 

22)  Äocos(ca.ö)  =  eonst. 

But  Hcos(Hg))  is  that  component  of  the  angular  momeiitnni  which 
is  parallel  to  the  instantaneous  axis,  and  is  aceordingly  equal,  (by 
§  (i8,  58,)  to  the  produet  of  the  angular  velocity  by  the  raoment  of 
inertia  ab  out  the  instantaneous  axis. 

23)  Beo&{Ha)  =  Kia. 

Aecnrdiii»"].v'  22}  beeomes 

24)  Ka*  =  const. 

But  tbis  is  equal  to  twice  the  kinetic  energy.    Aceordingly  we  obtain 
geometrically  the    integral    of    energy.     Thus    for    a    rigid    body  this 
principle  follows  from  that  of  the  conservation  of  angular  momentum. 
In  the  ellipsoid  of  inertia  we  have,  §  71, 

Z-i. 

Q 

Aceordingly 

25)  Ktf  =  —*  =  n2, 

and  the  equation  of  energy  shows  that  n  is  eonstant  during  the 
motion,  or  during  the  whole  motion  the  angular  velocity  is  propor- 
tional to  the  radius  vector  to  the  ellipsoid  of  inertia  in  the  direetion 
of  the  instantaneous  axis.  But  since  co  cos  Ufa)  is  eonstant,  pcQs(po")  =  <S 
inust  be  eonstant,  and  therefore  the  tangent  plane  is  at  a  eonstant 
distance  from  the  center  during  the  motion.  But  since  the  direetion 
of  the  line  &  is  eonstant  in  spaee,  and  its  length  is  also  eonstant, 
the  tangent  plane  must  be  a  fixed  plane  in  space.  As  the  point 
where  it  is  touched  by  the  ellipsoid  of  inertia  is  on  the  instantaneous 
axis  the  ellipsoid  must  be  tuming  ab  out  this  radius  vector,  and  hence 
rollinfi  with  out  sliding  on  the  fixed  tangent  plane.  The  motion  of 
the  body  is  thus  conipletely  described,  and  we  see  that  the  prohlem 
of  a  Poinsot- motion  is  equivalent  to  the  geometrical  one  of  the 
rollin g  of  an  ellipsoid  wbose  center  is  fixed  on  a  fixed  tangent 
plane,  together  with  the  kinematieal  Statement  that  the  angular 
velocity  of  rolling   is  proportional  to  the  radius  vector   to  the  point 
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of  tangency.  Before  taking  up  the  discussion  of  tkis  result,  as  given 
by  Poinsot,  we  will  consider  the  analytieal  method  of  establishing 
the  result. 

84.  Euler's  Dynamical  Equations.  If  HJ,  HJ,  HJ  represent 
tbe  angular  momentum  about  the  fixed  X',  Y',  Z'-ajes,  L',  M',  N', 
the  moment  of  the  applied  couple,  the  equations  of  §  67,  49)  are 


26) 
where  (cf.  §  76) 


dt  '       dt" 


27)  H,'  -  «,Ä  +  ftÄ,  +  y,H„ 

R,'  -a,H,  +  ß,H,  +  nH,. 

■  we  of  §  77/  130), 


Differeutiating  > 

llilTP 

,  after  making  i; 

28) 

dHJ 

dt     = 

«l 

dt 

+  ^-df 

dl 

+ 

H. 

.(A' 

-r±q)  + 

n,(r,i 

If    Wü 

now  ehoi 

y><> 

for 

tixed    nxt 

:s  the  i 

v)  +  ah?-«. 

i  the  instantaneous   positions  of  the 
moving  axes,  we  have  a,  =  /5S  =  y3  =  1,   all    other    cosines  zero,  and 
the  equations  28)  become  simply 
dH 

dB 
29)  -jf-  +  rSm  -  pH  =  M, 


We  may  obtain  the  same  results  by  the  use  of  the  equations  §  77, 
128).  Let  us  take  for  the  point  x,  y,  3  the  end  of  the  vector  IL 
Its  coordinates  with  respect  to  the  nioving  axes  being  HXI  fi,j,  Hs, 
substituting  them  in  equations  §  77,  128)  we  obtain  for  fcheir  velocities 
resolved  along  the  X,  Y,  Z-axes  the  expression  on  the  left  of  29). 
We  must  now  put  for  Hx,  H3,  H,  the  expressions  §  79,  134). 
If  now  the  moving  axes  are  taken  at  random,  the  raoments  and 
products  of  inertia  of  the  body  with  respect  to  them  will  vary  with 
the  time,  so  that  their  time- derivatives  enter  into  the  dyniiuiical 
equations,  whieh  are  thus  too  complicated  to  be  of  any  use.  It  is 
therefore  immediately  suggested  that  we  choose  for  the  moving  axes 
a  set  of  axes  fixed  in  the  body,  and  moving  with  it.  The  quautities 
A,  B,  C,  D,  E,  F  are  then  constants.  If  in  addition  we  take  as  axes 
the  principal  axes  at  the  origin  of  the  moving  axes,  j  uish, 
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and  theo  since  Hx=  Ap,  H,j  =  Sq,  Ht  =  Cr,  the  equations  become 
simply 

30)  B\ 

Cft+(B-A)pq-N 

These  are  Euler's  dynamical  equations  for  tlie  rotation  of  a  rigid  body. 
In   case    the    moments    of  the   applied   forees   about  the    origin 
vanish,  they  become 

A%-(B-C)ir, 

31)  lidd<-(C-A)rp, 

0^t-(A-B)„, 

and  we  see  that  the  quantities  on  the  right,  being  the  vector  product 
of  the  angular  velocity  by  the  angnlar  lHomuntum,  represent  the 
centrifugal  eonple,  which  alone  acts  to  produce  the  angnlar  accel- 
eration,  whose  compimenls  appear  on  the  left.  We  thus  obtain  the 
resnlt  obtained  geümetrically  by  Poinsot,  the  quantities  on  the  left 
denoting  the  velocity  of  the  end  of  H  in  tke  hody. 

The  equations  29)  may  be  simplified  in  another  manner,  if  the 
ellipsoid  of  inertia  is  of  revolution.  If  for  one  of  the  moving  axes 
we  take  the  axis  of  revolution,  and  for  the  others,  any  axes  perpen- 
dicular to  it,  whether  fixed  in  the  body  or  not,  the  axes  will  be 
principal  axes,  and  the  moments  of  jucrtia-  «>ji*ttuil,  since  llie  moment 
of  inertia  about  all  axes  perpendicular  to  the  axis  of  rotation  iÄ  the 
same.     Examples  of  this  will  be  given  in  §§  96,  106. 

85.    Poinsot's    Discussion    of  the  Motion.     We  may  now 

integrate  the  equations  31)  by  making  use  of  the  fact  that  the 
centrifugal  couple  is  perpendicular  to  the  angular  velocity  and  the 
angular  rn Omentum.  Multiplying  equations  31'j  respectively  by  p,  q,  r 
and  adding 

which  is  at  once  integrated  as 

33)  \  Ap3  +  y  Bq3  +  ~  Cr*  =  const. 

This  is  the  equation  of  energy. 
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Multiplying  now  by  Ap;  Bq,  Cr,  and  adding, 

34)  *r%  +  »l%+c;*-0, 
which  is  integrated  as 

35)  A2p2  +  B2q2  +  CV  =  const. 

Bat  this,  since  the  left-hand  member  is  equal  to  R2,  is  the  equation 
of  conservation  of  angular  momentum.  Tbe  equation  aloiie  does  not 
show  the  fixity  of  the  diredion  of  H  in  space. 

The  point  P  in  which  the  instantaneous  axis  intersects  the 
ellipsoid  of  inertia  at  the  fixed  point  0  is  called  the  pole  of  the 
instantaneous  axis.     Its  coordinates  are 


Now  the  length  of  the  perpendicular  Ö  is,   since  it  is  the  protection 
of  p  on  the  direction  of  the  normal, 

36)  d  =  x  cos  {nx)  +  y  cos  (ny)  -\-  z  cos  {nz) 

yA^x'-t-B^j'+cH*    <oy:zv+.ßv-K'ir'■, 
_  g  %T  _  yrf 

~  <o    IT  ~     W"' 
since 

Q 

Accordingly  since  T  and  H  are  constant,  ä  is  constant,  and  the 
tangent  plane  being  perpendicular  to  the  invariable  line  H  is  fixed 
in  space.  Poinsot  called  the  locus  of  the  pole  of  the  instantaneous 
axis  on  the  ellipsoid,  the  polhode  (nölog  axis,  6d6g  path),  and  its 
locus  on  the  tangent  plane  the  herpolkode. 
The  ellipsoid  of  inertia  being 

37)  Ax2  +  By2  +  Gs2  =  1, 

the  distance  of  the  tangent  plane  at  x,  y,  3  from  the  center  is 

38)  S  =  1       ^-  - 

Since  this  is  to  be  constant,  this  equation  with  that  of  the  ellipsoid 
define  the  polhode  curve.     Combining  the  equation 

39)  AV  +  B2y2  +  C  V  =  i 

with  that  of  the  ellipsoid,  divided   by  d2,   we   ohtain   bv  subtraction 

40)  A(ji-A)^  +  B^~B)u-+0(i,- 
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This  ia  the  equation  of  fche  cone  passing  through  the  polhode,  with 
its  vertex  at  fche  fixed  point,  thafc  is  the  rolling  or  polhode  cone. 

We   find   then   that   the   rolling  cone  for  a   body  moving  under 
do  forces  ia  of  the  second  Order.     If  it  is  to  be  real,  we  must  have 

41)  A  ;>  jf  ^  0, 

that  is  the  perpendicular  must  have  a  length  intermediate  between 
the  greafcest  and  least  axes  of  the  ellipsoid.     li  -^  =  A   the   cone    is 

42)  3(A-B)y*+  C{A-C)b*  =  Q 

representing  a  pair  of  imaginary  planes,  intersecting  in  the  real  line 
^  =  #  =  0,  the  X-axis.  Thus  in  this  case  the  rolling  cone  reduces 
to  a  line,  fixed  both  in  the  body  and  in  spaee.  If  ,  =  C,  we  have 
a  similar  result.     If  ^  =  B,  we  have 

43)  A(A-B)xi-C(B-C)3*^Q, 

representing  two   real  planes   intersecting 

in  the  F-axis,  and  making  an  angle  with  -r^T"^-^. 

the  XT- plane  whose  tangent  is  /y     j^lC.^\ 


**>  x  _-  V  C{B~0) 


0(11  ■ 
These  are  the  planes  which  separate  the 
polhodes  surrounding  the  end  of  the  major 
axis  from  those  about  tne  minor  axis.  The 
polhodes  are  twisted  cnrves  of  the  fourth 
order,  whose  appearance  is  shown  in 
.perspective  in  Fig.  77.  The  separating  u  /  !  '\\  \  :  / 
polhodes  are  drawn  black.  Vv  ^\-     V 

Since  the  polhode  is  a  closed  curve,  \y-'       \        p.  /^ 

the  radius  vector  of  a  point  on  it  oscillates  \>  -  "\   ■  /      y 

between    a    maximum    and    a    minimum  '^^sM^^ 

value.     If  e  is   the    distance    of  a   point  rig.  n, 

on   the  herpolhode   from  the  foot  of  the 

perpendicular  ä,  since  63  =  p3  —  $2,  <S  oscillates  between  two  eonstant 
values,  and  the  herpolhode  is  tangent  to  two  circles.  Since  the 
polhode  is  described  periodically  the  various  ares  of  the  herpolhode 
corresponding  to  repetitions  of  the  polhode  are  all  alike.  The  her- 
polhode is  not  in  general  a  reentrant  curve.  The  name  herpolhode 
was  given  by  Poinsot  from  the  verb  fyitsiv,  to  creep  (like  a  snake) 
from  the  supposedly  undulating  nature  of  the  curve,  it  has  however 
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been  proved  to  have  no  points  of  inflexion,  and  is  like  1(%.  78,  wlüch 

has  been  calculated  for  A  =  8,  B  =  5,  C  =  3,  -^  =  4  •  9. 


86.  Stability  of  Axes.  We  have  seen  that  the  body  if 
rotating  about  either  of  the  principal  axes  of  inertia  will  reinain 
rotating  about  it.  If  the  instantaneous  axis  be  the  axis  of  either 
greatest  or  least  inertia,  and  be  displaced  a  litfcle,  as  the  polhodes 
encircle  the  ends  of  these  axes  the  instantaneous  axis  will  travel 
around  on  a  small  polhode, 
and  the  herpolhode  will  be 
small,  neither  ever  leaving  the 
original  axis  by  a  large  amount. 
These  axes  are  accordingly 
said  to  be  axes  of  stable  motion. 
If  on  the  other  band  the  mean 
axis  be  the  instantaneous  axis, 
and  there  is  a  slight  displace- 
ment,  the  axis  immediately 
begins  to  go  farther  and  farther 


from  the  origi 


trically  opposi 


■eaches  a  point  ( 


I  Position,  and 


.te  before  retnrn- 
ing    to    the    original   position. 
mg  m  The  mean  axis  is  thus  said  to 

be  an  axis  of  instability.  It  is 
howevei  to  be  notieed  that  if  either  A  —  B  or  B  —  C  is  small  with 
respect  to  the  other,  the  separating  polhode  closes  up  about  either 
the  axis  of  greatest  or  least  inertia  respectively,  and  thus  a  small 
displacement  may  lead  to  a  considerable  departure  from  the  original 
pole,  the  rotation  is  thus  less  stable.  The  rotation  about  either  axis 
is  most  stable  when  the  wedge  of  the  separating  polhode  endosing 
it  is  most  open. 

87.  Projections  of  the  Polhode.  From  the  equations  of  the 
polhode  37),  39),  we  may  obtain  its  projections  on  the  coordinate 
planes  by  elitmniitnig  either  of  the  coordinates.     Eliminating  x, 

45)  d3{B(A-B)f  +  C(A-C)z2}  =  Ad2-  1, 

an  ellipse  of  semi-axes, 


/  A3*~-i 
B(Ä-B)' 


IVi 


the  ratio  of  which  i 


K 


0  (Ä  - 
JS  (A  - 
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a  constant,  so  that  all  the  projections  are  similar.    Tlie  motion  about 
the  axis  A  is  most  stable  when   the  small  polhode  is  a   circle,  that 
is  wlien  the  above  ratio  is  unity,  or  S=C. 
Eliminatiug  s  we  obtain 
46)  8*{A(A--C)ä?  +  BiB-C)!/*}  =  1  ~  CS*, 

an  ellipse  the  ratio  of  whose  axes  is 

-i/~bW-_c) 

V  A(A-C)' 
and  for  maximum  stability  this  is  unity,  or  A—  B.    These  projections 

are  siiown  in  Fig.  79. 


Eliminating  y,  we  have 
47)  Ö*{A(A-B)a?  ~  C(B-C)e 

an  hyperbola  the  ratio  of  whose  axes  is 


V. 


A  (A  -  B) 

All  the  hyperbolas  have  the  separating  polhode  projections  as 
asymptotes  (Fig.  80). 

88,  Invariable  Line.  The  inYariable  line  deseribes  a  cone  in 
the  body.  Its  equation  may  be  simply  found  from  consideratiori  of 
the  reciprocal  ellipsoid 

48)  l"  +  l'+?->. 

whose  radius  in  the  direction  of  tf  is  ~-  and  therefore  constant.  The 
cone  of  the  invariable  axis  is  accordingly  the  eone  passing  through 
the  interseetion  of  the  ellipsoid  48)  wit.h  the  sphere 
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49) 
that  is 

riO) 


■+(!-. 


The  axis  of  this,  like  that  of  the 
polhode  cone,  is  the  asis  of  greatest 
or  least  inertia. 

Let  Tis  find  how  fast  tlie  invariable 
line  revolves  around  one  of  the  principal 
ases.  Since  the  invariable  axis  is  fixed 
in  spaee,  its  relative  motion  is  equal 
and  opposite  to  the  aetual  motion  of 
the  part  of  the  hody  in  which  it  lies. 
If  we  call  X  the  diedral  angle  between 
the  plane  of  the  invariable  axis  and 
,,  the  axis  of  X  and  the  XY- plane,    we 

may  find  -^-    Projecting  H  upon   the  YZ- plane  (Fig.  81),   the   pro- 
jection  makes  with  the   F-axis  the  angle  X,  given  bj 


51) 
from  whieh 


tan  X  =  -T 


Differentiating, 


52) 


"  dt 


ldt  ' 


dl 


.1!  C 


dt       B'q'+C'r'V 
Inserting  from  Euler's  equations  31), 


dt 


rP>      lü  = 


53) 


=  p\B(A-B)qS+CiA-C)r' 
{A(Bq*+Cr*)  \ 


w- 

Hr~ 

2AT 

—  1 

'-(ff) 
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Similarly  for  the  rotation  around  the   Y  and  Z-s 

54) 

dt  =räiär(~H7)' 

Looking  afc  the  signs  of  the  numerators,  we  see  that  the  invariable 
axis  rotates  around  the  axis  of  greatest  moment  of  inertia  in  the 
direction  of  rotation,  ahont  the  least  axis  in  the  direction  opposite 
to  that  of  rotation,  and  ab  out  tlie  mean  axis  according  to  the 
value  of  S. 

If  we  mark  off  on  the  invariable  axis  a  line  of  unit  length,  its 
end  describes  a  sphero  -  conic ,  the  intersection  of  the  invariable  cone 

so)      (*■-  -\y+(*  -i)  »■+(«•  -£)<■-<> 

with  the  sphere 

x2  +  f  +  31  =  1, 

whose  projections  on  planes  perpendicular  to   the  X  and  Z~ax.es  are 
ellipses,  and  perpendicular  to  the   F-axis  an  hyperbola.     The  radius 
vector  of  the  X- protection  is  rx  =  sm(Hx)   and   since  it   turns  with 
the  angular  velocity  -=-  it  describes  area  at  the  rate 
äS  dX 

The  time  of  one  revolution  of  the  body  turning  with  the  velocity  p 

would  be,  if  p  were  constant,  t=    -■ 
,        .p 
The   equation   of  the   ellipse  is  obtained   by  eliminating  x  from 

the  equations  of  the  sphero -conic  as 

56>  (1-  "  i)  »"+  (l~  h)  *'  -!-'•■ 

whose  axes  are 


__t  /S'A'fS-li 
ß 

VA  ~^_  _  -t/9* AO-C 
i_±  ~  f       A~c    ' 
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Now   the   area   descrioed   in   one  revolution  about  the  instantaneous 
axis  would  be,  if  p  were  constant  [see  55)]. 

58)  &  =  |  (5*4  - 1)  t  =  « (d2 A  -  1), 

and  the  number  of  turns  the  body  makes  for  one   revolution  of  the 
invariable  axis  about  the  X-axis  is  the  area  57)  divided  by  this,   or 


51 0 


K, 


'  (A-B){A~C) 

This  may  be  made  as  Iarge  as  we  please  by  making  A  approach  B 
or  C.  li  B  —  C  or  the  ellipsoid  of  inertia  is  of  revolution,  about 
the  X-axis,  p  is  constant,  and  the  invariable  cone  is  circular,  and 
described  with  uniform  veloeity,  the  number  of  revolutions  of  the 
body  for  one  circuit  of  the  invariable  axis  being  n"a'    The  motion 

is  direct  or  inverse, 
(  ~~  according     as    the 

is  that    of 
or     least 
inertia. 

These  properties 
may  all  be  illustra- 
ted  expermientally 
by  means  of  Max- 
well's  Dynamical 
Top1),  constructud 
by  Maxwell  for  the 
purpose  of  stndying 
the  motion  of  the 
earth  abont  its 
Center  of  mass.  An 
example  of  this  top 
eonstructed  in  the 
Workshop  of  the 
Department  of'Phy- 
sics  of  Clark  Uni- 
versity  is  shown  in 
Fig.  82.  The  six 
weights  projoetmg 
from  the  bei1  ""-— 
the  momentf 
ertia  to  be  cl 
in   a   great   variety  of  ways,   while   at  the  same  time  the  cei 


1)  Maxwell,  Papera,  Vol.  I,  p.  248. 
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mass  is  constantly  kept  at  tlie  point  of  support,  a  sharp  steel  point 
turning  in  a  sapphire  cup.  Maxwell's  ingenious  device  for  the 
Observation  of  the  motion  of  the  invariable  axis,  is  the  disk,  divided 
into  four  colored  Segmente,  attaehed  to  the  axis  of  figure.  The 
colors  chosen,  red,  blue,  yellow  and  green,  combine  into  a  neutral 
gray  when  the  top  is  revolving  rapidly  about  the  axis  of  figure.  If 
however  the  top  revolves  about  a  line  passing  through  a  point  in 
the  red  sector,  there  will  be  in  the  center  a  circle  of  red,  the 
diameter  of  which  is  greater  as  the  axis  is  farther  from  the  Center 
of  the  disk  and  the  boundaries  of  the  red  sector.  Thus  the  center 
of  the  gray  disk  changes  from  one  color  to  another  as  the  pole 
moves  about  in  the  body,  and  by  following  the  changes  of  color  we 
can  study  the  motion.  By  noticing  the  order  of  the  succession  of 
colors  we  can  determine  whether  the  axis  of  Agare  coincides  most 
nearly  with  the  axis  of  greatest  or  least  inertia,  and  by  changing 
Die  adjustments  we  may  make  it  a  principal  axis,  which  is  known 
by  the  disappearance  of  wabbling,  or  we  may  make  it  deviate  by 
any  desired  amount  from  a  principal  axis.  If  the  deviation  is  great, 
and  the  top  spun  about  the  axis  of  figure,  and  then  left  to  itself, 
the  top  will  wabble  to  a  startling  amount,  but  eveiitually  the  pole 
will  readi  its  first  position  and  the  wabbling  will  cease,  to  be  repeated 
periodicaUy.  The  recovery  of  the  top  from  its  apparantly  lawless 
gyralions  is  very  sfriking.  If  the  adjustment  is  such  as  t-o  make  Üie 
axis  of  figure  lie  near  the  mean  axis  of  inertia,  the  top  will 
not  recover,  but  must  be  stopped  in  its  motion  betöre  striking  its 
support. 

The  path  of  the  invariable  axis  has  been  made  visible  by 
Mr.  G.  F.  C.  Searle,  of  the  Cavendish  Laboratory,  Cambridge,  by 
iittaebing  to  the  axis  of  figure  a  Card,  upon  which  ink  was  projected 
from  an  elecfcrified  jet.  Acting  upon  this  Suggestion,  the  author 
attaehed  to  the  top  a  disk  of  smoked  paper,  upon  which  a  steel 
si.ylus,  pkyiug  easily  in  a  vertikal  support  fsliown  in  Fig.  K-?  Iyiug  on  the 
table!  could  write  with  very  slight  friction.  One  easily  finds  by  looking 
at  the  disk  in  its  gyrations  a  point  which  reniains  fixed,  and  by  applying 
the  Stylus  to  tliis  point,  holding  it  on  a  propoi*  support,  the  path  of  the 
invariable  axis  is  clrawn,  and  found  to  be  an  ellipse  ov  hyperbola.  If  the 
stylus  is  not  hehl  exactly  on  the  invariable  axis,  small  loops  are  formed, 
which  enable  us  to  count  tlie  number  of  turns  of  the  top  in  going 
around  the  polhode,  and  thus  to  verify  the  theory.  The  results  of 
several  spins  are  shown   in   Fig.  83,  reproduced  from  actual  traces. 

The  loops  are  turned  out  if  the  principal  axis  at  the  center  of 
the  ellipse  is  that  jf  greatest  inertia,  and  in  ii'  it  is  the  least,  for  the 
reason  that  in  the  former  case  the  invariable  axis  and  the  herpolhode 
eone  lie  withm  the  polhode  (Fig.  83a),   while   in   the  latter  they  lie 
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without  (Fig.  83b)  so  that  if  we  consider  the  relative  motion,  in  the 
former   ease   a   point   fixed    to    the   herpolhode    describes    a   sort   of 


hypocycloid  (Ioops  out)  on  the  Card  attached  to  the  polhode,  in  the 
latter  a  sort  of  epieycloid  (loops  in). 


The  recent  astrononnenJ  discovery  of  the  motion  of  the  earth'g 
pole  is  probably  due  to  a  sort  of  variahfo  Poinsol- motion,  the  moments 
of  inertia  of  the  earth  being   gradnally  varied. 
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89.    Symmetrical   Top.  ■  Constrained    Motion.     Wliile    we 
haTe    in   the   preceding   section   eousidered    the  very  interesting  and 
instructive   question   of  the   motion    of    the    most 
general  rigid  body  under  the   actiori  of  no  forces, 
by  far  the  most  frequent  case  under   the  praetieal 
eonditions  of  experiment  is  that  in  which  the  body 
is  dynamieally  symmetrical  about  an  axis,    that  is, 
the   ellipsoid   of  inertia   is    of  revolution.     Snch  a 
body  we  shall  call  a  symmetrical  top.     This   will 
include  not  only  all  ordinary  tops  and  gyroscopes, 
as  well  as  flywheels,  rolling  hoops,   billiard  balls, 
but  even  the   earth  and  planets.     Suppose   such  a 
body  to  be  spinning  nnder  the  action  of  no  forces, 
about  its  asis  of  symmetry.     We   have   seeu  that   it  will  ; 
spinning,  and  the  angular  momentum  will  have  the  direction   of  the 
axis  of  symmetry.    If  now  the  axis 
of   symmetry   OF  (Fig.  84),    is    to  xr 

move  to  some  other  position,  OF', 
which  is  then  to  coincide  with  the 
new  instantaneous  axis,  the  angular 
momentum  SS'  must  be  communi- 
cafced  to  the  body,  that  is  a  couple 
whose  axis  is  parallel  to  HS'  must 
aot  on  the  body.  This  may  be  made 
f;rident  experimentally  by  placing  a 
ioop  of  string  OTer  the  axis  F  of 
ü-  symmetrical  top  balanced  on  its 
c«nter  of  mass  (Fig.  85)  and  pulling 
on  the  string.  The  axis  of  the  top, 
mMead  of  following  the  direction  of 
the  pull  JP  moves  off  at  right  angles 
i'ieieto,  although  the  string  can  only 
tmpjtrt  a  force  in  its  own  direction. 
The  pull  of  the  string,  together  with 
the  reaction  of  the  point  of  support 
c<v;!sütiite  a  couple,  whose  moment 
is  perpendieular  to  the  plane  of  the 
(iirinrj;  and  of  the  point  of  support, 
and  it  is  in  this  direction  that  the 
end  of  the  axis,  or  apex  of  the  top,  **"■  8S' 

movfcä,  as  is  required  by  the  theory. 

rL.:.s  simple  experiment  and  the  theory  which  it  illustrates  will  make 
cl'.'-ixi:  most  of  the  apparlfrrttly  paradoxical  phenomena  of  rotation.  We 
may  <k:seribe  it  by  saying  that  the  kinetic  reaction  of  a  symmetrical 
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rnc^on   of  the  apex, 
t   rig!  t  angles  to  the 


rotating  top  is  not  p&  in  the  direction  of  tl 
but  nearly  at  right  angles  thereto.  (Exactfy 
motion  of  OH.) 

An  ingenious  application  of  thiu  princijih  k  u..-rad  in  the  Howell 
automobile  torpedo,  invented  by  Admiral  Hovitii  of  the  United  States 
navy.  In  this  the  energy  neeessary  for  drivhig  the  torpedo  is  stored 
np  in  a  heavy  steel  flywheel,  weighing  one  handred  and  thirty-five 
pounds,  and  turning  with  a  speed  of  ten  thousand  turns  per  minute. 
The  axis  of  the  flywheel 
lies  horizontally  perpen- 
dicular  to  the  axis  of 
the  torpedo  (Fig.  86),  thus 
steadying  the  torpedo  in 
its  course.  If  now  any 
force  acts  tending  to 
deflect  the  torpedo  hori- 
zontally from  its  course, 
by  means  of  a  moment 
about  a  vertical  axis,  the  end  of  the  axis  of  the  disk  moves  vertically, 
eausing  the  torpedo  to  roll  instead  of  yielding  to  the  deflecting  force. 
The  rollmg  is  utilized,  by  means  of  a  vertically  hanging  pendulum, 

to  bring  rudders  into 
aetion,  and  to  cause 
the  torpedo  to  roll 
back  to  its  original 
position,  while  main- 
taining  its  course. 

A  strikingexample 
of  the  principle 
enunciated  above  is 
found  in  an  inge- 
nious  top  (Fig.  87), 
spinning  on  its  center 
"  mass,  with  its  axis 
roUing  oh  various 
curves  constructed  of 
metalwire.No  matter 
what  the  shape  of  the  wire,  the  axis  of  the  top  clings  to  it  as  if 
held  by  magnetism,  no  matter  how  sbarply  the  curve  may.bend.  The 
passing  around  sharp  corners  at  a  high  speed,  in  apparint  defiance 
of  centrifugal  force,  is  extremely  remarfeable.  The  explanation  of  the 
aetion  is  immediate,  on  the  lines  just  laid  down.  The  instantaneous 
axis  passes  though  the  point  of  support  Ö*(Fig.  88)  and  the  point  of 
contaet  of  the  axis  of  the  top   with    the  wire.     The   wire,   in  fact, 
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constitnitca  the  directrix  of  the  herpolhode  coiie.     Since  the  ellipsoid 

of  inertia  is  of  rotation,  the  axis  of  figure  OF, 

the    instantaneous    axis   Ol,    and    the    axis    of 

angular  momentum  OS,  lie  in  the  same  plane, 

which  is  perpendicular  to  the  tangent  plane  to 

the    herpolhode    cone.     During  the  rolling,    all 

these  axes  move  parallel  to  this  tangent  plane, 

so  that  the  vector  HH1.  representing  the  change 

of  angular  momentum,  is  parallel  to  the  tangent 

plane,  and  in   the  direetion  of  advanee   of  the 

axis  of  figure.     The  couple  «ausing  the  motion 

aceordingly   due   to   the   reaction   between   the 

wire  herpolhode  aud  the  top,  is  always  parallel 

to  the  tangent  plane,   and  never  vanishes,  hut 

alwaye  tends  to   press  the  top  against  the  wire.  wig_  m 

Or  in  general,  in  constraüicd  motion,  the  motion 

causes  the  polhode  cone  to  press  against  the  herpolhode   cone.     This 

seems  to  have  heen  first  explicitly  stated  hy  Klein  and   Sommerfeld, 

Theorie  des  Kreisels,  p.  173. 

An    application    of    the     above 

principle   on   a   large  scale,   and   the 

only   one    known    to    the    author,    is 

found  in  the  Griffin  grinding  mill.    A 

massive  steel  disk  or  roller  A  (Fig.  89) 

hangs  from  a  vertical  shaft  hy  a  uni- 
versal or  Hooke's  Joint  C,  in  the  middle 

of  a  steel  ring  B  forming  the  side  of 

a  pan.    If  now  the  shaft  he  set  rotat- 

ing,  the  roller  spins  quietly  ahout  a 

fixed  axis,  with  no  tendency  to  move 

sidewise.     If    ou    the    contrary  it    be 

brought   into   eontaet   with   the  ring. 

it  immediately  rolls  around  with  great 

velocity,    pressing    with    great   force 

against  the  steel  ring  or  herpolhode, 

and  grinding  any  material  placed  in 

the  pan  with  great    el'ticiency.     It  is 

interesting   to  note  that    a  somewhat 

similar  mill,  in  which  the  axis,  instead 

ofpassing  through  a  fixeü  }ioint,  hangs 

vertically  from  a  revolving  arm,  and  Kg.  89. 

therefore  is  devoid  of  the  action  just 

described,    although   hoth    mills    possess    in    common    the    centrifugal 

force  due  to  the  eircular  motion  of  the  center  of  mass  of  the  roller, 

WiiHBTEIl,  Dynamics,  jg 
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is  much  less  efiicient.     The  first  mill  is  an  excellent  example  of  the 
centrifugal  foree  and   centrifugal    couple,  while  the  second  lacks  the 
centrifugal  couple,  the  insttoitaiieous  axis   aüd  the  axis 
of  angular  momentum  being  parallel. 

Let  es  ealculate  the  coupla  involved  in  the  con- 
strained  motion  involved  in  a  regulär  precession,  as 
here  applicable,  in  terms  of  the  constants  of  §  81.  If 
the  angnlar  momentum  make  with  the  axis  of  figure 
the  angle  a,  its  end  is  at  the  distance  from  the  axis 
of  the  fixed  cone  .Hain  («  +  #),  so  that  it  moves  with 
the  velocity  vHs'm  («  +  %■').  This  must  be  equal  to  the 
applied  couple, 

60)  K  =  vSam  («  +  #). 

Now   resolving   H  parallel   and  perpendicular   to  the   axis  of  figure, 

61)  Heosa  =  Cm  cosw,     flsin«  =  Am  sinn, 
so  that 

62)  K  =  vm(As'mucos&  +  Ccosusrnft). 
But  we  have,  §  81, 

13)  ss-w 

14)  m2  =  y?  +  v2  -  2pv  cos  &, 
from  which 

to  sin  u  =  v  sin  <9-,     ra  cos  u  =  p  —  v  cos  %■, 
so  that  finally 

63)  S"  =  w{J4vBin#C08#+  Csm»(ii  —  vcosd)} 

=  VBin#{C(*  +  (A  —  GJvcos»}. 
It  is  to  be  noticed  that  the  body  will   perform  a  regulär  precession 
under  no  constraint  or  other  applied    couple,  if  putting  K=0, 

64)  M,»-^. 

90.  Heavy  Symmetrica!  Top.  We  will  now  take  up  one  of 
the  most  interesting  problems  of  the  motion  of  a  rigid  body,  namely 
the  motion  of  a  body  dynamieally  symmetrical  about  an  axis,  on 
which  its  center  of  mass  lies,  and  spinning  about  some  other  point 
of  that  axis.  This  is  the  problem  of  the  common  top  or  gyroscope. 
In  order  to  determine  the  position  of  the  top  it  will  be  convenient 
to  introduce  three  coordinate  purameters,  namely  the  three  angles 
of  Euler.  Let  these  be  ■&  the  angle  between  the  iT-axis,  which 
we    take  as  the   axis    of   symmetry,   and   the   fixed   vertical   #'-axis 
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(Fig.  91).     We    may    call    the    XY- plane    the    equator    of   the    top. 

Let  ON  (Fig,  91)   be  the   line    of  nodes,   or  the   line   in  whieh  the 

equator  intersects  the  fixed 

X'Y"'-plane.    Let  ip  he  the 

iimgitude     of  the    line     of 

nodes,  or  the  angle  X'ON 

liieasiirud  posit.i  velv  from  X' 

to  Y'.    Let  ip  be  the  angle 

from   the  line   of  nodes  to 

the    X-axis,    the    positive 

direction  of  increase  being 

from   X   to    Y.     By    means 

of  the  three  angles  #,  ip,  (p, 

we    raay    express   the   nine 

direction   cosines,    and    the 

Position    of    the    body    is 

completely  determined.  The 

meaning   of   the    angles    is 

easily  seen  on  the  gyroscope 

in    gimbala    (Fig.  92).      It 

will   not   be 


the    cosines,   as    we  need 
only  the  values  of  p,  q,  r  in  terms  of  Jiuler's  anwies  and  thoir  vdocities, 

d&       dty       df 


As  these  are  the  angular  vclonir.ies  abont  ON,  OZ'  and  OZ,  respe.ctively, 
we  need  only  the  cosines  of  the  angles  made  hy  these  lines  with  the 
X,  Y,  i^-axes,   which   are   evidently  as   given  in  the   following  table. 


X 

Y 

Z 

sm^sin^p 

sin#Cos<p 

»0»» 

cos<p 

—  sin<p 

0 

0 

0 

1 

■  in  the  direction  of  the  three  s 


65) 


äty   .    „ 
q  =    ,£  sin  ft  cos  <;■ 
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These  are  Euler's  kiiiismatiwil  eqnations.     They  il  lustrate  the  statement 
made  in  §  76,  about  p,  q,  r   as   not  being  time  derivatives,   for  it  ia 
easily    seen    that  pdt,  qdt,  rät    do    not 
satisfy    the     conditions     of    being    exaet 
differentials. 

The  resultant  of  the  weight  of  all 
the  parts  of  the  body  is  Mg  applied  at 
the  center  of  mass.  If  this  is  at  a 
distance  l  from  the  fixed  point  the  moment 
of  the  applied  force  is  Mglsmd  about 
the  axis   OK 

L  =       Mgl  sin  -fr  cos  <p, 

66)  M=-  Mgl  sin  9  sin  xp, 
ST—  0, 

so   that   Euler's   dynamical  equations  are 
Ä  -*|  =  (B  -  G)  qr  +  Mgl  sin  9  cos  <p, 

67)  B^  =  (C-Ä)rp~Mglsm&Bm<p, 

C§  =  (A-B)Pq. 

Multiplying  respec.tive)  y  by  p,  q,  r  and 
adding,  we  obtain 

a'1  +  Cr  -Jr  =  Mgl  (p  sin  9-  cos  tp  —  q  sin  9  sin  q>) 


Inl.figrating  wc  gut  the  equation  of  energy. 

69)  Ap2  +  Bq3  +  Cr2  =  2(h  —  Mgl  cos  9). 

Since  tlie  momeiit  ot'  the  applied  L'orcos  lias  nu  vertieal  eomponent, 
the  vertieal  eomponent  of  the  angular  momentum  is  constanfc,  or  the 
end  of  the  vector  H.  describes  a  plane  curve  in  a  horizontal  plane. 
Resolving  Hx  =  Ap,Hi,  =  Bq,H!  =  Gr  on  the  vertieal  ÖZ\  we  obtain 

70)  HJ  =  Ap  sin  9  sin  <p  +  Bq  sin  9  cos  <p  +  Cr  cos  9  =  const. 

If  the  top  is  symmetrical  about  the  ^-axis,  we  have  A  =  B. 
Then  the  third  equation  67)   is 


->i) 


Cr  =  const.  =  11- . 
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Tlie  integral  of  energy  69)  becomes 

72)  f  +  <?s  =     —  -  -A—J- =  cc  -  a  cos  », 

if  we  introduce  the  constants 

•ih       IL}  2Mgl 

'^  a~  A        AC'     a~      A. 

The  integral  of  vertieal  angular  momentum   70)  becomes 

74)  siu-&'(^aiiiqr!  -f  qaosfp)  = -j =  ß  —bcosQ-, 

pntting  / 

75)  ß=l:  &  =  §■ 

Inserting  the  values  of  p,  q  from  65), 

76)  sin3#-^'  =  /3  —  fceoatf, 
jj  cos  #  4-  -5?  =  r, 

Ebnrinating    -.-'''-  between  the  first  two  gives 

77)  (ß  -  l  cos#)s  +  sins»  (|f)S=  sin2*  («  -  «  cos  3-), 
whieh  if  we  put  for  cos*  the  aingle  Ietter  s  becomes  simpiy 

78)       (H)'-  c  -**)(«  -  »')  -  w  -  6s'!  -  «s> 

From   the  second  equation   76), 

dy  _  ß-bz 
iy>  dt^'l-z^ 

and  from  the  third, 

80)  *,_         .tß-ti). 
'  dt  t—z* 

The  Ietter  s  represents  the  heiglit  above  the  origin  of  a  point  on 
the  axis  of  symmetry,  at  nnit  distanee  from  the  fixed  point.  This 
point  will  be  spoken  of  as  tiuijtpex  of  the  top.  Equation  7$)  deter- 
mines  tbe  rise  and  fall  of  the  apex.,  equation  79)  its  horizontal  motion. 

91.  Top  Equation»  deduced  by  Lagrange'a  Metliod. 
Before  proceeding  with  the  discusaion,  Iet  ua  find  the  equations  by 
means  of  Lüg  ränge's  method.     We  have  the  kinetic  energy 

81)  T  =  \  {A(p*  +  q*)  +  Cr*} 

=  t- {A  (&'*  + sitf  fr  ■4>'2)  +  C(<p'  + cos  &■$')*} 


/Google 


278  VII.  DYNAMICS  OP  ROTATING  BODIES. 

so  thrtt  it  appears  thafc  <p  and  ip  are  cyclic  coordinates.  The  forces 
tending  to  change  fr,  i/>,  y  are 

p  d    cT       oT        d         , 

—  [Atp' a  sin*  cos  9  —  C(tp'  -\-  cos  fr  ■  ip')  tp'  sind1}, 

82)  J'»=-s|-äli'n'»'*,  +  cl»'+","',)-4l- 

If  there  is  no  force  tending  to  change  the  spinning  of  the  top,  P9  =  0, 

83)  C  (y'  +  cos  fr  ■  $')  =  cöwrf.  =  -H,, 

which  is  the  integral  71).    Eliminating  (p'  by  means  of  this  equation, 
and  forming  the  kinetie  potential, 
H_ 

84)  <p  ==  'n —  cos*  ■  Wj 

85)  *  =  7'-ir!y'  =  yA(*'3  +  sin^-^,ä)  +  ifseos#^'-|^% 

the  second  term  containing  ty'  in  the  first  power.  Such  terms  in 
the  kinetie  potential  give  rise  to  what  have  heen  called  Ly  Thomson 
and   Tait   gyroscopje   forces,   whose   theory  has  been  treated  in  §  50. 

L'sim;  I ! i  i s  Tonn   to  determine  the  forces,  we  have 

86)  ,  ,a„.        , 

The  influence  of  the  cyclic  motion  may  be  very  simply  shown  if  the 
spinning  body  is  mounted  as  a  bülaneed  g\  rosenpe  in  gimbals,  as  in 
Fig.  92.  Suppose  the  vertical  ring  be  lieUl  fixed.  Then  ty^const.,  i/>'  =  0, 

PT— Am»,,. 

Spinning  the  inner  ring  about  the  horizontal  axis  requires  the 
same  force  P&  whether  the  cyclic  motion  esists  or  not,  whereas  a 
force  is  developed  tending  to  make  the  vertical  ring  revolve  abont 
its  axis,  which  must  be  balanced  by  the  force  of  the  constraint,  1'^, 
proportional  to  -  --  On  the  other  hand  let  us  hold  the  inner  ginibal 
ring  horizontal.     Then  fr  =  y>  fr'  =  0. 
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88) 

p     —    A  "  V, 


Jd't. 


and  the  same  force  is  required  for  the  rotation  aboufc  tlie  vertical  as 
if  tliere  were  no  spinning,  whereas  a  force  is  developed  tending  to 
turn  about  the  horizontal  axis,  whieh  must  he  halanced  hy  the 
conatraint,  P»,  proportional  to  ~~-  Thus  the  effeet  of  the  concealed 
motion  would  he  inailc  evident,  even  if  the  disposition  of  the  eoneealed 
rotating  parts  were  unknown.  The  effeet  of  the  gyxoeoopic  term  may 
he  described  hy  saying  that  if  the  apex  of  the  top  he  moved  in  any 
direetion,  the  spinning  tends  to  move  it  at  right  angles  to  that 
direction,  as  shown  in  §  50. 

In  our  present  problem,  we  have  P^,  =  0, 

Asm2 -fr  ■  i>'  +  0(<p'  +  cos*  •^j')cos'&  =  const.=  Hj, 
or  by  83), 

89)  A  sin*  d  ■  p'  +  Hs  cos  &  =  HJ, 
which  is  the  integral  of  70). 

The  differential  equation  for  ■&  is 

90)  A^-~  Ai>'ssm9cos&  +  i/3sin#  ■  i>'  =  M</Uind; 

which,  on  replacing  ty'  by  the  value  from  89),  and  using  the  constanta 
of  73),  75)  becomes 

9i)      ^  -  v-"2!p'-"-  +  '"IT*1  - 1  si°  »■ 

If  we  now  multiply  this  hy  2sins<9'  ■  --,j>  it  becomes  an  exact  derivative, 
and  integrates  into  77).  Thus  our  three  integrals  are  immediate 
integrals  of  ljagrang^s  equations. 

92.  Natura  of  the  Motion.     Equation  78)  which  states  that.  /^  fyAMtol 
the  time-derivative  of  s,  the  cosine  of  the  inclination  of  the  axia  to  f~ 

the  vertical,  is  a  polynoraial  of  the  third  degree  in  s,  shows  that  8 
is  an  elliptio  function  of  the  time.  As  we  do  not  here  prcsuupose 
a  knowledge  of  the  elliptio  functions,  we  will  discuss  the  motion 
without  explieitly  finding  the  Solution  in   terms  of  elliptic  functions. 

We  see  at  once  that  the  Solution  depends  on  the  four  arbitrary 
constants  a,  a,  of  the  dimensions  [r-2],  which  enter  equation  78) 
linearly,  and  ß,  b,  of  dimensions  [T—I],  which  enfcer  homogeneously 
in  the  second  degree,  so  that  if  we  divide  b,  ß  hy  the  same  number 
and  a,  a  hy  its  square,  while  we  multiply  t  by  the  same  number, 
the  two  equations  78),  79)  are  unchanged,  that  is  to  any  value  of  z 
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eorresponds  the  same  value  of  ijt,  or  the  path  of  the  point  of  the  top 
is  the  same,  but  described  at  a  different  rate.  Thus  the  shape  of 
the  path  depends  on  the  three  ratios  of  the  constants,  or  there  is  a 
triple  infinity  of  paths.  As  for  the  meanings  of  the  constants, 
«■  depends  simply  on  the  nature  of  the  top,  irrespective  of  the  motion, 
and  by  comparison  with  §  80  is  seen  to  he  inversely  proportional  to 
the  Square  of  the  tinie  in  which  the  top  would  descrihe  small  oscilla- 
tions  as  a  pendulum,  if  supported  with  its  ap<sx  downwards,  without 
sphming.  If  we  change  the  top,  we  may  ohtain  the  same  path  hy 
suitably  ehanging  a,  b,  ß  as  just  described.  These  three  constants 
depend  on  the  circuiristaiices  of  the  motion,  b  being  proportional  to 
the  angular  momentum  about  the  axis  of  figure,  or  to  the  Teloeity 
of  spinning,  ß  to  the  angular  momentum  about  the  vertical,  and 
u  depciiding  on  both  the  Teloeity  of  spinning  and  the  energy  constant. 
Expressed  in  terms  of  the  initial  position  and  velocities  they  are 

.-HS,     6_?r, 

92,  (l-.m'e-.dfJ  +  Soo.»., 

With  the  Convention  that  we  have  adopted,  a  is  positive.  As  it  is 
evident  that  any  path  may  be  described  in  either  direction,  we  shall 
obtain  all  the  paths  if  we  spin  the  top  always  in  the  same  direction. 
We  shall  thus  suppose  &  to  be  positive,  while  ß  may  be  positive  or 
negative,  aecording  to  the  sign  and  magnitude  of  I  ,  I  and  cos  &$. 
Since  -j-  is  real,  f(z)  78)  must  be  positive  throughout  the 
motion,  except  when  it  vanishes.  Since  f(l)  =  —  (ß  —  b)3  and 
f (_  1)  =  _  (ß  +  bf  are  both  negative,  f (oo)  =  oo  and  f(-  oo)  =  ~  oo, 
the  course  of  the  funetion 
f(g)  is  as  shown  in  .Kig.  9;.S. 
Thus  it  is  evident  that  f(s) 
has  three  real  roots,  two 
glt  2S,  lying  between  1  and 
K«-  8S-  —  1,    while    the    third,    sa> 

lies  outside  of  that  interval 
on  the  positive  side.  Thus  the  motion  is  confined  to  that  part  of 
the  #-axis  between  gt,  g3,  and  the  apex  of  the  top  rises  and  falls 
between  the  two  vatues  of  #  whose  cosines  are  zi  and  2S.  The 
triple  infinity  of  paths  may  be  characterized  by  giving  the  three 
roots  all  possible  real  values,  instead  of  giving  the  constants  b,  ß,  «. 
In  practice  it  will  be  convenient  to  give  the  two  roots  indicaiing 
the   highest   and   lowest  points  reached   by  the  apex,  and  the  value 
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of    .j    tlie  horizontal   angular  veloeity  at  one  of  them,   which   three 
data  completely  eharacterize  the  motion. 

Since  e  is  an  elliptic  function  of  the  time,  the  rise  aad  fall  is 
periodic,  and  after  a  certain  time,  %  will  have  attained  the  same 
value,  and  so  will  -jr  and  -  ■>  aecordingly  duriug  successive  periods 
the  angles  ty  and  <p  will  increase  by  the  same  amounts.  Tlie 
horizontal  projection  of  the  axis  of  the  top  advances  at  the  rate  y' 
This  vanish.es  and  changes  sign  if  e  =  *J-  and  then  we  have 


93) 

Tlie  second  factor  i 
94) 


-ß(- 


,  <  1,  which  will  be  the  case  if 


that  is  if  the 
must  then  ha 


top  i 


s  small  enough.     We 


95) 


©:+^MS)D(a-?)><>- 


This  will  eertainly  be  the  case  if  (  .' -J  is  negative  at  the  highest 
point  of  the  path,  and  if  it  be  positive  and  greater  than  y  If  the 
top  be  spinning  so  slowly  that  j  is  greater  than  unity,  g  cannot 
attain  this  value,  and  ", :'  will  nover  vjtuis.li.  1t  is  (.'videni,  that  when 
~dt  =  ®  ^e  ProJection  of  the  path  on  the  horizontal  plane  has  a 
radial   tätigem,  (unless  s  =  0). 

The  axis  of  the  top  descrihes  a 
cone  limited  by  the  two  circnlar  cones 
of  angles  $-,,  &.27  where  s1  =  cosd,i, 
s,2  =  cos  #s .  It  is  in  general  tangent 
to  the  two  cones,  as  may  be  shown  as 
follows.  The  projection  of  the  apex 
on  the  horizontal  plane  X'Y1  has  the 
polar  coordiuittes  {Fig.  94). 


o.fr=YT~- 


z  =  v- 


.Goosle 


2X2 
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La  )i  *  - 


If  s  denote  the  angle    made    by    the  tangent  witli  tlie  radius   vector, 
&%  (üiii       dip  I  l   dfi 

'dp       "dg        dt  !   e   dt 
=  ß-b»  |   -z    ds  _  bz-ß 

-    1-F}l-M'dt  —  i-rffö' 

Accordingly  for  su  g%i  roots  of  /  (ja),  tan  b  =  oo,  and  the  axis  cone  is 
tangent  to  the  limiting  cones,  unless  at  the  same  time  the  numerator 
vanishes.  This  can  be  the  case  for  only  one  of  the  limiting  values. 
In  case  the  numerator  vanishes,  say  for  g  =  slt  we  have  ß==ini, 


whioh  vanishes  for  e  =  su  so  that  the  cone  has  cuspidal  edges.  If 
the  top  is  merely  set  spimiing,  and  let  go,  so  that  -  =  ----=0  it 
evidently  hegins  to  fall  vertically,  so  that  the  cusps  are  on  thu  tipper 
limiting  circle,  while  the  path  is  tangent  to  the  lower.     The   reason 


that  the  top  starts  to  fall  vertically  is,  of  course,  that  tho  gyroscopic 
action  does  not  begin  until  the  velocity  of  falling  -  -  hegins,  as  shown 
in  87).  It  is  to  be  noticed  that  when  z  is  positive,  as  in  the  ordinary 
top,    the    horizontal   projection   has    the   cusps   turned    inward,    while 


when  z  is  negative,    as    in    the    gyroscopic    pendulum,    the    cusps  are 
turned  outward.     The  three  types  of  motion  are  shown   for  the  firat 
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case  in   Figs.  95,  96,  97,   with   the   horizontal   projections   marted  i 
while  the  cusped  type  for  the  second  case  is  shown  in  Fig.  98. 


93.  Precession  and  Mutation.  It  will  he  convenient  to  express 
the  motion  in  terms  of  one  root  #s  and  the  constants  b,  ß.  In  order 
to  ehminate  k  we  have 

98)  JäL_  «-„_»->;>'. 

Now  since  0t  is  a  root,  fi/)  =  0  and 

99)  0  -  >  - 
Subtraetmg  from  98), 


-&.-,)_• 


1ÖU)       l^Ti-"1'1       2J+  (1-2,1(1-!') 


(l-l,  •)(!-.-) 


We  thus  find  that  s  —  gt  is  a  factor  o£  the  espression  on  the  riglit, 
so   that,   multiplying   by   1  —  s2,  we  have  f(s)  exhibited   in  the  form 

10))  ««)-(»-«,)«»), 

where  f,(s)  is  the  polynomial  of  order  two, 

102)  m  =  -  a(l  -  »■)  +  »ilädpül, 

so  that  the  other  two  roots  are  found  by  solving  the  quadratic 
f1(tß)  =  <).  As  the  roots  zx,  zt  approach  each  other,  the  rise  and  fall 
deereases,  and  vanishes  when  /'(/)  has  two  equal  roots.  The  condition 
for  this  is  that  f(s)  and  f  (s)  =  /i  (s)  +  (js  —  e±)  f±  (e)  have  a  common 
root  eu  that  is  that 

from  which 

103)  a(l-zs2y  =  2bß{l  +  Sli)~2^(h'+ßi):..  2(ß-lä1)(b-ße1), 

If  sx  and  one  of  the  constants  b,  ß  are  given,  this  is  a  quadratic  to 
determine  the  other.     We  find 
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whieb  is  constant,  so  tbat  the  motion  ia  a  regulär  precession,  without 
riae  and  fall.  There  are  thus,  for  a  given  veloeity  of  spinning,  and 
a  given  angle  of  inclination  witb  the  vertical,  kvo  values  of  tbe 
veloeity  of  precession.  We  may  also  find  these  by  considering  tbe 
equation  90),  pufcting  #  constant  in  which  gives,  if  sm-fr  is  not  zero, 

105)  —  ^'!cos#  +  b  ■  ty'  =  ^ 

ii  quadratic  for  ij>'  with  the  roots 

These  values  are  real  if  bi>  2fflCOS#.  If  the  top  be  spun  so  fast 
that  s        is  a  small  quantity  whose  square  may  be  neglected,  we 

find  for  one  value  of  if)' 

10')  ^-Ä^-Ri00"») 

which  is  a  large  quantity  of  tbe  Order  of  b,   while  the  other  root  is 


whieb  is  a  small  quantity  of  the  order  of  -  ■  Of  these  it  is  the 
slow  precession  which  is  usnally  observed. 

It  is  to  be  observed  that  if  we  put  ip'  =  v ,  <p'  =  (i,  the  flrst  of 
equations  82)  gives  for  P#  the  same  result  as  obtained  for  K  in  63). 
When  we  make  a  vanish,  so  that  the  body  is  under  the  action  of 
no  impressed  moment,  the  root  tp'2  beoomes  zero,  so  tbat  the  axis  of 
figure  stands  still,  while  the  root  ty[  beeomes  ;  that  is,  the  body 

peri'orms  a  T'oinsot  met-ion  around  the  vertikal  as  the  invariable  axis. 
Thus  the  effect  of  the  impressed  forces  may  be  looked  upon  as  a 
small  perturbatiun  of  tbe  Poinsot-motion. 

We  will  now  consider  the  motion  when  the  condition  103)  is 
not  fulfilled.  Prom  equation  78),  we  häve  t  given  by  the  eiliptic 
integral, 

109)  ( =  f-  dz    — ■ 

We    may   easily  find   two   limits   within   which    this   value   lies,   by 
;  for  the  factor  ]/#  —  s3  in  the   integrand  its  greatest  and 
we  did  in  the  case  of  the  spherical  pendulum. 
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Since  throughout  the  motion 

g1  >  s  >  %,     zt  —  zl  <  a,  -  z  <  gs  —  sa 
we  have  the  inequalities , 

110i    _i r     *»  —  >*>     1     r    as    -. 

By    ine ans    of   a   linear   Substitution    we    may   simplit'y   the    integral. 
Let  us  put 

^-,~c(l-x),     e-^rJi, 

when  the  integral  becomes 

112)  f—J^=  =  f-^=  =  cos-1*:  +  const, 

so  that  we  have  for  i, 


If  now  the  difference  s1  —  #g  =  iB  is  sufticiently  small  in  comparison 
with  Z3  —  8X  and  S3  —  2a,  we  may  obtain  an  approximate  result  by 
putting  under  the  radical  the  mean  of  the  quantitiea  whioh  are  too 
great  and  too  small  respectively,  so  that  if  sy  +  z2=2zll  we  have 
the  approximate  result 

114)  t  +  const.  =  — :=.. cos-  1x, 

(Vom   which  we  obtain 


sc  =  ■-  —   "-  —  cos  l/a(^3  —  z0)  ■  t, 

115)  s  =  s0-j-  o  ■  cos  Ya(z3 -  *0)  -  *  =  z0  +  g. 

The  arbitrary  constant  has  been  taken  so  that  i  =  0  when  the  top 
is  at  its  highest,  and  s  =  80  -f*  c  =  ev 

We  thus  see  that  when  the  roots  z,,  z2  are  nearly  enough  equal, 
the  apex  of  the  top  rises  and  falls  with  a  harmonie  oscillation  £  of 
the  small  amplitude   c=  ■     In   order   to   determine   when   the 

approximation  is  justified,  we  have  to  consider  what  will  cause  the 
third  root  s3  to  be  large.  Since  z2  and  z3  are  the  roots  of  the 
(jniidrar.ic  function  f\{z)  102),  their  sum  is  the  negative  of  the  coei'u- 
cient  of  z  divided  by  that  of  zs,  that  is 

116)  *.  +  ,  _'"  +  P-!'"'i_i'+fc-!»-)!- 
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Thus  we  see  that  by  making  6  large  enough  we  may  make  #3  as 
large  as  we  please,  when  g1  and  z2  are  given,  so  that  the  approxi- 
mation  is  better  the  f'aster  the  top  sphis. 

Let  us  now  consider  the  horizontal  motion,  or  preeession.    We  have 
dy_fl-bz_  ß  -  6  (a.  -f  S) 


117) 


dt  ' 


(l- 


,*)  i-^f- 


a*0£+£a\ 


that  if 


We  have  already  supposed  g  to  te  a  small   quantity, 

neglect  the  Square  of  j-^_ — f>  we  have,  after  developing   the  second 

factor  of  the  dimüiiuinitor. 


1 1  X) 


difi  _  ß—bz0 


&£ 


-..{?  _-K). 


§. 


119)    ^  = 


2e0(fl-&a„)l     ■       AT — 

--(rz^^|sray*(s3- 


*„)■*■ 


Now  inserting  the  value  of  £  from  115)  and  integrating, 

Thns  we  see  that  ij>  varies  with  a  harmonic  oscillation  ahout  the  value 
that  it  would  have  in  the  regulär  preeession  at  the  mean  height  s0, 
of  the  same  period  as  the  vertical  oscillation.  If  we  projeet  the 
motion  of  the  apex  on  the  tangent  plane  to  the  sphere  on  which  it 
moves,  calling  %  the  horizontal  coordinate,  and  ij  the  distance  moved 
from  the  horizontal  mea.n   axis,  we  have,  Fig.  99, 


L2U: 


^sin*=yi- 


Thus   we    see   that  the  second  terms   of  115) 

and  119)  represent  an  elliptie  harmonic  motion 

of  the  apex  of  the  top.   This  is  termed  nutatmi. 

We   thus   have   a  complete   description  of  the 

motion   of  a    top    when   differing  by   a   small 

amount  from  a  regulär  preeession.  as  a  regulär 

preeession    combihed   with    a   nutation   in    an 

ellipse   ab  out   the   point   which   advances   with 

the  regulär  preeession. 

Kg-  »»•  We  shall  now  make  an  additional  supposi- 

tion  with  regard  to  the  constants  of  the  motion, 

We  have  seen  from  108)  that  in  the  case  of  regulär  preeession  with 

rapid  spiuning,  the  preeession  was  slow.     Let  us  then  suppose   that 

p_ 


121: 


\.  _L  %    =  P 


is  a  small  quantity  of  the  same  order  as  c,  so  that  their  Squares  and 
prodnet  may  be  neglected.    Sinee  zü  is  the  cosine  of  the  angle  betweeu 
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tke  vectora  whose  magnitudes  are  b  and  ß,  this   supposition  is  equi- 

valent   to   saying   that  the  angular  momentum   makes   a  small  angle 

with    the    axis    of  figure,    as   we   see   from 

Fig.  100,  in  which  the  distance  DE  =  ß  -  bza. 

Making   this    supposition,   the  last  term   in 

116)  is  negligible,  also  that  in  119).    Thus 

we  obtain  from  116), 


and  since  —  is  supposed  l.o  be  large  we  may 
neglect  —  (ä+£0),  so  that  we  have  finally, 

122)  a(es-z0)^ba, 

123)  g  =  c  ■  eosM,     il>  =  pt—  j~ 


124)      l  = 


'=t- 


. k in  lt. 


■  —  coabt. 


vi-v     yx-v  yi-« 

It  is  evident  from  Fig.  100  that  ß  —  bs^  is  positive,  aecoruingly 
[ef.  119)]  the  apex  is  always  moving  so  that  "f  is  positive  at  the 
bottom  of  its  path,  and  thus  the  average  motion  is  in  that  sense. 
The  motion  at  the  top  may  be  in  either  direction,  aecording  to  the 
magnitude  of  e.  We  see  that  the  motion  of  nutation  is  opposite  to 
the   motion   of  the   clock-hands.     Thus   the   motion   of  the  apex,  as 

given  by  124),    is   that  of  a  point  at   a  distance   — from    the 

center  of  a  circle  which  roUs    on    a   line    above   it   with   its    center 


-H) 


Vi- 


The  radius   of  the  rolling  circle  i 


advancing  at  a  velocity 

bVl-za* 

Such  a  locus  äs  called  a  cycloid.  In  the  ordinary  cycloid,  the 
tracing  point  is  on  the  eircumference  of  the  rolling  circle,  oi 
ß  —  b£0  =  bc.  If  the  tracing  point  is  an  internal  one,  the  cycloid 
is  called  prolate.  It  has  no  loops,  nor  vertical  tangents,  and  -^  is 
never  zero,  but  it  has  points  of  inflexion.  If  the  point  is  external 
the  cycloid  is  called  atriale,  and  has  loops,  but  no  inflexions.  It  is 
evident  that  this  curve  will  be  described  when  the  apex  is  given  a 
push  to  the  left  at  the  top  of  its  motion,  while  if  it  be  given  a 
push  to  the  right  it  describes  the  prolate  cycloid,  and  if  it  be  simply 
let  go,  it  describes  the  ordinary  cycloid  with  cnsps.  (The  prolate 
and  curtate  eycloids  are  also  called  trochoids.)  Since  the  height  of 
a    cycloid   is   to    the  length  of  its  base  as  1  :  %,  the  base  being  the 
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distance  traversed  in  one  revolution,  we  see  that  when  the  top  is 
spuu  rapidly,  so  that  the  precession  is  slow,  the  rise  and  fall  is  very 
rapid  (for  b  =  r  '■)?  and  very  small.  For  this  reason  it  is  Beidom 
noticed,  and  this  accounts  for  the  populär  opinion,  expressed  in  many 
text  books,  that  the  motion  of  a  top  is  such  that  its  axis  describes 
a  eircular  cone  with  a  constant  angular  velocity,  or  a  regulär 
precession.  Tims  the  reason  of  the  vertical  foree  of  gravity  producing 
a  horizontal  motion  remains  a  paradox.  We  have  seen  that  such  a 
motion  is  the  very  particular  exception,  and  not  the  rule,  being  ouly 
i.'xhibited  when  the  neeessary  horizontal  velocity  is  imparted  at  the 
outset,  so  that  the  aetion  of  gravity  is  always  balaneed  by  the 
ci'ütri i'ugal  couple  generated  by  the  precession.  If  the  neeessary 
velocity   is   not   imparted,    the    top    immediately    begins    to    fall    in 


obniii1 


!  to  gravity.     The  motion   which  we   have  just   deseribed  i 


:alled  by  Klein  and  Sommerfeld  a  ', 


■rci.ßdar  precession,  and  may 
be  called  a  small  oscillation  about 
a  regulär  precession.  In  Fig.  101 
are  shown  curves  of  the  actual 
path  obtained  by  photographing 
a  small  incandescent  lamp  attached 
to  the  axis  of  a  gyroscope,  with 
&  nearly  a  right  angle. 


94.  Small  Oscillations  about  the  Vertical.    In  the  discussion 

which  has  just  been  giveii,  it  has  been  supposed  that  1  —  #a  was 
not  a  small  quantity.  If  however  in  the  conrse  of  the  motion  the 
axis  of  the  top  becomes  nearly  vertical  this  will  no  longer  be  true, 
so  that  for  this  case  a  special  investigation  is  neeessary.  Let 
us  suppose  that  &  and  &'  are  so  small  that  in  the  kinetic-  potential 
all  their  powers  above  the  second  may  be  neglected.  Let  us  use  for 
coordinat.es  the  ve  et  angular  eoordinates  of  the  projeetion  of  the  apex 
on  the  horizontal  plane, 


stp,     y  = 


-  sin  %. 


Using   fchen   the    expression   of  85)    for   the    kinetie    potential,   with 
W=  Mal  ws». 
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125)  *=  *  A(&"  +  sm2&-i>'2)  +  II, cos &■  V'  -  üf?ZooB#, 

we  will  convert  it  into  terms  of  x,  y,  x',  y',   neglecting  all  terms  of 
order  higher  than  the  second. 

In  the  first  term,  since,  to  the  order  of  approximation, 

r'  =  eos*  ■  %■'  =&', 

we  have  f'I  +  ra^»MI,  the  Square  of  the  veloeitj  in  polar  eoordinates, 
which  is  in    reetaugiilav  co ordinales  x'%  +  )/,Ä.     Also  we  have 

tan  ty  =  —r    seca  ^  •  ty'  =  — — ^- i 

126)  *'  -'*^$- 
and  since 

127)  cos»_{l -(*'+!/*)}'  -l-I^tt", 
we  have  finally 

128)  «»i^^'+y") + h, (i-*'-\yyy,-y:- - m,i (i- ^') ■ 

We  have  then  in  the  term  in  H:  an  example  of  the  gyroswpic 
terms  of  §  50;  in  which  x  =  q,,  y  —  gB, 

A-a-t^  +  i). 

D'orming  the  equations  of  motion,  since 

dh_  _  ^  —  i 

we  have  final  ly 

Vd0>  Ay"  -  M.x'  +  Mgly  =  0, 

or  in  terms  of  our  constants, 

x"  +  by'  +  |^  =  0, 
131)  a 

y"  -ix'  4-  g-#  =  0. 

These  equations  are  a  particular  case  of  a  probleni  that  is  interesting 
enough  to  be  considered  in  füll.     If  h  were  zero,  they  would  be  the 

VVläBSTBB,  Bynamica.  19 
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equations  for  the  small  vibrations  of  a  system  of  two  degrees  of 
freedom,  the  stiffness  and  inertia  coefficients  of  which  are  the  same 
for   both   freedoms.     Let   us   consider   the  general  System,   for  which 

132)         T=  l  (Ax'*  +  By'%     W=^{Cx>  +  Dy% 

into  whicli  a  gyrostat,  or  rapklly  rotating  svmiiictrical  solid,  is  intro- 
duced,  the  direetion  of  whose  axis  is  determined  as  in  the  present 
case  by  the  coordinates  x  and  y,  (It  is  to  be  noticed  that  x  and  y 
are  prinrJ.pid  coordinates.)  The  equations  for  the  small  oscillations 
of  the  System  are  then 

Ax"  +  H,y'  +  Cx  =  0, 
133^  By"  -K,x'  +Dy  =  0. 

These  may  be  fcreated  by  the  general  method  of  §  45  for  small 
oscillations.  In  Order  to  simplify  the  Dotation,  it  will  be  convenient 
to  put 


134)    x=-j=, 
VA 

YB      YAB               A 

lien  our  equatio: 

as  become 

135) 

l"  +  b7j'  +  d  =  0, 

ij"  -H'  +di?  =  0. 

solved   these,    we   may   pass   to  the  case  of  our  vertioal  top 
by  putting  c  =  d. 

In  aecordance  with  the  method  of  §  45,  let  us  put 

i  =  Aleit,     t\  =  A^e1*, 
from  which  we  obtain 

A1(Xa+e)  +  -4,61  =  0, 
136^  -  AJ>2.  +  A2  (1»  +  d)  =  0. 

The  deterininantal  equation  is 

137)  l"  +  (c  +  d  +  hs)  la  +  cd  =  0, 
whose  roots  are 

138)  1'  — -j  \-  (c  +  d  +  b2)  ±  Y(c  +  d  +  iy -  4cd\- 

If  the   Solution  is  to  reprcsent  oscillations,   all  the  values   of  X  must 
be  pure  imaginary,  thus  both  values  of  ls  must  be  real  and  negative. 
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If  we  call  them  —  jts,  —  va,  we  have  for  their  sum  and  product  the 
coefficients  in   137), 

139)  tis  +  v-  =  c  +  d  +  tf,     j*V  =  c<Z. 

In  Order  that  p.,  v  sliall  be  real  it  is  accordinglv  neeessary  that  c,  d 
shall  be  of  the  same  sign,  that  is  our  System  inust  be  either  stable 
for  both  freedoms,  or  unstable  for  both.  Extracting  the  Square  root 
of  the  second  equation  139),  doubling,  and  adding  to  and  subtraeting 
fron]  the  first, 

{ji  +  vf  =  c  -h  d  4-  i-  +  2ycd=6*  +  (Yc±Yäy, 
(p  -  vy  =  c  +  d  +  b*  +  2  Yc  d  =  V-  +  (V  c  +  V'd )  \ 

Extracting  the  roots,  adding  and  subtraeting. 

(i+v  =  ±  {tf  +  {yc±y~df)2! 

[^±\\\v+(Yc  +  yay-}2  +  {v  +  (Yc-Yay\2\, 

141) 

8  +  {Vc  +  Yä)T-  {b*  +  (Yc  -  YdJ 


:|L!6*- 


The  inner  double  sign  is  evidently  unnecessary.  Since  pv  =  +Yc& 
we  have  also, 

i  _    {y+iyi+YdyF-iv+iyc-Ydy}*^ 

f1  2  Vc  d 

142)  l  l 

i       {6.+(yc+yg}'}T+{6'+(yö-vd)T 

»      '  2  yc"  ä 

Prom  the  vahies  of  ft  and  v  lt  is  evident  that  both  are  real  if  c 
and  d  are  positive.  If  i%fiW  are  negative  it  is  necessary  in  Order  to 
have  real  values  that 

l  >Y~  c  +  Y—ä- 

Thus  we  find  that  even  if  the  System  is  unstable,  Bufficiently  rapid 
apinning  of  the  gyrostat  makea  it  stable.  This  is  the  ease  of  the 
top  with  its  eenter  of  mass  over  the  point  of  support.     In  order  to 

(r-ompleto  i:lie  (liscufision  we  haw  to  deLerniuH;  tlie  eoet'fi  Clonts  A1)  A.% 
for  the  various  roots.     If  we  call  the  roots 

lj  =  ift,     ij  =  —  ijt.,     lg  =  iv,     %i  =  —  iv, 
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we  have  for  the  general  Solution. 

E-4"«""+4!'e-"+  Afe-'+Afe—", 

143)      ,  -  4" «"" + 4"  «-•"  +  4"  «•" + 4*' .-"', 

where  we  have  by  the  first  of  equations   136), 

.,,.      jlä    . c—  p.*     A^    . c—  ji-      ,12  .t—j'-     yl3  .  c  — 1>- 

(utroducing  the  values  of  the  _42's  in  terms  of  the  A^s,  and  writing 

wo)  4"+4'_»,  A';'-Af'—iß,  4'+4>_<,',  4»-4«_  -iß\ 

we  have,  repbicmir  exponeiitials    by  trigonom etric  terms, 
6  =  acosj*$  +  0BHi|*/  +  ß'cosW  +  (3'  sin  vt, 
'     i;  =  c   —  (ßcosftt  —  asinjit)  +  —  -~(ß'  cos  vt  —  a'  sin  vi), 
with  the  four  arbitrary  eonstants  k,  ß,  a\  ß',  or  putting 

147)     a  =  Aicosslt     ß  =  ^sin^,     «'  =  ^eoss^,     ß'  =  A%  sine2, 

|  =  A1  cos  [fit  —  £j)  +  _4scos(V(  — ts), 
M8)  1  -  Tjr4  "taCc'—J  +  ^4  ■&>(*(- .J. 
Accordingly  the  motion  may  be  described  as  the  resultant  of  two 
elliptic  harmonie  motions  of  fretjuencies  .,'  ■?  ->  the  directions  of  the 
axes  of  tlie  ellipsos  be.ing  coiucident,  and  given  by  the  directions  in 
which  the  System  can  make  a  prinzipal  oscillation  «dien  the  gyro.stat 
is  not  spiniiing.  The  absolute  si/,es  of  the  two  ellipses  are  arbitrary, 
but  the  ratios  of  the  axes,  and  the  phases,  are  dotermined  by  the 
nature  of  the  System  and  the  rapidity  of  the  spiniiing. 

Calculating  the  eoeffieients  in  148)  from  the  values  of  ji,  -■>  v,      > 

st=-*-±i[(i-y5)(»'  +  (^+^ 

+  (i+l/|){*'+(^-yä)'iH 

"9)  p  i 
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If  now   c  =  d,  as    in   the    case    of  the   top,  both  these   expressions 

become  equal  to  plus  or  minus  unit-y,    so    tbat  botb    ellipses  beeome 

cireles.     The   motion   of  the  top 

making    small    oscilhitions    about 

the  vertieal  is  accordingly  to  be 

described  by  saying  that  its  apex 

describesepicycloids(epitroehoids) 

or   bypocycloids    (hypotroehoids) 

npou  the  horizontal  plane.     It  is 

to   be   noticed   that  according  as 

we    take    the    signs    in   149)    tbe 

relative  sense  of  the  rotations  in 

tbe  two  circular  motions  will  be 

alike  or  different.  By  considering 

which  way  tbe  top  tends  to  fall 

we  may  decide  whether  the  cusps 

are  turned  inwards    or   outwards, 

and  it  will  be  round    that  if  tbe 

center  of  mass  is  above  the  poiut 

of    support    the    cusps    or    loops 

are  turned  inwards,  and  the  curves 

are    epicycloids,    white    if   it    is 

below    the    cusps    or    loops     are 

turned  outwards   and  the  curves  lig.  10S 

are  bypocycloids. 

An  Instrument  to  show  fliese  properties   of  tbe   motion  has  been 
construeted   by    the    author,    and   is    shown   in   Fig.  102.     A   heavy 


symmetrica!    disc   hangs    by   a   universal   Joint  (Hooke's   or  Cardan's 
snspension)    from    a   shaft   which.   is   rotated   by    an    electric   motor. 
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A  pointed  steel  wire  slides  easily  in  the  end  of  the  axis  of  the  pen- 
dulum,   and    draws   a   curve   upon  a   plate  of  amoked  glass  which  is 


of  being   traced.     Examples    of   the    curres    obtained    are   shown    in 
Fig.  103.     (Figs.  g,  h,  i    are    hypocycloids    drawn   geometrically,    for 
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L>9» 


comparison.)     In   order   to    eompare    theory    with    experiment,   let   ns 
calculate  how  many  revolutions  in  one  circle 
go  to    one   of  the  other.     Let  us    call    this 
ratio  m.     We  have  then  from  141) 


L  ;-)■>■) 


Jt  =  ±  V6'+4_e+fc| 
yft*+4e-ö 

Tt  is  noticeable  tliat  this  ratio  depends  only 
011  the  constants  of  the  System  and  the 
velocity  of  spinning,  hut  not  on  the  circnm- 
stanees  of  protection.  This  is  shown  in  the 
figures.  In  each  group  m  is  made  an  integer, 
by  proper ly  adjiisting  the  height  of  the  disc, 
whieh  is  main- 
1::i. i 1 1 < ■  ■. I  ironst;nit  bv 
strohoscopic  Ob- 
servation. If  the 
apex  is  merely 
drawii  aside,  and 
let  go,  the  eurves 
have  cusps.  If 
pushed  to  one 
side,  the  eurves 
have  loops,  and 
if  to  the  other, 
there  are  no  loops. 
bnt  the  curve  is 
a  sort  of  curvi- 
linear  polygen, 
und  if  the  spinning 
is  rapid  enough, 
there  are  in- 
Hexions.  The  ratio 
m  is  the  sanie  für 
the  three  types  of 
curve.  The  sligld 
perturbations  no- 
ticeable in  the 
figures  arise  from 
ilic.  slight  loose- 
ne^iri  tke  triieing 
point,  and  permit 
of  counting  the 
number  of  revolution  of  the  top  ah  out  its 


of  spinning, 
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which  is  found  to  be  the  same  for  the  same  value  of  ) 
verified  on  the  figurea. 

In  order  to  illustrate  the  moro  gi-sn.ern.1  crtse  above  treated,  the 
spinning  top  is  included  in  a  System  of  two  pendulums  (i'ig-  104), 
w.Uose  frcijuencies  may  be  made  to  have  any  ratio  to  each  other,  so 
that  when  the  top  is  not  spinning  the  point  describes  a  Lissajous's 
curve.    The  influenae  of  the  spinning  011  the  curves  is  shown  in  D'ig.  105. 


An  interesting  application  of  the  heavy  symmetrical  top  is  the 
gyroscopio  horizon  invented  by  Admiral  Fleuriais  of  the  French  navy. 
A  sraall  top  is  spun  upon  a  pivot  in  vacuo;  in  a  box  which  is 
attached  to  a  sextant.    The  top  executes  a  slow  movement  of  precession 


about  the  vertical,  and  by  nieans  of  lines  ruled  on  two  lenses  which 
it  carries,  the  vertical  is  observed,  so  that  Observation*  may  be  made 
when  the  horizon  is  obscured  by  fog.1) 

1)  Schwerer.     L'horimm    yyrwcopi'iue   dun»   le   r,iäe   de  M.  le  Contre-Aiiiirfil 
'Fkufiaü:.      :Vniiii-l(is  Vt'yilroLjTLiphifiuuH.     1896. 
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95.  Top  Equations  deduced  by  Jacobi's  Method.  We  will 
conclude  fche  treatment  of  the  top  by  deducing  tbe  equations  of 
motion  by  the  method  of  Jacobi,  §  41.  Since  we  have  for  the  kinctic 
energy, 

77)        T=  g-{J.(«-'B+  sii^-ii.'8)  +  C(tp'+  cos-fr-^')8} 

and  for  the  in  Omenta 

pn  =  A&',    p,,,  =  Asma&  ■■$'  +  Ccos&((p'  -f-  cos -fr  ■$''), 

pv  =  G(q>'  +  cosO  ■  ^'), 
we  obtain  at  once 

'  Pw        coaff(p    -p    COS&) 

Korming  the  sim  oi'  products  of  eorresponding  velocities  ;md  niomenta, 
we  obtain  the  energy,  and  also  the  Hamiltonian  function, 


!  1 a  +  o  +  — ; 

Vom  this  we  form  the  Hamiltonian  equation  §  41,  99), 
lt.„v     3fi  ,    l   |  l  /SSV  .    l  /3S\s  ,        1       (BS      dS 


We  find,  as  in  the  problems  of  §  41,  that  this  is  satisfied  by  a  linear 
function  of  t,  (p,  iji,  plus  a  function  &  of  #,  which  we  will  determine. 
We  shall  obtain  the  result  in  the  nohition  of  §  90  if  we  put 

154)  S  =  -  H  +  A  (bq>  +  ßq  +  ®). 

nserting  in  the  differential  equation  153),  we  obtain 

155)  -h+  *  lA&'3+Ä^+s~^(ß-bco8&)s}  +  Mgl<iofi»  =  Ü, 
from  which 

1M)    8-._  »  _  4f  _  «W  cos»  _  -t^|»>'  _  *•(»). 

Acrordingly  we  have  the  Solution, 

157)  S=  -/si-f  ^(6^  +  ßf  +  fYF(#)d9). 

The  integr:ils  are  ohtiimed  hv  diffurontifitimv  bv  tlie  ;irbitr;irv  eonstants, 

h,  b,  ß, 
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Bearing  in  mind  that  ^(O1)  =  -A^j  and  that  =  r,  we  see  that 
the  first  equation  is  the  integral  of  equation  78),  the  second  of  79), 
and  the  fchird  of  80). 

96.  Rotation  of  the  Earth.  Frecession  and  Mutation. 
Since  the  earth  is  not  an  exact  sphere,  it  is  not  centroharic,  that  is 
the  direction  of  the  resultant  of  the  attraction  of  its  various  parts 
on  a  distant  point  does  not  pass  through  its  eenter  of  mass.  Or,  in 
other  words,  the  attraction  of  a  distant  mass-point,  not  passing 
through  the  eenter  of  mass  of  the  earth,  possesses  a  moment  about 
it,  which  tends  to  tilt  the  earth's  axis.  The  sun  and  moon  are  so 
nearly  spherical  that  t-hey  may 


/    N/^  _  ^^^         be  considered    as  concentrated 

1  y      at  thci.r   respective    ceni.ei-s  oi' 


M 

One    of    them,    placed 
t  (Fig.  106),  attracting  the 

pOrtions  of  the  earth 
more  strongly  than  the  more  distant  ones,  tends  to  tip  the  earth's 
axis  more  nearly  vertical  in  the  figure,  and  it  is  seen  that  this  is 
the  same  in  whichever  side  of  the  earth  the  body  lies.  Thns  the 
sun  always  tends  to  iiiate  the  oarth's  axis  more  neaHv  pet'peiiuicvjlfi.r 
to  the  ecliptic,  exjept  when  the  sun  lies  on  the  earth's  eqnator,  that 
is  at  the  equinoxes.  The  deflecting  moment  thus  always  tends  to 
cause  a  motion  of  precession  in  the  same  direction,  the  tendency 
being  greatest  at  the  solstices,  and  disappearing  at  the  equinoxos. 
The  moon,  which  moves  nearly  in  the  plane  of  the  ecliptic,  prodnees 
a  similar  effect. 

It  will  be    shown,    in   §  148,   that   the   potential    of  a  body  at  a 
distant  point,  x,  y,  s  is  given  very  approximately  by 

1.59)      V=  -+  1  (B  +  C-%-A)x*+(C+A-2E)yS+(A  +  B-2C)3^ 

where  r*  =  x*  +  y2  +  ^,  and  A,  B,  (3,  are  the  prineipal  moments  of 
inertia  of  the  body.  If  the  distant  point  is  the  eenter  of  the  sun, 
whose  mass  is  m,  the  force  exerted  by  the  earth  on  the  sun  is 

160)  X  =  ym>.    i      Y=ym-7    >      Z=vm-.y-- 

'ex  '       cy  'de 
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But  this  is  equal  and  opposite  to  the  action  of  the  aun  upon  the 
earth,  the  moment  of  which  about  the  earth's  center  of  mass  is 
«oopdmgly  L  —  ÜZ-.T), 

161)  M—-(iX-xZ), 

N=--(xY-yX). 

Ditrertnitiatiuif  tlie  expression  159),  since  x  appears  botli  explieitly. 
and  implicitly  in  r,  and    ~--  =  — j 


162) 

and  inserting  in  161) 
103) 


dV  _ZV  y        {C-VA~Zll)y 
dy  ~~  dr  r   ~l~  r0 

?T_  dI±  j.  (A  +  B-2C)i: 


N  = 


We  may  now  insert  tliese  in  Euler's  equations,  so  that,  if  x,  y,  B, 
the  coordinates  of  the  sun,  are  given  as  functions  of  the  time,  the 
earth's  motion  may  be  found.  Considering  the  earth  to  be  symme- 
trica! about  its  axis  of  figure,  we  put  A  =  B,  so  that  JV=0,  and 
the  third  equation  gives  r  —  const.,  as  in  the  case  of  the  top.  It  is 
however  more  convenient  for  our  purpose  to  use,  instead  of  Euler's 
equation«  li  sei  of  equations  proposed  by  Puiseirs,  llesal,  and  Slesser, 
in  whieh  we  take  for  axes,  as  snggesied  in  §  84,  tlie  axis  of  symmotry, 
and  two  axes  perpendi  ciliar  to  it,  that  is,  lying  in  the  equator,  and 
moving  in  the  earth.     We  have,  since  we  are  dealing  with  principal  axes 

164)  Bx  =  Ap,     Hy  =  Aq,     H:  =  Cr, 

which  are  to  be  inserted  in  equations  '29),  §  84,  where  we  are  to 
put  the  velocities  with  which  the  moving  axes  turn  about  thurriselves, 
which  we  will  call  p0,  </„,  r„,  so  that  our  equations  are 


165)  _J!  +  roSx-Plts,  =  l 

dll 
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If  we  ehoose  as  .X-axis  Üie  line  of  nodes,  or  intersection  of  the 
equator  with  the  ecliptic,  or  plane  of  the  sun's  orhit  about  the  eaitb. 
we  have,  in  65),  (p  =  0,  so  that  Euler's  geoinetric  equatious  hecome 
simply, 


lfJOi 


Po- 


«o  = 


sin  %. 


=     ,1008*. 


We  have  also  p  =  p$,  q  =  >h,  while  r  is  not  equal  to  r„.  Inserfcing 
in  the  third  equation  165),  we  have  G  ■--  =  0,  r  =  const.  =  Sl,  where 
&  is  the   auguliir  velocity  of  the  earth's  daily  rotation. 

We   shall  content  ourselves  with   an   approximatc   Solution  of  the 
equations,    wbich    may  be    obtained    by  neglecting    the    Squares    and 


producta  of  small  quantities. 


that  -A  and    =■- 


smal!,  (->?  =  50",37  per  yearl,   so    that   we   may  neglect  r0q0!  rop0. 


107  i 


If  the  sun,  or  other  distnrbing  body,  did  not  move  with  respect  to 
the  ases  of  X,  Y,  Z,  then  L,  M  would  be  constant,  and  tke  equations 
would  be  satisfied  by  constant  values  of  p,  q, 


(jqusitkms 

165)  become 

^S  +  C-f- 

"i, 

A&-C*. 

■X 

11  »8> 


P  na'     2       f!& 


In  order  to  ascertain  whether  theso:  approximations  ai'e  snf'ticient 
wnen  L  and  M  vary,  iet  us  differentiate  equations  lfi'7),  snlistitutiiiif 
in    either   the  valne  of  tlie  first  derivative  of  p  or  q  from  the  other, 

ohtu.iuiii.ii' 


HW) 


,  d*p    ,    CSl  /rn-. 


,  d*q       CSl 


^(-Cß,  +  L) 


äM 


We  liave  now  to  find  the  values  of  L.  M 
in  terms  of  the  motion  of  the  snn. 

If  l  be  the  longitude  of  the  sun,  that 
is  the  angle  its  radius  veetor  OS  makes 
with  the  X-axis,  we  have,  passing  a  plane 
tbrough  the  sun  perpendicnlar  to  the  X-axis 
(Fig.  107), 

x  =  r  cos  l,     y  =  r  sin  l  cos  &, 
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so  that,  inserting  in   163), 

L  =  -'-— ^-j— -— sirr  ( sin -fr  cos  #, 

17°)                            „        Sym(Ä-G)    .     ,         ,    .     . 
Jf  =  -— -s sin  l  cos  (  sin  0. 

If  we  suppo.se  tlie  sun's  path  relative  to  the  earth  to  be  a  eircle. 
described  with  angular  velocity  n,  we  have 

l  =  Zn  +  n*, 
so  that 

-?r=  — — V —  j«  ■  sm2(ain#coB'&  +  Bins(coa2fl,^rf» 

171) 

-.---=  ■■■*-— \s    — i-    «  •  cos  2£sin  &  +  sin  1  cos  Z  cos  »^   ■ 

Now  if  A  =  6',  there  would  be  no  motion  of  the  earth'a  axis,  so 
that  C—Aibb,  small  quantity  of    the    Order    of  ■-—•     The    angular 

velocity  n,  though  inucli  larger,  is  still  365  ■]-  times  small  er  than  11, 
so  that  if  we  neglect  its  produet  and  that  of  -77-  with  C  —  A,  we 
mav  neglect  tlie  rigli.t  band  sides  of  169).  Thus  the  approxima.ti.on  1  68) 
is  justified,  for  differentiating,  it  will  make  ,  ä'j  -,-.■  aegligible,  so 
that  equations  167)  are  satisfied.  Inserting  the  values  of  p,  q,  L,  M, 
in  168),  we  have 


dft  _  Sym   (V- 


cos2/}. 
-.-—sin*  sin  21. 


These  are  the  equations  for  the  precession  and  nutation.  In  Order 
to  integrate  them  approximately,  we  may  neglect  the  small  diü'erence, 
on  the  right,  between  &  and  its  mean  value,  so  that  inserting  tlie 
value  of  2l  =  2nt-\-  2l0,  considering  #  constant,  and  integrating, 


1 

73) 

1- 

'  2  Sir 
Jyro 
'  2  Sir 

,-g-tme- 

■s2Z 
in 

sin  2  J\    , 

-■■      COliM: 

We 

thus  find  the 

motion  to  be  a  re 

guli 

vc  precession, 

of  amount 

1 

74) 

, ,        3ym   0- 

-A 

eos#-, 

together  with  a  nutation  in  an  ellipse  (compare  §  93),   wliose  period 
is  one-half  that  of  the  revolution  of  the  disturbing  body. 
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By  means  of  observafcions  of  the  value  of  the  precession,  we 
may  thus  obtain  the  ratio  of  - — p— —  We  see  that  the  forees  causing 
precession  are  proportional  to  \.-  On  aecount  of  the  nearness  of  the 
moon,  therefore,  and  in  spite  of  its  small  mass,  the  precession 
produceü  by  the  moon  is  somewhat  greater  than  that  due  to  the 
sun.  Since  the  moon' 3  orbit  departs  but  little  from  the  plane  of  the 
ecliptic  the  precession  due  to  the  moon  may  be  caleulated  approxi- 
mately  by  the  above  formulae,  and  compounded  with  that  due  to 
the  sun. 

97.  Top  on  smooth  Table.  Having  treated  in  detail  the 
motion  of  a  body  with  one  point  üxed,  and  three  degrees  of  freedom, 
it  remains  to  eonsider  the  motion  of  bodies  which,  like  the  ordinary 
top,  spin  upon  a  table  or  other  snrface.  We  must  now  eonsider 
the  reaction  between  the  body  and  the  surface,  and  we  have  to 
disthm'uish  between  the  ideal  case  oJ'  ped'ectly  smooth.  or  frietionless 
bodies,  wbere  the  reaction  is  normal,  and  bodies  between  which  there 
is  friction,  so  that  the  reaction  is  not  normal.  We  will  eonsider  the 
ftrst  case.  Let  us  examine  the  motion  of  a  Symmetrien!  top,  spinning 
on  a  sharp  point  resting  on  a  smooth  horizontal  plane.  The  top  has 
five  degrees  of  freedom,  its  position  being  defmed  as  before  by  the 
three  Singles  #,  iji,  <p,  and  in  addition,  by  the  coordinates  x,  y,  of  the 
center  of  mass,  x]\e-  .e-coordiiiate  being  given  by 
2  =  Zcos#. 

Since  the  oiüy  force  which  we  have  not  already  considered  is 
the  reaction,  which  has  no  horizontal  component,  the  liori/untal 
eomponent  of  the  acceleration  of  the  center  of  mass  vanishes,  so  that 
its  motion  is  in  a  straight  line  with  constant  velocity.  It  therefore 
remains  oniy  to  detennine  the  motion  of  rotation.  This  being  in- 
de [) en dem  of  the  horizontal  motion  just  found,  we  may  eonsider  the 
latter  to  vanish,  so  that  the  center  of  mass  will  be  supposed  to  move 
in  a  vertical  line.  The  motion  thus  beeomes  one  of  three  freedoms, 
and  we  shall  treat  it  by  Lagrange's  method  as  before.  By  the 
principle  of  §  V>2,  5ü),  the  kinetic  unergy  is  equal  to  that  which  the 
body  would  have  if  concentrated  at  its  center  of  mass, 

—  Mm"  —  yJfPwn'»-»'», 

plus  that  which  it  would  have  if  it  performed  its  motion  of  rotation 
about  the  center  of  mass  supposed  at  rest.     If  then  A  and  G  denote 
the  moments  of  inertia  about  the  center  of  mass  (in  §  90  they  were 
the  moments  about  the  fixed  point),  we  have 
175)     T=^-[MPam*&-@'a  +  A(am*&-its+8>s)  +  C(^'+^'cos*)ä]. 
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The  potential  energy  is  as  before  Mgl  cos  %■.  Consequently  the  only 
difi'erence  in  the  problem  from  that  treated  in  §  90  is  in  the  extra 
term  in  &',  MPam*&  ■  &'a  in  the  kinetic  energy,  Carrying  out  the 
various  steps  of  §§  90,  91,  we  find  instead  of  the  first  equation  76} 
the  equation 

176)         &'s(l+  ^-'sin3»)  +  ains*.^'ä  =  c- aeosS- 

and  putting  s  =  cos  &, 

■>-»«)  («-4.)       ' 


'"»    U.    1+„M      „ 


where  we  denote  the  roots  of  the  denoininator  by  S4,  % .  It  is  to  be 
noticed  that  they  lie  outside  the  interval  1,  —  1,  for  evidently  the 
coefficient  of  *'s  in  176)  cannot  vanish  for  real  values  of  -fr. 

The  Square  of  -  ■■■  being  now  the  quotient  of  two  polynomials 
in  z,  z  is  a  hyperdliptic  funotion  of  t.  We  may  however,  without  a 
knowledge  of  these  functions,  treat  the  problem  just  as  we  did  the 
former  one,  and  we  shall  find  that  the  top  in  general  rises  and  falls 
between  two  of  the  roots  of  the  numerator,  and  that  the  motion 
resembles  the  motion  already  discussed.  The  path  of  the  peg  has 
loops,  cusps,  or  inflexions,  according  to  the  initial  conditions,  as 
before,  while  the  regulär  precession  and  the  small  oscillations  may 
be  investigated  as  before.  Whereas  nccordiiiglv  the  functional  relations 
involved  are  consideralily  different,  physieally  this  motion,  which  is 
that  of  the  common  top,  cIosbIv  rcsembttN   that  already  studied. 

98.  Effect  of  Friction.  Rising  of  Top.  We  have  now  to 
take  account  of  the  effect  of  friction.  Here  we  have  in  addition  to 
the  normal  component  of  the  reaction  a  tangential  component  called 
the  force  of  friction,  and  the  ordinary  law  assumed  is  that  the 
tangential  component  is  equal  to  the  normal  component  mult.ipl.icd 
by  a  constant  dependiug  on  the  nature  of  the  two  snrfaces  in  contact, 
called  the  coefficient  of  friction.  If  the  friction  is  less  than  a  certain 
amount,  the  two  surfaces  will  slide  one  npon  the  other,  and  the 
directum  of  the  friction  will  be  such  as  to  oppose  the  sliding,  being 
in  the  direction  of  the  relative  motion  of  the  points  instantaueiiusly 
in  contact.  The  bodies  are  then  said  to  be  "imperfectly  rough".  If 
the  friction  is  greater  than  a  definite  amount,  it  will  prevent  the 
sliding,  and  there  is  then  no  relative  motion  of  the  points  of  contact, 
so  that  there  is  a  constraint  due  to  the  friction,  which  is  expressed 
by  an  equation  stating  that  the  volocitics  of  tlir>  points  of  the  two 
surfaces  in  contact  are  equal.  If  one  of  the  surfaces  is  at  regt,  as 
is  usually  the  case,  the  instantaneous  axis  then  alwavs  passes  tlirongh 
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the  point  of  contaet.  If  it  is  in  the  tangent  plane,  tlie  raotion  is 
said  to  be  pure  rolling,  and  the  bodies  act  as  if  "perfectly  rough". 
If  the  instantaneous  angular  velocity  has  a  normal  component,  this 
is  known  as  pivotmg,  and  is  also  resisted  by  a  frictional  moment, 
The  pivoting  frietion  is  however  usually  neglceted  where  the  surfaees 
are  supposed  to  touch  at  a  single  point.  The  conception  of  perfect 
rouglmesB,  involving  the  absolute  prevention  of  slipping  under  all 
cireumstances  is  as  far  from  the  truth  as  that  of  perfect  Bmoothiieas, 
neverthelüss  slipping  may  often  cease  in  actual  motions,  so  that 
motions  of  perfect  rolling,  whether  or  not  accompanied  by  pivoting, 
are  important  in  practice.  For  instance,  a  bicycle  wheel  under 
normal  circmnstanees  roils  and  pivots,  if  it  slips  the  conscquences 
may  be   serious. 

In  the  following  sections  we  shall  cousider  the  methods  of  treating 
various    cases    of   frietion.     We    may    however,    without    calciilation. 
consider  the  effeet  of  imperfeet  frietion  on  the  motion 
fS.     0f  the  top  spinning  on  the  table.     Let  P  (Fig.  108) 
represent  the   peg,    no  longer  considered  as  a  sharp 
point.     Let  OH  represent  the  angular  m Omentum  at 
the  center  of  mass  0.     The  frietion  is  in  the  direc- 
tion  F,    opposite   to   the   motion    of   the   point    of 
contaet  of  the  peg  with  the  table.     The  moment  of 
this   force    with   respect   to    the    center    of  mass    is 
per peu dicukr  to  the  plane  OF,  or  K.    Thus  the  end 
of  OH  moves    in   the   direction  of  K,   that  is  rises, 
Thus   the  effeet  of  frietion  is  to  make   the   top  rise 
toward    a   yartical   position.     When    it   has   reaehed 
Pia  iuü  that,  it  "sleeps"  and  the  frietion  has  become  merely 

pivoting  frietion,  tending  to  stop  the  motion.  We 
have  before  seen  that  under  conservative  forees,  the  top  would  never 
become  vertieal  e,\cept   Liistantaneously  by  oseillation. 

The  etFect  of  frietion  on  the  Maxwell  top  may  be  most  easily 
seen  from  the  fact  that  the  frietion  tends  to  stop  the  spinning. 
accordingly  it  causes  a  moment  which  is  represented  by  a  vector 
opposite  in  direction  to  ra,  Figs.  83a,  b.  Compounding  this  vector 
with  11  we  see  that  the  moment  of  momentum  vector  H  tends  to 
move  away  from  the  axis  of  the  two  cones  in  Fig.  83  b  while  it  tends 
towards  it  in  Fig.  83a,  thus  the  trace  of  the  invarible  axis  (as  it 
would  be  but  for  frietion),  instead  of  being  an  ellipse,  is  a  spiral 
winding  outwards  in  the  former  case,  and  inwards  in  the  latter,  as 
is  shown  by  the  an-ows  in  Fig.  83. 

99.  Motion  of  a  Billiard  Ball.  We  will  now  treat  the 
problem    of   the   motion   of  a   sphere   on  a  horizontal  plane,  taking 
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accoimt  of  friction.  The  friction  of  sliding  is  supposed  to  be  a  foree 
of  magnitude  F=jiB  where  B,  is  the  reaction  between  the  ball  and 
the  table,  and  ji  the  coefficient  of  friction.  F  has  the  direetion 
opposite  to  that  of  the  motion  of  the  point  of  eontact  of  the  ball 
and  table. 

If  the   axes   of  X,  Y  are  taken  horizontal,   Z  vertical,  we  have 
for  the  motion  of  the  center  of  mass  the  eqon.tions 

M  j~  =  X=  Faas(Fx)  =  )iRco6{Fx), 

178)  MS=  Y=Fcos(Fy)  =  lLEco8{Iy), 

M%!  =  Z  =  B-Mg, 

und  since  ,s  is  constant,  11  =  Mg. 

Euler's  dynamical  equations  are,  since  A  =  B  =  ü, 

179)  A'ft  =  -aX, 

Kl'0: 

a  being  the  radius  of  the  sphere.  To  deterniine  the  direetion  of  F 
we  have 

180)  y  =  r1 

where  vx,  vy  are  the  velocities  of  the  lowest  point  of  tlie  sphere, 

i8i)  *-£-« *  *-S+*- 

i)iften:iitiatii)o'  tiiese  equations,  and  mulmig  use  of  179), 

dv.  _  <Px  _      dq        _X         a"  x 

dt        dt*  dt        M  ~*~  Ä      •■ 

182)  ^y_djy  *P_Y         * 

dt        dt"  f      dt        M  "t~  A 

Dividing  one  of  these  hy  the  other,  and  nsiiig    180), 
dvx       X        v* 

183)  äi  =  Y  =  i> 
from  which 
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Integrating  we  have 


Thus  we  find  that  F  raakes  a  constant  angle  with  the  axes  of 
eoordinates,  and  sinee  it  has  the  constant  magLiitude  ji-Mf/  the  center 
of  the   sphere   experiences   a   constant  acceleration,   and  deseribes    a 


If  the  center  of  the  sphere  starts  to  move  with  the  velocities 
Vx,  Vg  and  with  a  "twist",  whose  components  are  p0,  q0,  r0,  we  have, 
integrating  179),  since  X,  Y  are  constant, 

I      "Y4 


Integrating  the   eqnations  for  the  center  of  mass 

186)  -M  =  r,+  Ut,   /t-r,+  wt 

Inserting  in   181)  we  find  for  vx,  vv 

v,-V,  +  §t-  aq,  +  ^XI, 

..      X       v. — "•  +  #('  +  $)' 


IST) 


Accordingiy. 


189) 


X  —  -  (».M> 

r-  -  (.jf» 


-.     VX>  +  ¥'  =  (lifo, 


t/(7,-«s.),+(7, +«■.)■ 


Since  «a,  »j  are  lroeariy  den-easing  l'onctioris  of  the  time,  whose 
ratio  is  constant,  they  vanish  at  the  same  time 

186)  t_HF,-.g,).  +  (F,+^j; 


M    1  + 


..l/tr\ 

A   ) 
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The  sliding  the  eeases.  Obviously  it  cannot  change  sign,  so  that  the 
above  Solution  eeases  to  hold.  The  bali  dow  rolls  without  sliding, 
and  we  have  always,  at  subsequent  instant«,  the  etjuations  of  eonstraint 

*-««■    Tt  —  °*, 

inn,  X       d'x  dg  a1  ,, 

190>  M-W-        "ä,--ÄX- 


From  this  we  obtain 

x(»  +  i')-0'  F(i+i)-°' 

so  that  X  =  Y=0,  and  tbe  ball  moves  uniformly  in  a  straight  line. 
In  reality  there  is  always  a  certain  friction  of  pivoting ,  causing 
a  moment  about  the  normal,  but  this  would  only  affeci  the  rotatioii 
cornponent  r,  which  would  not  affect  the  motion  of  the  center  of 
the  ball. 

100.  Pure  Rolling.  The  preceding  problem  bas  illustrated 
both  sliding  friction  and  pure  rolling.  Tbe  treatment  of  the  latter 
is    interesting    on    aecount    of  a   peculiarity  in   the    nature  of  rolling 

isoiisi  raim  \v h i ch  mnkes  the  ordinary  treatment  of  La-üTange'H  oi|uar.ions 
require  modifieation.  We  shal.l  aecordingiv  tirst  present  tlie  application 
of  Euler's  equations  to  this  subjeet,  but  before  doing  so,  we  will 
treat  bv  nieatis  oi'  results  alrcadv  obtained  üne  of  tbe  most  important 
practica!  problems,  which  iilustrates  the  steering  of  the  hicycle,  namely 
the   rolling   of  a   hoop  or  of  a  coin   upon  a  rough  horizontal  plane. 

As  tlie  hoop  rolls,  if  its  plane  is  not  vertical,  it  tends  to  fall, 
and  thus  to  change  tbe  direction  of  its  axis  of  symmetry.  Tlie  falling 
motion  developes  a  gyroscopic  action,  which  cauees  the  hoop  to  pivot 
about  the  point  of  contact,  so  that  the  path  described  on  the  table 
is  not  straight  but  curved.  Tbe  pivoting  motion,  like  tbe  precession 
of  the  top,  tends  to  prevent  the  falling,  and  to  this  is  added  the 
effect  of  the  centrifugal  force  due  to  the  cnvvilinear  motion  of  tlie 
Center  of  mass.  Thus  the  hoop  automatiealiy  stwa  itself  so  as  to 
prevent  falling,  and  a  bieycle  left  to   itse.lt'  does  the  same  thing. 

Let  the  position  of  the  hoop  be  defined  by  the  coordfnates  of 
its  center  of  mass,  and  by  the  angles  &,  ty}  tp  of  §  90,  &■  being  the 
.in.clniation  to  the  vertical  of  the  axis  of  symmetry,  or  normal  to  the 
plane  of  the  hoop  at  its  center.  We  will  examine  (.he  conditions  i'or 
a  regulär  preeession,  in  whieh  &,ip',ip'  being  eonstant,  the  center  of 
mass  and  the  point  of  contact  of  the  hoop   with  the  tal 
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describe   cireles.     In   this   case   we   have   for   the   moment   about  the 
center  of  mass  of  the  forees  tending  to  increase  &,  by  82), 
191)     P9  =  —  Ai/»'*sin#co8#  +  C(<p'+  i<'  cos  3-)  jt'sinS-. 

The  forees  which  act  to  ehange  #  are,  the  weight  of  the  hoop, 
which  has  zero  moment  about  the  center  of  mass,  and  the  reaction 
of  the  table.  Let  R,  Fig.  109,  (an  edge  view  of 
the  lioo])i  represent  the  verbeul  reaetion,  F  the 
horizontal  component  due  to  friction,  which  1s 
normal  to  the  path  of  the  point  of  contact,  the 
tangential  component  disappearing  on  aecount  of 
the  aasumed  constancy  of  the  veloeity  of  rolling, 
as  in  the  ease  of  the  rolling  sphere.  We  aecord- 
ingly  have,  taking  m Omenta, 


P9  =  Farn 


11«  cos  it. 


192) 

a  being  the  radius  of  the  hoop.     Eut    considering 

Fig.  109.  the  motion  of  the  center  of  mass,  which  is  uniform 

cireular  motion,  and  supposing  all  the  forees  there 

applied,    since    there    ia    no    vertical   motion,   the    resultant    vertical 

eompoiient  vatiishes,  or  H  =  j\]g  and  the  horizontal  component  halances 
the  eentrifugal  foree,  so  that 

193)  F=Mbib'2, 

where  b  is  the  radius  of  the  circle  described  by  the  center  of  mass. 
Beside  the  dynamical  equation  we  have  the  equation  of  constraint 
deseribing  the  rolling.     Since  there  is  no  slipping,  the  rate  at  which 
the  center  of  mass  advances  in  its  path  is 

194)  ar  —  a  (95'  +  >b'  cos  &). 

But  this  is  also,  from  the  cireular  motion,  equal  to  —  bip'.  From 
the  equation  of  constraint, 

195)  a((p'  +  ib'  eoa#)  =  —  bip', 

we  may  express  <p'  in  terms  of  ib'.  Doing  this,  and  inserting  in 
191),  192),  we  obtain, 

—  /l(/>,asin$-cos#  —       Cty,*sui#  =  a(Mbip''iäln&  —  Mg  cos  ©■) 
or 

196)  ty' s  { Aa  am  &  cos  &  +  b(C+  Ma3)  sin»)  =  Mga*  eos& 

as  the  equation  for  the  ateady  motion,  connecting  the  inclinatiou  of 
the  hoop,  the  radius  of  the  path,  and  the  velocity  of  its  deacription. 
In  order  to  make  the  hoop  roll  in  this  manner,  the  proper  velocity 
of  pivoting  Tb',  as  well  as  that  of  rolling  <p',  niust  be  initially  imparted 
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to  it.  It  is  to  be  observed,  either  by  considering  this  example,  or 
from  the  results  of  §  90,  that  in  orcter  to  prevent  the  hoop  from 
falling,  it  must  be  steered,  or  given  a  pivotiug  movement,  towards 
the  side  to  which  it  tends  to  fall,  and  this  is  the  practical  maimer 
of  ateering  a  bicycle.  It  is  to  be  remarked  that  in  steering  the 
bicycle  by  the  rider,  the  centrifugal  force  plays  a  greater  part  than 
the  gyroscopie  action  of  the  wheel.  For  a  treatment  of  this  subject. 
the  reader  is  referred  to  Appell,  Tratte  de  Meamique  lüttiovfeße,  and_ 
Les  Ufoiwruimiff;  de  Roale'nmd  m  Difiimmqm,  and  to  papers  by  nonrlei, 
Carvallo,  and  Bousainesq. 

We  will  now  consider  the  general  treatment  of  the  motion  of  a 
body  bounded  by  a  surface  of  revolution,  and  dynamically  symme- 
trica! about  the  axia  of  revolution,  rolling 
without  sliding  on  a  rough  horizontal  plane. 
We  shall  follow  the  method  and  notation  of 
Appell.  Let  us  fcake  as  axes,  with  origin  at 
the  eenter  of  niass  of  the  body,  as  in  §  90,  a 
set  of  moving  a\es  Innung  about  themselves 
with  angular  velocities  pü,  q0;  r0,  of  which  the 
/?-axis  is  the  axis  of  revolution,  the  F-axis 
the  horizontal  axis  in  the  equator  of  the  body 
(the  line  of  nodes  of  §  90)  and  the  X-axis 
directed  toward  the  ground  in  the  vertical 
plane  containing  the  Z-axis  (Fig.  110).  We 
have  accordingly  to  put  in  Euler's  geometricai 
equat.ions,  65),  <p  =  —  ; ■>    so   that 

19^)  pü  =  —  ip'smd-.     q„  =  %■',     ra  =  ij>'  cos-U. 

These    are    connected  with    the   rotation  of  the  body  by  the    relation 


Ä- 


<h  ■ 


i  have  the  components 


(<jd  not  being  constant  for  the  body). 

For  the  motion  of  the  eenter  of  r 
of  the  weight  of  the  body 

198)  X  =  Mg  sin  %■,     T=  0,     Z=  =  Mgco&&, 

together  with  the  unknown  components  of  the  reaction,  which  we 
will  call  B,s,B,s>B,t.  The  resultant  is  to  be  equated  to  the  produet 
of  the  mass  by  the  acceleration  of  the  eenter  of  mass,  using  the 
method  of  §  77  for  moving  axes.  If  vx,  vS)  vz  are  the  components  of 
the  velocity  of  the  eenter  of  mass  along  the  instanten  eous  positions 
of  the  moving  axes,  we  have  accordingly,  substituting  vr,  vy>  vl  for 
x,  y,  e,  in  128)  %  11, 
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M\-~  +  q0vs  —  *•„»„)  =  BX+  Mg  sin#, 
199}  M(d2  +  rtlvx-p,v)=liy, 

m{~  +  ftt^-ftm.)  -  Ä  -  Ä0  cos fr. 
For  the  rotation  we  have,  as  in  §  96,  165),  since  i?=p0,  ff  =  £0> 

200)  4  |f  -  (Cr  -  ^r„)j)  =  sB,  -  ^R!t 


We  have  finally,  as  the  eonditions  for  rolling  and  pivoting,  the 
equations  stiiting  tliiit  the  velocity  of  the  polnt  of  contact  wlth  the 
plane  (whose  eoordinates  are  x,  y,  s)  is  at  rest. 


201)  vs  +  rx  -  p#  =  0, 

Vi  —  qx  =0. 

The  eoordinates  x,  s  of  the  point  of  contact  are  ohtained  as  known 
funetions  of  fr  from  the  equation  of  the  meridian  of  the  body.  We 
have  accordingly  the  eighteen  equations  197 — 201)  between  the 
eighteen  quantities 

»*j  v-j>  v*,  P,  <h  r,  Po,  St»  r<»   x>  Y>  z>  *j  t,  V,  B*,  B».   K»j 

or  just  enough  to  determine  the.ui.  The  differential  eqnations  are  all 
of  the  first  Order. 

The  reactions  may  be  at  once  eliminated  from  the  equations 
199),  200).  Hv  dilteremialing  201)  we  may  eliminate  the  derivatives 
of  flu,  vy,  vt  from  199).  In  doing  this,  however,  we  introduce  the 
derivatives  of  x,  s,  which  are  funetions  of  #,  so  that  in  general  the 
equations  become  complicated.  We  shall  therefore  confme  ourselves 
to  the  case  of  a  body  rolling  on  a  sharp  edge,  like  a  circular 
cylinder  wifch  a  plane  bottom,  or  a  hoop  or  disk.  We  then  have 
X,  S  constants, 

x  =  a,     z  =  c, 

where  a  is  the  radius  of  the  circular  edge,  c  the  distance  of  the 
eenter  of  mass  from  its  plane,  which  is  zero  in  the  case  of  the  hoop. 
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The  equations  of  the  motion  of  the  center  of  mass  thus  become 

202)  M(     cdd?-aft-r,roq-aPq)  =  n„ 

M(    » |f  +  pifiP-  ur)  +  crA  =  E,-  Mg  cos  *. 

We  may  verify  that  these  equations  are  satisfied  by  the  steady  motion 
in  which  q  —  0,p  and  r  are  consfcants.  For  the  case  of  the  hoop, 
in  which  c  =  0,  they  thus  become 

M ar0r  =  Bx  +  Mg  sin  %-, 

203)  0  =  II,, 

-  Mapr  =  Fi,  -  Mg  cos  *, 
while  the  second  of  200)  becomes 

204)  (Cr-Arü)p^aRz. 
Hliminatiug  .R-  we  have  the  equation  for  the  steady  motion 

205)  (Cr  —  Ar„)p  +  aM  (apr-gcosfr)  =  0 

which,  on  inserting  the  values  of  p,  r,  and  r0  from  197)  is  the  same 
;ts  equation  196).  From  the  first  equaüon  20-i )  we  may  calcnlate  H.t 
from  which  the  tendency  to  slip,  iL  cos  S-  is  found.  If  this  is  greater 
than  Mgji,  the  hoop  will  slip.  The  slipping  of  the  bicycle  may  he 
similarly  dealt  with. 

In  Order  to  treat  the  general  motion,  let  us  eliminate  .Ry  from 
the  first  and  third  of  equations  dOO'j  and  then  from  the  third  of  200) 
and  the  second  of  202),  bbtaining 

If  in  these  equations  we  Substitute  from   197), 

d»  ,     _ 

2—5*'    r^-pdtiL», 

we  find  that  each  term  contains  dt  in  the  denominator,  so  that  we 
may  ehange  the  Tariahle  from  t  to  &  hy  multiplying  hy   -p^>   giYing 

Aa%l  +  Cc^l  +  Cur  +  Aap  An»  -  0, 


207) 


dp 


Mae^-(C  +  Mar)^-Ma'p  +  Macp<s'ai&  =  0, 


/Google 


312  VII.  DYNAMICS  OV  HOTATIKG  BODIES. 

aa    two   equations   to    determine  p  and  r  as   functione    of  #.     When 
they  are  thus  determined,  tlie  equation  of  energy 

208)  M(v*  +  vl  +  vz)  +  A(pS+<f)  +  Cr*  =  2{h-M(j(atim&-ccos&)}, 
or  by  201), 

209)  (A  +  Mcs)p'J  +  (A  +  Ma?  +  Mc2)  q*  +  (C+  Ma?)  r*  -  2Macpr 

=  2{7(  —  Mg(asm&  —  ccosS-)}, 

suffices  to  determine  q  as  a  function  of  &.     Thus  we  see  that  when- 
ever  &  returna  to   a  former  value,    the    circum  staue  es    of  the    rolling 
are  repeated,  so  that  the  niotion  is  periodic. 
Eliminating    Ä  from  207),  we  obtain 

210)  MAaPp  =  -  [AC+  M(Aa?  +  Cc2)}  |£  -  MCacr, 
ii.ltfrrentiatmg  ivhich,   we  may  eliminate  p,  obtaining  for  r, 

211)  1%  +  etntfg  +  ^e+^.+  Ce,(oeta»-.)y-0 

a  linear  differential  equation  for  r,  with  variable  coel'ridents.     In  the 
case  of  the  disk,  where  e  =  0,  by  introducing  the  new  variable 

x  =  coa*  •&, 

we  reduee  the  equation  to  the  form 

212)  x  (L-x)x?+(--^Ji-  -AWfg<^  r  _  0 
which  is  the  differential  equation  of  Gauss 

213)  x  (1  -  *)  £  +  ly  -  («  +  /)  +  1)  z]  *  -  «0r  -  0, 
if  we  put 

r  =  3>     «  +  ß  =  3-'     «0  =  jTÄfC+'Ma1)' 
This  differential  equation  is  satisfied  by  the  hypergeometrie  series 

214)  »■(.,ftft*)-i  +  r^  +  -ffifft,1)* 

"*"  l.S.».,(,  +  l)(,  +  S) 

and   by  tlie   theory  of  linear  differential  equations    we    find  that   the 
general   integral   is 

r  =  c,F(k, ß,y,z)  +  c2z'-* F(<z- y  +  1,  ß  —  y+  1,  2-y,  x), 

2I6)    r_e1I.'(«,ft^cos,»)  +  <;jeos»i?(<,+  j,  ß  +  \,  \,  co»>»), 
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where  ct  and  ct   are  arbitrary  constants.     From  this  we  obtain 

_  _  C  +  Ma*  dr 
V  ~  Ma°-      d&' 

and  from  equation  200)  we  obtain  q  =  -  ■  >  or  as  a  function  of  &, 
so  that  fche  time  is  given  in  terms  of  -91  by  a  quadrature.  The 
explicit   completion   of  the  Solution  is  too  complicated   to  be  of  use 

in  mvestigi'itiiig  t.lie  motkm.  Tlie  eqniitlons  2l>7*j  lmvc  beei.i  investigatcd 
by  Carvallo  by  a  development  in  series,  from  which  the  propertks 
of  fche  motion  are  investigated. 

101.  Lagrange's  Equations  applied  to  Rolling.  Non- 
integrable  Constraints.  In  the  attempt  to  apply  the  method  of 
Lagrange  to  the  prob  lern  of  rolling  we  are  inet  with  a  peculiar 
difüetdty,  which  has  been  the  subject  of  researches  by  Vierkant  and 
liii.rkma.r-d.1)  We  shall  follow  the  treatment  of  the  former  of  the 
rolling  of  a  disk.  Lefc  us  characterize  the  position  of  the  disk  by 
tlie  angles  fr,  ij>,  (p,  as  before,  and  in  addition  by  the  coordinates  w,  y 
with  respeet  to  a  set  of  fixed 
axes  in  the  horizontal  plane,  of 
the  point  of  contact  of  the  disk 
and  plane.  These  five  coordinates 
completely  characterize  the  Posi- 
tion of  the  disk,  but  are  not 
all  independent,  on  account  of 
the  constraint  of  rolling.  If  we 
measure  ty  as  the  angle  made 
by  the  vertical  plane  through 
the  normal  to  the  disk  with  the 
X-axis,  as  indicated  in  Fig.  111, 
we  see  that  chauges  of  ijj  and  # 
do  not  affect  tlie  coordinates  of  the  point  of  contact,  but  that  a 
«hange  ä<p  of  (p  causes  a  shifting  wliose  componcuts  Öx,  äy  are  given 
by  the  equations  of  rolling, 


i'lti) 


c  +  a  ä  (p  sin  ib  =  0, 
/  —  adtpcosip  =  0, 


which  constitute  the  equations  of  constraint.  These  equations  differ 
from  any  that  we  haTe  heretofore  met,  in  that  they  are  not  inti-; /ruh/v. 
that  is,  they  are  not,  Iike  the  equations  8)  Chapter  III,  derived  from 
equntions  obtained  by  putting  certiiin  functions  of  our   five  variables 

1)  Vierkant,     tlirr  i/h'iieinli:   «,ti)  ri.illzntle.   liarcynny.    ükniauliefti;  für  Math. 
u.  Physik,  1892,  p.  31. 
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equal  to  constants.  We  can  not  then,  as  was  assumed  in  §  36  in 
deduoing  Lagrange's  equatious,  use  the  equatious  of  constraint  to 
express  the  position  of  the  System  in  terms  of  a  less  nnmher  of 
coordinates    equal    to    the   number    of   degrees   of  freedom,  three    in 

Moreover,   we   can   not   eveB   use   the  equations   connecting  üie 
velocities, 

x'  =  —  aw'  sinib, 

2")  ,  , 

y  =      aif  cos^>, 

to  express  the  kinetie  energy  in  terms  of  &',  <p',  p'  alone,  as  was 
uxplieitlv  iio.ii.ited  out  liy  V  i  erkauf..  On  the  otliur  hand,  we  must 
keep  all  the  coordinates  and  their  velocities  in  the  expression  of  the 
kinetie  energy,  as  if  there  were  no  constraints,  and  form  the  equa- 
tion  of  d'AIembert's  Principle  as  in  S  ;!7,  i3Ü),  and  afervrarcls  introduce 
the  faet  that  the  changes  of  the  coordinates  are  not  all  independent, 
by  means  of  imdetomiined  multipliers,  as  in  §  25. 

If  |,  ij   are   the   coordinates    of  the  center   of  mass  of  the  disk, 
we  have  for  the  kinetie  energy, 

218)  T=  |-jf(6'»  +  ,,'»+g'<)4.  i-.A(*',+  Hn,»-0 

+  -*- (7(>' +^'cos#)s, 
where 

%  =  x  -f  a  cos  &  cos  iji, 

219)  7]  =  y  +  a  cos  fr  sin  ip, 
£  =  a  sin  fr, 

and  differentiating, 

£'  =  x'  —  a  (sin  S- cos  fy  ■  fr'  +  cos  fr  sin  jj>  ■  ip'), 

220)  tj'  =  y'       a  (sin^sin  ij>  ■  fr'  —  cosS-cos^  •  ijj'), 
£'  =  a  cos  fr  ■  fr'. 

Squaring  and  adding,  we  obtain  for  the  kinetie  energy, 

221)  T  =  £M{x'*+y'*+aa(&'%+Qosi&-il>_'*) 

-f  2a  [—  sin  &  ■  fr'  (x  cos  $  +  y'  sin  #>) 

-f-  cos#  ■  i>'  {—  x'  sin^i  +  y'  cos  t'Yjj 

+  --A(fr's  +  sina#-  il>'r)  +  ~G(<p'  +  ir'cosfrf. 

Forming  now  the  equation  of  d'Alembert,  adding  equatious  216) 
Hin  Implied  by  X  and  \i  respectively,  and  equating  to  zero  the  eoct'fi- 
cients  of  Öx,  dy,  S&}  dt>,  S%  we  obtain  the  equatious  of  motion 
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222a)      ^ji[x'  +  a(—  sin* cos i>  ■  *'  —  cos*  sin  ^  ■  i/»')}  +  A  =  0, 
b)     M  ,.{y'  -j-  «(—  sin*sini/>  •  *'  -f  cos*eosi/>  ■  qfr')}  +  ;i  =  0, 
ß)     ^-{(-MV-f-^)*'  —  Ma  sin  »(x'eosp  +  y'shu/>)} 
+  (Ma3  —  ^^sinö-cos* 

+  Csin*  -  ^>'((p'  +  ^'cos*)  +  Jfa  cos  *■*'(#' cos  #-|~y'ain^') 
+  Ma  sin  5-  ■  i>'  (—  #'  sin  i>  +  y'  cos  V)  =  —  Mga  cos  *, 

d)  ^{(üf<*aeoss*  -f  J.sina*)^'  +  G'cos*l>'  +  ^'cos*) 
-j    Ma  cos  *(—  ar'sin.^  -f-  j/'cos^d)] 

-f  Jlf»  sin  *•*'(—  #'  sin  i/>  +  y'  cos  0) 

—  Jf«(  cos  *  •  i>'  (—  x'  cos  ty  —  y'  sin  ip)  =  0, 

e)  C  ,.(<p'  +  $>'  cos*)  +  lasin-ip  —  (laGOBiji  =  0. 

We  inust  observe  tliat  if  we  had  taken  aceount  of  the  equations  217) 
in  the  expressioii  221)  Tor  the  kinetic  energy>  before  differentiating, 
we  should  kave  obtained  quite  different  equations.  Having  performed 
the  diü'erentiations,  however,  and  introduced  in  the  equations  all  the 
reactions  belonging  to  the  different  coordinates,  we  may  now  take 
account  of  the  equations  of  eonstraint,  thus  introducing,  in  effect, 
the  stateraent  of  the  equilibration  of  some  of  the  reactions,  and 
cansing  some   of  the  terms  to   drop  out. 

Now    introducing    the    values   of  %' ,  y',  froni  217)   in  222),  and 
eliminating   X,  (i  from   222a.  b,  e),   we   obtain 

223)  M a2  J sin ty -r .(sin ^  ■  <p' -\-  sin*  cos  ^>  ■  *'  +  cos*  sin  ^i  ■  t[>') 
-f  cos^  (cos^i  ■  tp'  —  sin*  sin  ^  ■  *'  +  cos* cos  4'  •  i>')\ 
+        c^(9>'  +  cos*  -  V')  =  0, 

which,   on  perfonning  the  differentiations,  and   cancelling  some  of  the 


224)  (Ma*+  C)%t(<p'  +  cos*  ■  f ')  -  Mas sin*  ■  *V  =  0. 
Making  correKpoiidhig  Minpliiiofitiuyis   in   222d)  it  becomes 

225)  ~UMa*  +  G)eoa»(q>'  +  cos*  ■  t}>')  +  J.sin2*-  f'\ 
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Since  the  last  terms  of  both  thesu  equations  Miitains  #'',  it  is  snggesteil 
that  we  change  the  mdepeTident  variable  (Vom  t  to  &,  which  is  done 
by  dividing  through  by  %' ,  giving 

226a)    (Ma?+  G) ^(V  +  cos#  ■  #')  -  Massm&-  4>'  =  0, 
b)     ~{(Üf«2+  C)cOB&(<p'  +  cos  #■#')  +  Aam*&-i>') 
+  Ma2sm&-  <p'  =  0, 
as   two   simultan  eous   equations  to  determine  tp'  and  <p'    as  functions 
of  &.     Now    observmg    that  tp'  -f-  costi-  ■  ^'  =  »■,    let  us    multiply  tlie 
first    equation    by   cos#    and    subtract  it  froni  the    second,  obiaining, 
on  perforiuiug'  tlie  dilTerentiation*  ;m<\    simpliiyiiig, 


227) 


-  üs,ia&  ■  r  -\-  A       (sins  &  -  ^')  =  0. 


22*  ■ 


ä  +  ctn  e 


lntrmhieing    the    value  of  i//  from  22öa),   perforniing    the  eliilV'reiit.ia- 
tions,  we  have  finally, 

MGa*  _  n 

"  A(Ma*-\-C)  *  —    ' 
which   is   the    same    as   the    equation  210)    obtaiued   by   Appell    and 
Korteweg,  by  a  totally  different  process. 

Having  obtaiued  r,  we  obtain  i/i'  from  227),  we  may  then  obtait.i 
&'  from  the  equation  of  energy,  and  obtain  the  time  as  before. 

102.  Moving  Axes.  It  is  often  convenient  to  refer  the  motion 
of  a  body  to  a  set  of  axes  which  are  themselves  moving  in  Space. 
Let  us  first  Slippose  that  tlmv  move  parallel  to  themselves  and  that 
the  moving  origin  has  the  coordinates  %,  tj,  £  with  respect  to  a  System 
of  parallel  axes  fixed  in  spaee.  Let  the  coordinates  of  a  point  with 
respect  l.o  the  fixed  axes  be  x',  y',  £■'  and  to  the  moving  axes  x,  y,  s. 
then 

x'  =  t-t-X,     y'  =  ri  +  y,     z' =  $  +  ?,, 


22'). 


dt 


dt 


dz        rfV 


_  dy     (r-x 

dt'  "t*  dt3 ' 

~  dt-   '  dt-} 

d*£ 


dt5'       dt'  "*"  dt' 


showing  that  tlie  velocity  and  aceeleration  of  a  point  with  respect 
to  the  ßxed  axes  are  the  resultants  of  the  velocity  and  aeceluraüon 
of  the  point  with  respect  to  the  moving  axes,  and  of  those  of  a 
point  rigid  Iv  connected  to  tlie  moving  axes.  We  may  aceordii.igiv 
consider  the  moving  axes  at  rest,  provided  that,  in  addition  to  the 
forces    impressed   upon   the    systeni,    we    impress   forces    capable    of 
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producing  accelenii.kms  e.qwil  und  ojjjnsitc-  to  the  actual    accelerations 
of  the  origin  of  the  moving  axes. 

As  an  example,  let  us  consider  the  problem  of  two  bodies  f§  16), 
which  is  important  in  the  practica!  case  of  the  sun  and  a  planet, 
neglectmg  the  action  of  the  otlier  planets.  We  have  seen  in  §  3:? 
that  tlie  center  of  mass  of  the  two  bodies  rernains  at  rest,  while  the 
sun  moves  about  it,  in  practica  however  we  are  int  eres  t-ed  in  the 
motion  of  the  planets  with  respect  to  the  sun.  We  will  therel'bre, 
in  order  to  consider  the  sun  as  at  rest,  apply  to  the  whole  systein 
an  acceleration  equal  and  opposite  to  that  possessed  by  the  sun.  Let 
us  call  the  mass  of  the  sun  M,  its  coordinates  with  respect  to  nxed 
axes  |,  ij,  £,  the  mass  of  the  planet  m,  its  coordinates  with  respect 
to  the  fixed  axes  x\  y',  e't  with  respect  to  parallel  axes  through  the 
sun  x,  y,  e.     We  then  have  by  the  equations  of  %  16, 

M  -rrf  =  yMm  -s  =  —  m  -j^  > 

230)  M^  =  rMnl  —  m% 

Jfg-/Jf»£  — »f£. 

while  by  combining  these  with  2^9)  we  obtain  for  the  relative  motion, 


.«)__,»(»+.)-, 


.Q_„i-<iv 


«£— C£-3)~>-<ir+"tf- 

We  accordingly  find  that  the  difi'erential  equations  for  the  relative 
motion  are  the  same  as  those  for  the  absolute  motion,  except  for 
the  factor  M  +  m  on  the  right  instead  of  M.  Thus  if  the  sun  be 
considered  to  be  at  rest,  the  first  two  of  Kepler's  laws  are  still  valid, 
while  the  third  needs  the  slight  correction  that  the  ratio  of  the 
Buben  of  the  semi-axes  to  the  Squares  of  the  times  of  revohition  are 
not  absolutely  constant  for  all  the  planets,  but  proportional  to  the 
sums  of  masses  of  sun  and  planet.  As  even  in  the  case  of  Jupiter, 
the  largest,  m  is  less  than  one-thousandth  of  M,  the  correction 
is  slight. 

103.  Rotating  Axes.  Theorem  of  Coriolis.  Suppose  now 
that  the  origin  is  fixed,  but  that  the  moving  axes  revolve  with  an 
angular  velocity  whose  projections  upon  t-heir  owii  instant.au  eous 
directions  are  p,  q,  r.     Then   we   have   found   in  §  77,  128)   for  the 
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aetual  velocities  of  a  point  projected  on  tlie  instantaneous  direetions 
of  the  axes  x,  y,  2, 

,    dx 
Vx  =  sq  -yr+äj' 

232)  vy  =  xr  -  ssp  +  -**, 

The  first  two  terms,  representiug  tlie  vee.tor-product  of  tlie  angrdar 
velocity  of  the  moving  axes  by  tlie  position-vector  of  tlie  point 
represent  the  components  of  the  velocity  of  a  point  fixed  to  the 
moving  axes,  the  last  terms  represeiit  the  velocity  relative  to  tlie 
moving  axes. 

We  might  now,  in  order  to  find  the  components  of  the  aetual 
iiccelcration  along  the  instant aneoiis  positions  of  the  moving  axes, 
make  use  of  equations  128),  §  77,  to  obtain  the  velocity  of  the  end 
of  tlie  velocity -vecior,  that  is  put  f'or  x.y,S  the  quantities  vx,  Vy,  Vt, 
when  on  the  left  we  shoidd  obtain  ax,  av,  az,  as  has  been  suggested 
for  H  in  §  84  (after  29)  but  we  shall  rather  choose  for  the  sake  of 
variety,  to  proeeed  by  means  of  La<irange's  metliocl  to  lind  tlie  forces 
tendhig  to  .increase  t.he  relati.r.e  coerdinates  x,  y,  .:.  Suppose  a  particle 
of  inasa  m  to  have  coordinates  x,  y,  z  in  the  moving  System.  Its 
kinetic  energy  is  then 

T-\m  (,,'  +  «,'  +  »,>), 
Biat  is 

+  2  {§J  (M  ~  yr)  +  ^  0,  -  ,p)  +  J-  (yp  -  xq) ) 

+  (n—yr)-  +  (xr-zpf  +  {yp—mYy 

Then  the  force  tending  to    increase  the  coordina.r.e  ;r  is  hv  .Utgrouge's 
equations, 
234) 


d  (8T\  _  81 
f  d   I d x    ,    ,  .  I  dy 

- -Vatis +  (s'i-<J'n-'<,r 

Accordingly,  the  acceleiation  due  to  X  is 

■^    —§-&  +  »«» -»'Ä+'Ä 

—  xlq^  +  r*)  +  rps  +  pqy. 
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This  is  the  expression  for  the  component  of  the  actual  acceleration 
of  the  point  resolved  along  the  instantaneous  direction  of  the  axis 
uf  X.  We  see  that  hesides  the  relative  acceleration  -~  it  contains 
terms  involving  the  relative  veloeities     '  >    '   i  —j->  the  angular  veloeities 


A  point  jixed  to  the  nioving  System  at  x,  y,  s   would   have   the 
acceleration  s 

236)  «„„  =  x£  -*ält-  y(f+i?)  +  q(rS+px), 


These  may  he  ealled  the  eomponents  of  acceleration  of  transportation 
(eniminemenf)  or  the  acceleration  of  the  iiiocinf]  Space.  They  represent 
the  centripetal  acceleration  of  the  transported  point.  (If  p,  q,  r  are 
constant,  we  have  in  the  last  two  terms  the  ordinary  expressions  for 
centripetal  acceleration,  whose  resultant  is  v2  divided  hy  the  disUmce 
from  the  axis  of  rotation.)  .Besidfi  these  and  the  relative  aeeelerations 
there  are  terms 


'-»|«i 


23')  J'  =  2{rJ,  -fji]' 

r  , f     äy  dx) 

These    are    termed    the   eomponents    of  the  CDhipouwi  costjipcttd  accel- 
eration.    "We  accordingly    have  for  the  total  acceleration 


L'3») 


that  is  the  actual  acceleration  of  the  point  is  the  resultant  of  the 
relative  acceleration,  the  acceleration  of  transportation,  and  of  the 
Compound  centripetal  acceleration.  Accordhigly  we  may  consider  the 
axes  at  rest  if  we  add  to  the  actual  forces  applied  l.'orces  capahle  of 
prndueing  an  acceleration  eqnal  and  oppusite  to  the  acceleration  of 
h-ansportation  and  the  Compound  centripetal  acceleration.  This  is 
known  as  Coriolis's  theorem. 


dt'  1 

»,o  +  J„ 

%o  +  Jn, 

1,0  +  J„ 
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The  resultant  J,  often  lmown  as  tlie  acceleration   of  Coriolis,  is 

evidently    perpendicular    to    the    relative    velocity    whose    components 

are    ,' ->    ;  >  -^   and  to  the  axis  of  p,  q,  r   and  is  equal  to  twice  the 

vector-product   of  the   angular   velocity  of  the  axes  and   the  relative 

velocity  of  the   particle.     It   is   interesting   to  notice   that  the  accel- 

eration   of   Coriolis   arises   from   the  presence   of  linear  terms  in  the 

v^lüdriüs.     '   j    ',{>    '"   in   the    kinetic   eneryv,   the    efl'ect    of  which  in 
'    dt     dt     dt  OJ! 

iiitroducing  gyroscopic  tenns   was   explained  in  §  50.     Thus  a  particle 

may  he  arranged   to  represent  by  its  motions  relatively  to  a  uniformly 

revolving  body,  such  as  the  earth,  the  motions  of  a  System  contauiing 

a  gyrostat.     This  remark  is  due  to  Thomson  and  Tait. 

104.  Motion  relatively  to  the  Earth.  Let  ub  suppose  the 
axes  chosen  are  taken  fixed  in  the  earth,  the  origin  at  the  center, 
the  2-axis  the  axis  of  rotation.  Let  the  earth  rotate  with  the  constant 
angular  velocitv  11.  which  expressed  in   «ecoiids  is 

Ü=  M1^*  Bec   =.0000729211  sec."1 

and  is  very  small.  Then  p  =  q  =  0,  r  =  £1.  The  centripetal  accel- 
eration of  transportation  is  theo 

a^o  =  -  %£i?, 

«,0  =  -  y&\ 

<xs0  =         0. 

Acüordingly   for    a    point    at    rest    on  the  earth    we  may  consider  the 

earth  at  rest,   provided    we  add  to  other  applied    forces  a  eentrifugal 

force  whose  ooniponeiits  are  m-Si~x,  m&'y.     This  centrifugal  foree  is 

239)  mSl*Ya?+f  =  m&Rcos  <p, 

where  li  is  the  radius  of  the  earth  and  <p  is  the  latitude.  This  is  a 
subtractive  part  of  ff.  the  acceleration  of  gravi ty,  which  is  eonsequcntly 
greatest  at  the  poles,  least  at  the  ecraator.  The  vertical  part  of  the 
centrifugal  force  is  mOPReos* <p.  This  aeceteration  is  common  to 
all  bodies  at  rest  on  the  earth,  and  hence  is  included  with  gravity 
in  our  ordinary  experiments.  It  need  not  then  be  further  noticed. 
There  is  however  to  be  considered  the  apparent  Compound  centrifugal 
force,  —  tnJx,  —  mJv,  —  mJz,  which  aets  on  bodies  in  motivn  rela- 
tively to  the  earth.  , 

—  m.Jx=      2m£l-Tz> 

24°)  ..,»J,_-2,»ßf, 

-  m  J,  —  0. 
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The  equations  of  motion  of  a  body  aeted  on  by  forces  X,  Y,  Z  ave 
"en  fr,       ,.  ,   „     „ij 


241) 


the  terms  in  ü  having  the  usual  property  of  gyroseopic  forces.  For 
a  falling  body  we  have,  if  the  plane  XZ  is  the  vertical  plane  at  the 
place  of  Observation, 

X=  —  mg  cos  tp,     Z=  —  mgsmtp,     Y=0. 
Then  the  equations  are 


dt' 


<!>! 


=  —  g  cos  Tp  +  2  £1  -?: 


<li~ 


-  <y  sin  <p. 


Let   us   now   introdcce   a    set   of   axes    £,  ij,  £,   with   £  vertical, 
|  from  north  to  south,  ij  from  west   to   east  (Fig.  112).     The   direc- 
tion   cosines  of  the  new  axes  are  given  by 
the  table 


X     |      Y 

7, 

i 

sin  n>         0 

—  cos  q; 

i 

0 

1 

0 

c 

cos», 

0 

from  which  we  have   for  the   eq 
the  transformation  of  coordmates 

x  =  Isiny  +  gcosip 
243)         y  =  ,) 

#  =  —  £  cos  {p  -\-  £  sin  ( 
Inserting  in  the  differentia!  equa 


■,      g  =  a;  cos  ^ 
ions  242), 


2.11 


Webster,  Dynim 


}  =  —  g  +  2£laos<p-,y 
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Tuest"'.  are  linear  equations  with  cvi.shmT  coeftieients .  und  inay  readily 
be  integrated.  As  a  simple  exampie  Ist  us  consider  the  effect  of  the 
earth's  TOtatioa  011  a  railway  train  rnoving  with  constant  velocity. 
A  railway  train  runniug  with  a  veloeity  v  is  urged  to  the  right 
with  a  forde 


=  2mSlv  sina 


The   acceleration    experienced   by  a  train  running    50  miles  per  hom 
in  latitndc  45"  would  be 


of  its  weight. 

Secondly  consider  a  body  fallmg  freely.  Wo  shall  assnme  that 
the  body  is  dropped  l'rom  a  point  in  the  £-axis  with  no  initial 
velocity.     Then  integrating  the  first  of  equations  244)  we  obtain 

Integrating  the  third 

%  —  ,(+3«oo.,.,. 

Substituting  this  in  the  second 

-=j  =  —  2iß{2ifi8iiis  <p  ■  rj  -  gtcoatp  +  2  Sl  cos3  <p  ■  jj}. 

Integrating  this,    maliing   the    assumption  that  ßä  may  be    negiected, 
we  have 


J_Sco»,r, 

gl*. 

Integrating  agi 

im, 

1=1  a 

CUM  (/ 

•»«' 

and  inserting  this  value 

.      dt 

dt' 

dt 
dt  ~ 

■■-  gt  + 

r  ßscos2r, 

Consequently  1 

ve.  have  finally 

dt  =  3"  sm  9> cos  <P  -  3*  > 
5-0, 

to  this  order  of  approximatiorj.  \\>  linve 

'  8  V         g 
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The  particle  falls  to  the  east  by  an  amount  proportional  to  tlie  Square 
root  of  the  cube  of  the  height  of  fall  and  to  tlie  cosine  of  the 
latifcude.     This  has  been  experimentally  verified. 

105.  Motion  of  a  Spherical  Pendwlum.     We   have  for  the 
pendulum  the  equation  of  consf.raint 

<p  -  l  (I"  + i"  +  i'  -  >')  -  o, 

so  that  to  the  previous  equations  of  motion  are  added  terms 


j  3^ 


81        dn' 


245)  2  —  ™(™*%  + <*»<?%)  + In, 

g--ä,4-2a«os/;,'  +  «. 

Multiplying  by  ■  .*>  ■'  j>      -  respectively  and  adding,    fchen  integrating, 
we  get  the  equation  of  energy. 

the   gyroscopic    terms    disappearing,  as  usual.     For  a   second   integral 
we  get  as  in  §  23, 

£1  r-\  (■  <***!  ''S£  O  «       ■  f  j.  rf^       ,  'Ulli 

If  we  assume  that  the  oscillations  are  infinitely  small. 

is  infinitely  small,  and  the  last  term  above  is  of  the  third  order  and 
may   be  neglected.     Integrating  we  haYe 

ä48)  &-<!%  — *™T{V+tf  +  t. 


The  equation  of  energy  246)  becomes 
Inserting  polar  coordinat.es, 


|  =  r  eos  a 
fi  =  »•  sin  K 
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tbe  integrals  become 


a  -j-  =  b  —  £1  sin  <p  •  r3, 


3  +  ß  sin  (f  ■  t  =  4 


250 1 

If  we  put 

the  first  becomes 

251)  ^§  =  6, 

and  the  second, 

**>  (£)'+  -(3)'- 2ß'*'»* 2 + '"a'-> - • + V- 

Introducing  the  above  value  o£  r-  '-■>  putting  w4-  2bü  sin  tp  =  c,  and 
neglecting  ß2, 

»>  (£)'+•■  (3)'- +*•■■ 

This  and  251)  are  the  equations  of  the  sji 1 1 evi ca I  pendulum,  but  we  have 

co  =  jp  —  H  sin  if  ■  t, 

hence  the  axes  of  the  ellipse  described  by  the  hob  revolve  around 
the  vertical  witb  tbe  angular  velocity  £1  sin  ip  in  the  directum  east- 
south-west-north.  This  was  verified  by  Foucauit  in  bis  celebrated 
Experiment  made  in  tlie  Pantheon  at  Paris  in  1852. 

106.  Foucauit 's  G-yroscope.  Let  us  now  consider  the  cele- 
bi-ated  experiments  by  which,  by  means  of  a  gyroscope,  Foucauit 
demonsi.i-atfid  the  rotation  of  the  earth.  Let  us  consider  a  symmetrical 
gyroscope,  suspended  by  its  oent.er  of  mass.  If  it  is  free  to  move, 
and  is  started  spinning  about  its  axis  of  symmetry,  it  will  evidently 
by  the  princ.iple  of  cimservation  oi' angular  momentum,  keep  the  axis 
of  angular  momentum,  which  is  bere  the  axis  of  symmetry,  pointing 
in  the  sanie  directum  in  Space,  so  fchat  this  axis,  while  pointing 
alwuvs  at  the  same  star,  describes  a  cireular  cone  with  refcruiice  to 
the  earth.  Instead  of  treating  the  general  motion,  which  would  lead 
to  too  great  complications,  we  shall  treat  two  important  cases,  in 
which  the  axis  of  symmetry  is  constrained  to  move  eitber  in  a 
vertical  or  horizontal  plane.  This  we  shall  do  by  making  use  of 
equations  29),  i;  84,  following  the  method  of  Hayward,  who  gave 
those  equations,  in  a  paper  in  tbe  Transactions  of  the  Cambr:  di;v 
Philosophical  Society,  Vol.  10,  read  in  1856, 

Suppose  first  the  top  constrained  to  move  in  a  vertical  plane, 
and  take  for  axis  of  Z,  tbe  axis  of  figure,  which  makes  an  angle  & 
witb  the  earth's  axis,  for  axes  of  X  and  Y  axes  fixed  in  the  meridian 
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and  at  rigbt  angles  fco  it,  like  the 
have  for  the  motion  of  the  axes 


i  |,  ij,  %  of  Fig.  112.    We  then 


254) 


-  £1  sin  9 


™     r  =  ßc 


while  if  <o  be  the  velocity  of  rotation  of  the  top  about  the  X-axis, 
we  have  for  the  moment  of  momentum,  the  axes  benig  principal 
axes,  though  not  fixed  in  the  top, 

255)  Hx  =  -ASlam&,     Hy  =  A^,     Hs=Co. 

Inserting    now    in    the   equations  29),  §  84,    the  constraint  producing 

a  eouple  L, 

ASicm#   ■,-   +  Cco  ,,  —  Ail  cos &--;-■  =  L. 
dt  dt  dt  ' 

256)  •^■'df^  ~  A£ls  sind  cos  &  +  CSZasrnft  =  0, 
G^  -A£lBm&ft+ASl*m&^  =  Q. 


From    the   last    of   these 
second,  neglecting  PJ,  we 

257) 


:    ctmsUiut,    while    i.Voin    tlie 


;  +-f  ßraain»  =  0. 


The  first  eqnation  256)  determines  the  constraint  L.  Eqnation  257} 
is  the  eqnation  for  the  motion  of  a  plane  pendulum,  §  22,  so  that 
the  gyroscope  will  perform  oscilktions  aboni  a  li.ne  parallel  to  the 
earth's  axis,  or  will  be  in  equi- 
librium  when  &  =  0,  thus  afford- 
ing  a  means  of  determining  the 
latitude.     The    time    of   a  small 

Ovulation  will  be, 
whieh,  on  account  of  the  small- 
ness  of  il,  will  be  very  great 
unless  ci  be  made  very  great, 
The  experiment  was  performed 
with  success  by  Foucaiih. 

In  the  second  case  let  us 
suppose  the  gyroscope  eon- 
strained  to  move  in  a  horizontal 
plane.  Let  us  take  for  F-axis 
tlie    vertical,    corresponding    to 

the  £-axis  of  Fig.  112,  for  the  2-axis  the  axis  of  figure  of  the 
top,  raaking  the  variable  angle  tp  with  the  north,  towards  the 
east,  and  for  the  X-axis  a  perpendicular  to  these  (Fig.  113).  The 
rotation  of  the  earth  gives  the  components  —  £1  sin  ft,  &  cos  &  in  the 
direction    of  the  |,  £  axes  respeetively    (&   being    the    co-latitnde    and 
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not  variable),  whieh  give  by  the  use  of  the  table  of  direction  cosines, 


1  ! 

I 

Z 

i 

—  sin  <p 

Q 

—  cos<p 

i 

—  cosqp 

0 
1 

*l\ 

i 

0 

0 

the  values  of  the  rotations  of  the  axes 

p  =  H  sin  &  sin  ip, 
258)  ff-Äooi»-^, 

r  =  ß  sin  #  cos  <p, 

and  for  the  angular  m  Omenta,  to  being  again  the  velocity  of  spiimmg, 

H.x  =  ASlsm&sm<p, 


2r>9) 

Iuserl'n-' 


m.) : 


Hy  =  A  (Sl  cos  q,-^, 
M.  =  Gm. 

equations  29),  §  84,  the  eonstraint  producing  the  couple  L, 


pS  +  c» 


f-  ASl*  Bin?  &  sin 


A  (ß  cos  -9-  —  ^j  ß  sin  *  cos  <p  =  L, 
ip  cos  y  —  Cß  o  sin  9'  sin  <p  =  0, 


Og  +  A(floo,»-^)ß,i 


The   last   equation   again   sliows  that  <o   is  constant,    while  from  the 
second,  neglecting  ßa  we  have 

261)  d*$  +  °Ä  ßa,  sin  &  ■  sin  y  =  0. 

The  firat  equation  determines  the  eonstraint  L.    The  gyroscope  again 
performs  oscillations  aboufc  the  meridian,  with  the  period 


'Vc 


whieh  is  gmiter  the  gmiter  the  latitude,  being  infinite  at  the  poles.  The 
gyroscope  in  this  moinilhij;  tlierefore  constitutes  a  dynamical  compass. 
It  is  to  he  noticed  in  both  cases  that  the  eqnilibrium  is  stable 
for  &  =  0  or  y  =  0  if  to  is  positive,  and  for  #■  =  %,  (p  =  it  if  to  is 
negative,  in  other  words  the  gyroscope  tends  to  set  its  asis  as  nearly 
as  possible  parallel  with  the  earth's  axis,  so  that  its  direction  of 
rotation  shall  correspond  with  that  of  the  earth.  This  was  clearly 
stated  hy  Foueaiilt,  altlioutrh   he  employed   no  niathematics. 
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CHAPTER  Vm. 

NEWTONIAN  POTENTIAL  FUNCTION. 

107.  Point -Function.  If  for  every  position  of  a  point  in  a 
region  of  spaee  t  a  quantity  has  one  or  more  del'lnile  values  assigned, 
it  is  said  to  be  a  function  of  the  point,  or  point-function.  This 
terra  was  introduced  by  Lame.  If  at  every  point  it  has  &  single  value, 
it  is  a  uniform  function.  Functions  of  the  two  or  t-hree  rect;u]L>n!;n- 
coordiiifites  of  the  point  are  point-functions.  A  point-function  is 
continuous  at  a  point  A  if  we  can  find  corresponding  to  any  posi- 
tive e,  however  small,  a  value  ö  such  that  when  B  is  any  point 
inside  a  sphere  of  radius  <  d, 

\f{B)-f(A)\<,. 

We  may  have  vector  as  well  as  scalar  point-functions,  the  lengtb 
and  direction  of  the  vector  being  given  for  every  point.  A  vector 
point-function  is  continuous  if  its  components  ;dong  the  cocmlinnte 
axes  are  continuous  point-functions. 

108.  Level  Surface  of  Scalar  Point-Punction.     If  V  is  a 

uniform  function  of  the  point  M,  continuous  and  without  maximum 
or  niinimnm  in  a  portiou   of  Space  r,   through 
any  point  M  in  the  region  x  we  may  construct  ß       b' 

a    surface    having    the    property  that   for  every  /        / 

point  on  it  V  has  the  same  value.  w/       /jj» 

For  let  the  value  of  V  at  M  be  c.    Then T f 

since  c  is  neither   a   maximum   nor   minimum,  J 

we   can   find   in  the  neighbourhood   of  M  two  ^      A> 

points  A   and  B,   such   that   at  A,   V  is  Sess,  Kg.  ,14 

and  at  B,  greater  than  c,  and  that  in  moving 

along   a   line  AB  through  M,   V  continually  increases.     If  the   line 

AMB  is  displaced  to  the  position  A'M'B',  so  that 

\V(Ä)-V{A')    <c-V(Ä) 
^  l  V{B)  -  V{B<)  |  <  V{B)  -  c, 

then  V(A')  <  c  <  V(B'),  therefore  there  is  a  point  31'   on  the   line 
AB'  for  which  V=c. 
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As  AB  moves  continuously  31  describes  a  line,  and  thts  line  in 
its  motion  descrihes  a  surface,  for  every  point  of  whieh  V  =  c.  Such 
a  surface  is  ealled  a  levd  surface  of  the  function  V.  A  level  surface 
divides  space  into  two  parts,  for  one  of  whieh  V  ie  greater,  and  for 
the  other  less,  than  in  the  surface. 

As  examples  of  point- funetions  we  may  take  (1)  the  iength  of 
a  line  drawn  from  the  point  M  parallel  to  a  given  line  until  it  cuts 
a  given.  plane.  Its  level  surfaces  are  planes  parallel  to  the  given 
plane.  (2)  The  distance  of  M  from  a  flxed  point  0.  The  level  aur- 
faces  are  spheres  with  centers  at  0.  (3)  The  angle  that  the  radina 
vector  031  makes  with  a  flxed  line  OX.  The  level  surfaces  are  right 
circular  cones  with  OX  as  axis.  (4)  The  dihedral  ang'le  made  hy 
the  plane  MOX  with  a  flxed  plane  through  OX.  The  level  surfaces 
are  planes  through  OX. 

109.  Coordinates.  If  a  point  is  restrieted  to  lie  on  a  given 
surface  S,  the  intersections  of  that  surface  with  the  level  surfaces  of 
a  function  V  are  the  level  lines  of  the  function  on  the  surface  S; 
e.  g.  in  examples  (3~:  and  (I;  above.  if  $  is  a  sphere  with  0  as  center, 
the  level  lines  are  parallele  and  meridians  respectively. 

A  function  f^V^Vf,...)  of  several  point -funetions  is  itself  a 
point -function.  If  it  is  a  function  of  one  V  only,  its  level  surfaces 
are  the  same  as  those  of  V,  for  when  V  is  constant,  f(V)  is  also 
constant. 

Let  qlt  qs,  g3  he  three  uniform  point-functions.  Each  has  a  level 
surfaco  p;iss:n<r  through  the  point  31.  If  these  threc  level  surfaces 
do  not  coincide  or  intersect  in  a  common  curve,  tliey  deterraine  the 
point  31,  and  we  may  regard  the  point -funetions  q1}  g%,  q.6  as  the 
coordinates  of  the  point  M.  The  level  surfaces  of  q1,  q%,  qa  are  the 
coordinate  surfaces,  and  the  intersections  of  pai.rs  [i^q.,).  (//»<&),  {<i:s<h': 
are  the  coordinate  lines.  The  tangents  to  the  coordinate  lines  at  31 
are  ealled  the  coordinate  axes  at  M.  If  at  every  point  31  the  co- 
ordinate axes  are  mutually  perpeudicular.  the  System  is  said  to  he 
an  orthogonal  System. 

110.  Differential  Parameter.  The  consideration  of  point- 
fuuetions  leads  to  the  introduetion  of  a  particular  sort  of  derivative. 
If  V  is  a  uniform  point-funetion,  contiuuous  at  a  point  31.,  and 
poaseasing  there  the  value  V,  and  at  a  point  31'  the  value  V,  in  virtue 
of  continuity,  when  the  distance  3131'  is  infinitesimal,  V  —  V—/1V 
is  also.     The  ratio  v'—V      aV 

MM'  =~Js 
is  finite,   and  as  3131'  =  z/s   approaches  0,   the    directum    of   3131' 
being  given.  the  limit 
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,.       AV       SV 

IHM  -       =    -g— 

j,=a  ds        du 

is  defined  as  the  derivative  of  V  in  the  directum  s.  We  may  lay  off 
on  a  line  through  M  in  the  direction  of  $  a  length  MQ  =  -*-  and 
as  we  give  s  successively  all  possible  directions,  D 

we  may  find  the  surface  that  is  the  locus  of  Q. 
Let  M N  (Fig.  115)  be  the  direction  of 
the  normal  to  the  level  surface  at  M,  and 
let  MF,  drawn  toward  the  side  on  which  V 
is  greater,  represent  in  muguitude  ihe  derivative 
in  that  direction.  Let  M '  and  N  be  the  inter- 
seetions  of  the  sanie  neighboring  level  sur- 
face, for  which  V=  V,   with  MQ  and  MF. 

Tien  AV^=AV   MX 

MM'         MS  MM'' 

As   MM.1  approacbes   /ero,  we  have 

AV        ZV      ,.       AV        dV      ,-       3 
hmnMM'=ds'     hmMN  =  W     hmM 


,  =  co8  FMQ. 


LU'nct! 


dV      dV 


cos  i'MQ, 


that  is,  the  derivative  in  any  direction  at  any  point  is  equal   to  the 

projection  on  that  direction  of  l.he  derivative  in  tliu  direction  of  the 
normal  to  the  level  surface  at  that  point.  Accordingly  all  points  Q 
lie  on  a  sphere  whose   diameter  is  MF. 

The  derivative  in  the  direction  of  the  normal  to  the  level  surface 
was  ca.ll.ed  by  Lame1)  the  fin-t  Differential  pammder  of  the  funetion  V, 
and  since  it  has  not  only  magnitude  but  direction,  we  shall  call  it 
the  vectnr  differeniial  parameter,  or  where  no  ambiguity  will  result, 
simply  the  parameter,  denoted  by  F  or  F\-  The  above  theorem 
may  then  be  stated  by  saying  that  the  derivative  in  any  direction  is 
tiic  projeetiou  of  the  vretor  parameter  on  tliat  direction.  Tl.ie  theorem 
shows  that  the  parameter  gives  the  direction  of  the  fastest  increase 
of  the  funetion  V, 

If  V  is  a  funetion  of  a  point -funetion  q,  V=f(q),  its  level 
snrfaces  are  those  of  q,  and 


dV 


AVoq 


H 


±  r  (?)  ■  *, 


ordo'imces  c-urciUynea  et   le-ars 
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where  tlie  sign  +  is  to   be  taken  if  V  and  q   increase   in   the   same, 
—  if  in  opposite  directions. 

Suppose  now  that   V=  f(q1,  q2,  q3, . .  .) 


'  + 


and   if  A1,  hg,  .  .  .    denote   the   parameters    of    qlt  qt,  .  .  .    the    above 
theorem  gives 

PcoB(Ps)-|[*,oos(M+  g**«™(M  +  ••■ 
Now  +  g—  h/    is    tlie   parameter  uf   V,  considered    as    a   function 
uf  q;,    and    we    may    call    it    the    partiaj    parai.11  ei.ei*    P,-,    and   since  P,: 
and  h;  have  the  same  sign  if  -*—  >  0,   opposite  signs  if  ^-  <  0,    we 
have  in  eifcher  case 

f^Mos(Ä,S)  =  P(008(P,S), 

'''""''  Pcos(Ps)  =  P1coa(P1s)  +  Pscos(Pils)+" 

This  formula  holds  for  anij  direction  .-'  and  therefore  shows  that 
the   parameter    /'  is  tlie  geoinetrical  sinn,  or  rusultant,   of  tlie  pai'üal 
Parameters, 
r  P  =  P,  +  P3  +  ■  ■  ■ 

Thus  we  have  the  rule  for  finding  the  parameter  of  any  function 
of  several  point- funetions.  If  we  know  the  parameters  lit,  h2,  ...  of 
the  funetions  qlt  q2,  .  .  .  and  the  pari.ial  derivatives  ,  -  >  -,--,  ■  ■  ■  we 
lay  off  the  partial  parameters 

Pi  =  ±hi-/  ■■-, 

—       3g. 

in  the  directions  hu  h%,  .  .  .  or  their  opposites,  according  as  -g—  >  0, 
or  the  opposite,  and  find  tlie  resultant  of  P1,Pi,  ... 

If  the  funetions  q1,  q2,  .  .  .  are  three  in  nomber,  and  form  an 
orthogonal  System,  the  equation 

p=Pi  +  p\  +  i\, 

gives  for  the  modulus,  or  immer  ical  valne  of  the  parameter 
P"  =  p*  +  p^  +  pa\ 

Emmples.  (1)  in  §  108.  Let  the  distanee  of  M  in  the  given 
direction  from  the  plane  be  u.  AY  =  Jdit  =  -  ■>  where  «  is  the 
angle  between  the  given  direction  and  the  given  plane. 
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If  the  given  direction  is  perpendieular  to  the  given  plane  P  =  1. 
Accordingly  for  q1  =  x,  <&  =  y,  23  =  B,  the  rectangular  coordinates  of 
a  point,  we  have  Px  =  Py  =  P;  =  1,   and  for  any  function  f(x,  y,  i) 

P!  =  ±  dJ,    p2  =  ±  d-l,    P3  =  ±  u> 

'-[(£)'+ «)■+ (©"]* 

The  projections  of  P  on  the  coordinate  axes  are  the  partial  paramctcrs 

P.-Poo.fP*)-^.  P,-P0»(P,)-^,  P,-Pc«(P*)-^ 

This   agrees  with  the   deii.iii.fion   already   given  in  §  31. 

Consequently,  if  cos  (a  ,-<.■),  cos(Vf/),  eos(s2)  are  Üie  direction  eosines 
of  a  direction  s,  the  derivative  in  that  direction 

s-  =  Pj  cos  (sa:)  +  Pa  cos  (s#)  +  P:j  cos  (.?.') 
'dV        ,     ,    .    0F        .     ,    ,    3F        ,     , 

which  is  the   same  as   equation  38  a")   of  §  31. 

We  have  in  this  section  defined  the  different.ial  parameter  in  a 
göometrical  manner,  not  depending  on  the  choiee  of  axes  of  coordinates. 
If  however  we  take  as  the  definition  of  the  arithmetical  valne  of  the 
parameter  the  equation 

and  then  transform  to  other  coordinates  x' ,  y',  s',  by  equations  10Ö), 
§  76,  we  easily  find  by  calculation  that 

is  equal  to  P,  that  is,  the  parameter  is  a  diffcrential  invariant,  as  is 
at  once  evident  froin  its  geometrical   nature. 

If  fix,  y,  S~)  is  a  homogene ous  function  of  degree  n,  by  Euler's 
Theorem. 

of 


»f-Zai  +  S'iS  +  '-iS' 


*f  —  P{x  cos  (Px)  +  y  oo«  (Py)  +  t  cos  (Pi)\. 

Now  the  +  pareuthesis  is  the  distance   from    the    origin   of  the 
bijigent  plane  to  tlie  level  surl'ace  at  x,y,s.     Calling  this  o, 

nf—  ±PS,    P—  +  "f, 
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or  the  parameter  of  a  homogeneous  funetion  is  inversely  proportional 
to  the  perpendicular  frora  the  origin  to  the  tangent  plane  to  the 
Sevel  surface.     For  esample,  if  w  =  1, 

V  =  a% +  !)■!!  +  cs, 

Pcos  (Px)  =  a,     P  cos  (Py)  =  1,     P  cos  (Ps) 

The   level 

(■■oiisiüjit. 


P  =  y~at  +  bi  +  c*. 
are    parallel    planes,    and    the    parameter    is 


P=±  J-,    r=±öyaa+bi  +  c2. 

V  is  proportional  to  the  distance  of  the  level  surface  frora  the  ori.gin. 
If  n  =  2, 


Peos(Px)  = 


■  (Py)  = 


Pcos(P.s)  = 


^% 


For  the  surface,  Y  =  1, 


~Y$+$+$ 


a  familiär  result  of  andytie  geometry. 

111.  Polar  Coordinates.  If  we  call  the  point  fimctions  of 
Examples  2,  3,  and  4,  of  §  108,  r,  &,  rp,  we  obtain  the  System  of 
spherical,  or  polar  coordinates.  &  and  tp  may  be 
called  the  co-latitude  and  longitude.  The  level 
surfaces  of  r  being  spheres,  the  normal  coincides 
with  r.     Accordingly 


ör        Cr       ,       , 


1. 


The  level  surface  of  3-  is  a  circular   cone  of 
ngular  opening  •*,  (Fig.  116),  and 


The   level 


the  above  cones,  (Fig.  117),  and 


of  fp  are  meridiau  planes  througli   the  axis  of 


/Google 


HO,  111,  112,  113]  CURVIUXKAR  GOORDINATES. 

dn-raiuStdf,     n  -  yjssi-  -  j^ 

''»-, ■„'„>' 

For  any  t'uiiction  f\r,'d,<.p),  tlie  purtiiil  parameters  are 
P,_+!/4,_  +  f-C 

p,=  +  g*,,_;  |/, 

'  öfp       *  }'  BIO.  IT  ö*p 

Tlie  toUl  parameter.  tlie  resullaiit  o!.'  these,  is  given  by 

112.  Cylindrical,  or  Semi-polar  Coordinates.  If  we  take 
the  rectangnlar  coordinate  s,  the  perpeudieular  distance  from  the 
Z-axis,  ß,  and  co  the  longitude,  or  angle  raade  by  the  plane  includ- 
ing  the  point  M  and  the  Z~a,xis,  we  have  the  System  of  semi-polar, 
cylindrical,  or  columnar  coordinates,  for  which  we  have  immediately, 


Ä,- 

- 1,  &t  - 1, 

Ä„  =  - 

The  paramete 

of  a 

fimction  /'(/ 

(,,«,) » 

the 

rusiiltsiut 

of 

the 

partial   [taramelfii-s 

P.— 

p' = 

p. - 

^  e!  Veto 

e 

'■ 

8<a' 

113.  Ellipsoidal  Coordinates.     Let  us  now  lind  the  value  of 

the  parameter  in  terms  of  tlie  ellipsoidal  coordiiiatcs-  described  in  §  73, 
which  are  defined  for  a  point  x,  y,  z  as  the  three  roots  of  the  equation 

»  i^i  +  B^i  +  PT»-1-0- 

The   three   coordinate  -surfeces  at  any  point   have  been  proved  to  be 
mutually  perpeudieular  at  eiich  point  x,y,s.     Since   the  equation  1) 

is  an  identity,  wü  have,  diifbreutiating  tottilly,  tliat  is  elinnging  x,y,z,X, 

91     2\xdx    I    ydy    I    zA*\        rll\      x*       1        yi        I        S°      1—0 

Now   if  3,_  is   the   perpendicnlar  distance  of  the  tangent  plane   from 
the  o rigid,  we  have  by  the  last  formula  of  §  110, 
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so  that  we  raay  write  for  tlie  directum  oosmes  of  the  normal. 

3)  cos  (my)  =  ~v 

eos(Kjg)  =  -^rj-i: 

Now  as  we  mOTe  along  the  normal,  we  have 

xS} 
äx  =  d«  cos  (wjta:)  =    t  ,  ,  <£». 

dj/  =  rfn  cos  (»iy)  =  p^-  d», 

</,?  —  rf»,  cos  :>;.?)  =  ,..,_;_",  SB. 
Inserting  these  values  in  2), 

so  tliat 


In   order  to  express  Ulis  result  in  terms  of  the  elliptic  coordinates 
alone  we  may  express  je,  y,  s,  in  terms  of  l,  (i,  v.     Obeerve  that  the 

has  as  roots  X,[i,v,    and   bcing  retlnced  to   the  common   denominator 

(p  +  a?)  (p  +  b*)  (q  +  (?) 
has   a  numerator  of  the   third   degree  in  q.     As   this   vanishes  for 

0  =  2,      p  =  ft,      p  =  Vj 

it  can  only  be 

-  (?- A)  (p  -ft)  (p  -  v). 
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Accordingly  we  have  the  identity 

a\    vi  \    _^!_  j_    y*  _l  nl i  —  -  (9  - l)  (e  -  p)  (?  - ") 

w   *w  ^e+a.  +  p+6i-i-e+c.    1-(e-+^(e+&!){e+cv 

Multiplying  tliis  by  q  +  t2  and  then  putting  p  =  —  #s  we  get 

<«'-i>*)(«a-c3)      ' 
and  in  like  manner 

*   "       "Cfc'-c'Xt'-a")      ' 

->  .  _  («' +  *)(«' +  ?)(«>'  +  *) 

(c*-a>)(c*_5») 

If  %,(i,v  are  contained  in  the  iutervak  epeeified  in  §  73,  these  will 
all  be  positive,  so  that  the  point  will  be  real. 

If  we  insert  these  valnes  in  d,,,  we  stall  have  7t;  expressed  in 
terms  of  ).,  fi,  v. 

This  is  more  easily  aceomplished  as  follows. 

Oilfereutiating  the  above  identity  <i)  according  to  p, 

■  -te-i)(g-ri(8-»)  I   1 ?_^J_       *     1    1         1   1 

If  we  put  p  =  1,  all  the  terms  on  the  right  except  the  first,  being 
mult  ..iplied  by  @  —  A,  vanish,  and  we  have 

qs  &       ,  _  1! |_  _  £!_  =        (i.-ri(*-*) 

*'  (aHiril'  +  ll^C'+S)1       (a3  +  l)(6'  +  *)(c'+A) 

The  espression  on  the  left  is     3  ■     Therefore 


10)  ^-2a,-2TA'+"""+1"t+"' 

In  a  similar  manner   we  find 


ä       ■>!/(»'+*■)  (»■  +  *■)  »'+«•), 

and  the  parameter  of  any  function  F"(A,  fi-,  i>)  is 

»>        *■-&)'* +63'«+ (KT» 

WeBSTEE-,  Dynamic». 
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h    -      ''  , 


114.  Infinitesimal  Are,  Area  and  Volume.    If  we  have  any 

three  porat-fnnctious  g1}  q2,  e/.,    fonuing  ;ui  orthogonal   System    of  co- 
ordinates, since  fcheir  parameters  are 

=  SJb...     h   =  d-'h,     ]h   =  't!k, 
h\         3       dns' 

the    normal    distance    between    two 
coTisecutive    level    surfaces    q1    and 

'h  +  ^2i  's  f^%  =   i    '  consequently 
if  we  take  six  surfaees 


^«i* 


dni  =  -y-1--     rfraä  = 


the  edges  of  the  infinitesimal  curvi- 
linear  reetangular  paralklopiped 
whose  edges  are  tlie  intersections 
of  the  surfaces  are 


(In.,  ■= 


and    since    the    edges    are    mutually   perpendirmlar,    the    diagonal,    or 
element  of  are  is 

the  elements  of  area  of  the  surfaces  ql}  qa,  qa  are  reBpectively 


1  Ä.A,    '  s         Äs     fti  ' 


de/,  ei  7, 


and  the  element  of  volume  is 

dt  — 


'''/j  ''?■■  "V 


Rectangular  coordinates  x,  y,  z. 
hx  =  litJ  =  h,  -  1, 
dSx  =  dyds,     dSs  =  dssäx,     dS,  =  dxdy,     dz  =■  dxdyds. 
Polar  coordinates  r,  #,  <p, 

V  =  l,     /^  =  y,     /^=  -4-„, 

(?5'r  =  r^sinS'rfS'dq!),     element  of  area  of  sphere, 
12)        äSg,  —  r  sm&  dr  dtp,     element  of  area  of  cone, 
dSip  =  rdrd&  ,     element  of  area  of  plane, 

di  =  r2  sin*  drä&dtp. 
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Cylindrical  coordinates, 


=  K  -  1.    K  = 


13) 


äS.  —  (>ä(id(o,     eiement  of  area  of  plane, 
dSQ  =  Qdiode,     eiement  of  area  of  cylinder, 

ä8ll,  =  ä()ält     ,     eiement  of  area  of  meridian  plane, 
ii%    =  ()(!■!>  diu  '/.;. 
Elliptic  coordinates,  l,(i,v. 


dSx  -  - 


Vir,'-   |   &$*  ;   (L):<r-\-ti)<a*  +  v)(b*  +  V)(c*+v) 


14) 


pljipsoid, 

hyperboloid, 

hyperboloid. 


d  vdiyjr-  7.1  {v  -«;■:!-  u.)  (1  -  v) 

dl  dp  y<i -n)(X-  rJTf  -*)(p-  ty  ] 
=  4V(««  +  i)  (6^1)  (e'  +  iKa'  +  l*)  (&'  +  (*)  («'  +  *)' 
rf  X  d  )i  d  y  (7.  -  fp  Qt  -«)(»  —  i.) 


115.    Connectivity     of    Space.      G-reen's    Theorem.      Wo 

supposed  in  §  30  that  it  was  possible  to  change  tlie  path  1  from  A 

to   ß   into  the  path   2   by  continuous   deformation,   without   passing 

out  of  tlie  space  considered.     A  portion  of  space  in  which  any  path 

between  two  points  may  be  thus  changed 

into    any    other   between    the    same    two 

points    is    said    to    be    singly-connected. 

For    instance,     in    the    ease    of    a     two- 

diraensional    Space,    any  area  hounded  by 

a    Single    closed    contour    will    have    this 

property.     If,   however,   we    consider   an 

area    bounded     externally     by    a    closed 

contour  C,  and  internally  by  one  or  more 

closed  eontours  7,  Fig.  119,  such   as   the 

surface    of  a    lake    coutaining    islands,    it 

will  be  possible  to   go  from  any  point  A  to  any  other   point  B  by 

two   routes   which   cannot  he   eontrnnonaly  ehanged   into   each    other 

without    passing    out    of   the    space  cous idered.   that  is  traversing  tlie 

shaded  part. 

The  space  in  Fig.  119  between  the  contour  C  and  the  island  I 
is  said  to  be  doubly  -  connected.  We  may  make  it  singly-connected 
by  drawing  a  harrier  connecting  the  island  with  the  contour  C, 
represented  by  the  dotted  line.  If  no  path  is  allowed  which  crosses 
the  barrier  the  spaee  is  singly-connected. 
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A  three-dimensional  space  bovmded  extemally  by  a  Single  closed 

snrface  is  not  mad<;  doubly- connected  by  cont Urning    an   inner  closed 

boundary.     For    instance,    the 

spaee  iying  between  two  con- 

centric  spheres  allows  all  patlis 

between   two   given   points  to 

be  deformed   into   each   other, 

avoiding  the  inner  sphere.   But 

tbe     space     bounded     by     an 

endless  tubulär  surface.  Fig.  120. 

Fi«,  iso.  is    doubly-connected.    becaiiso 

we    may  go    froni  A   to  li   in 

either  direction  of  the  tnbe,  and   the  two  paths  caimot  be  deformed 

into  each  other.      We    may  make   the    spaee    smgly- connected  by  the 

insertion    of   a   barrier    in    the    shape    of  a    diaplrragm,    closing    the 

tuhe     so     that     one     of     the     paths     is 

inadmissible.       The    Connectivity    of    a 

portion  of  space  is  defined  as  one  more 

than    the   least   number    of   harriers    or 

diaphragms  necessary  to  make  it  singly 

connected.     Thus  the  spaee  in  a  closed 

vase  with  three  hollow  Landlos,  Fig.  121. 

is  quadruply  -  connected,    We  shaü  cd-ivays 

suppose  the  Spaces  with  whieh  we  deal  in 

this  booh  to  be  singly -connected,   or  to  be 

Vi    1M  inade  so   by  the  insertion  of  äiaplnwjths, 

anless  the  conlrary  is  expressly  stateä. 

Suppose    that  W  is    a  point-ftmetion    which,    together    with    its 

derivative  in  aiiy  direetion,   is   uniform   and  continuous   in   a   certain 

portion    of    Space    t    hounded    by    a    closed    surface    S.      Then    its 

derivative    g-     is   finite   in  the   whole   region,  and  if  we  multiply  it 

by  the  dement  of  vohime  dr  and  integrale  tliro  ughout  the  volume  r, 

the  integral  is  finite,    hejng    less    than    the    maximum    value    attained 

by  -js—  in  tbe  space  x  multiplied  by  the  volume  t 


We  bave  at  once 


15)        J-JSlTidxdyd"  ~Sfd»d'  [/w*"} 

Iff  keeping  y  and  g  constant,  we  per  form  tbe  iutegration  with  respect 
to  x,  the  volume  is  divided  into  elementary  prisms  whose  sides  are 
parallel  to  theX-axis,  and  whose  bases  are  rectangles  with  sides  dy,  </.:. 

The  portion  of  the  integral  due  to  one  such  prism  is 


7    a     f3W 
dy  dsj  -j^ 


dx. 
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Now  the  integral  is   to   be   taken  between  the  values  of  x   where   the 

edge   of  the  elfitueutary   jirism    cuts    iiito    the  surface  S  and   where  it 

ciik  out  t'rotii  tJie 


cuts  in  m 

>re  than 

once, 

t      will, 

since  the 

surface 

is  closed, 

cut  out 

tlic  saine 

muuber 

ni'  timi:s. 

Let  the 

values    o 

f   x,    at 

the         suceessive 

poiuts  of  cuttinq, 

he 

Xlr    3k, 

■  ■  Xa„, 

tllUll 

PL 


-dx  = 


-w,- 


=  W,-Wl  +  Wi- 

Wk  being  the  value  of  W  for  xk,  and 
16)       fJJ~dxdydz 

=  ff[W,-W1  +  Wi-W.y 


-Wtu 


-WiB-ddyds. 


is    of  the  elements  of 
ion    at  a^,  a%,  .  .  .  xin, 


Now  let  äSlf  dSs, . . .  dSt«  denote  the 
the  surface  8  cut   out   by    the    prism    in    c 

these  all  have  the  same  projection  on  tbe  yZ- plane,  namely  dyds. 
If  all  these  elements  are  considered  positive,  and  if  n  he  the  normal 

always  drawn  inward  from  the  surface  S  towa.rd  the  space  t,  at  each 
point  of  cutting  into  the  surface  S,  «  makes  an  acute  angle  with 
tbe  positive   direction  of  the  axis  of  X,    and  the  projection   of  dS  is 

dyds  =  dS>:on(nx), 
but  where  the  edge  cuts  out  n  makes  an  obtuse  angle,  with  negative 
cosine,  and  therefore 

dyds  =  —  dS  cos  (nx) . 

We  may  accordingly   write 

dydeW1  =  Wt  cos(nLx)dSll 

—  dydfsW$  =W3  cos (n3x)dS2l 

dydt:Ws  =WB  cos (nsx)dS,6. 


dyd0Win=Wt„aos(nl!lx)dS1»! 
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and  in  integrating  with  respect  to  y  and  s  we  cover  the  whole  of 
the  protection  of  the  surface  8  on  the  T^-plane.  At  the  same  time 
we  cover  the  whole  of  the  surface  S,  so  that  the  volume  integral  is 
transforraed  into  a  surface  integral, 

17)  J  =fj'f8^dr  ^JfdydßlW,  -  JF,  4 lT3„_ij 

=  -  ffwcos(nx)dS, 

taken  all  over  the  surface  8. 

In  like  manner   we  may  transform  the  two   similar  mti'gmls 

fff^ät  -  -Jfwm(nz)iS. 
Applying  Ulis  lemma  to  the  function 

where  both  U,  V  and  fcheii  derivatives  in  any  directum  are  uniform 
and  coutinuous  point-functions  in  the  space  t,  we  have 

18)  fffji  {VlS)  dx  =  ~  ffU^Q0S  (nx~> dS- 
Similarly  putting  for  W, 

oy 

and  hilettrating  with   i'espect  to  y, 

and  for 

w-ng, 

Adding  these  tliree  equations,  and  perforniing  the  differentiations, 
-  ~JJ  C  (sJC0S  ("')  +  fij  oos  (»»)  +  Ji  oos  (»•))  dS: 
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or,  transposing,  and  denotiü^  tlie  symmetrica!   integral  by  J, 

-  -/J[/|g™M  +  |f  »■(»!/)  +  "cos(«)}<iS 


-///• 


Tiiis  result  is  known  as   Green's  Theorem.1) 

By  the  defmition  of  differentiation  in  any  direcfcion  (p.  333)  tlie 
parenthesis  in  the   surf'ace  integral  on  the  right  is 

|?_PFoo»(PK«), 

if  Pv  is  the  parameter  of  ''-  In  Iike  manner  the  symmetrica!  func- 
fcion  of  U  and  V  on  the  left,  the  iiitegrand  in  /,  ie  the  geometric 
prodnot  of  the  vector  parameters  of  U  and  V.  This  Symmetrie 
function,  whieh  we  will  denote  by  z/(E/,  V), 

./■n  r^x      dusv  ,   dudv  ,   dudv      T,   „        ,„  ., 
4(V,V)  =  w-^  +  1J¥-d--}-w^  =  PuI>v003(PuPp) 

is  often  called  the  -mixetl  di.fTerential  parameter  of  U  and  V.  From 
its  geometrical  pvoperties.  or  by  direot  calculation,  it  is  also  a 
eliU'erential  invariant  for  a  transformation  of  coordinates. 

Since  the  integral  on  the  left  is  symmetrical  in  U  and  V,  we 
may  interchange  them   on  the  right,   so   that 

fl1,        T  CC^^ia         ffCrrtPU    ,     d"U    '    SHj\   , 

n)  J^-jJyi&d8-JJJv\w  +  w  +  mdr 

Writing  this  equal  to  the  former  value,  and  tranapOBing,   we    obtain 

whieh  will  be  referred  to  as  Green's  tb.eorem  in  its  secorid  form. 

We  shall,  unless  the  eontrary  is  stated.  always  mean  by  n  the 
interna!,  normal  to  a  elosed  surface,  but  if  necessary  we  shall 
distintiTUijlj  Uli.1  normal*  drawn  internally  and  externally  as  U;  and  n,:. 
If  we  do  not  care  to  distmguisli  the  inside  from  tlie  outside  we  shall 
denote  the  normals  toward  opposite  sides  by  Wj  and  n^. 

1)  An  .Essay  on  the  AppUaU/oyi  of  AhiOicwuiical  Aiudyti*  lo  the  theories  of 
l-'.lKClncltu  um}.  M.uyyiUinih.  Xottitigiiam.  1S28.  Geo.  (Tiefn,  Reprint  ofjjapcrs,  p.  35. 


i  +  a 
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116.  Second  Differential  Parameter.  If  for  the  function  V 
we  take  a  constant,  say  1, 

!?_»?_  ??_o,  Pt._0> 

and  we  have  simply 

23)        -  -  ffPr  cos  (Pv-  n)  dS=-  fi  6g~dS 

-fff <£+&+%)<•■ 

The   function 

8'T      d*V       dy 
5*'  +  0ya  +  dzv 

which,  following  tlie  usage  of  the  majori  ty  o£  writers,  we  sh&ll  denote 
by  z/F,  was  termed  by  Lame1)  the  second  diffcren.tial  parameter  of  V. 
As  it  is  a  scalar  quantity  it  will  be  sufticiently  distingaislied  from 
the  first  parameter  if  we  call  it  the  scalar  paramefcer.  We  have 
accordingly  the  theorem   giving  the  relation  between  the  two:   — 

The  volume  integral  of  the  scalar  differential  parameter  of  a 
uniform  continuous  point- function  throughout  any  volume  is  equal 
to  the  surl'ace  integral  of  the  vector  parameter  resotved  along  the 
ouhwrd  normal  to  the  surface  S  bounding  the  volume. 

We  may  obtain  a  geometrical  notion  of  the  signiücance  of  z/F 
in  a  number  of  ways.  In  the  neighborhood  of  a  point  0,  let  us 
develop  V  by  Taylors  theorem,  calling  thc  coordinates  of  neighboriug 
points  with  respect  to  0,  x,  y,  S,  then 

*>  '-*+•(©.+»(£).+•(£). 

where  the  suffix  0  denotes  the  value  at  0- 

Integrating  the  value  of  V—  Va  throughont  the  volume  of  a 
small  sphere  with  Center  at  0,  we  have 

25)     ff  fr-  VIS.  _  mjffi*,  +  Qjffi** 

r  /,->■  Coord'XHiiees  a<.n-i-li-rines  <-1  leur?  diri-a-es  Appliai.- 
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Tlie  integrals  in  x,  y,  e,  ys,  sx,  xy,  being  proportional  to  the  co- 
cj ■-(] uiittoH  oi'Üie  center  <>f  gravi ty  and  produets  of  inertia  ofa  homogeneous 
sphere,  all  disappear  from  symmetry,  while  tliose  in  x?,  y2,  z2  are  all 
equal  and  represent  the  moment  of  inertia  of  the  sphere  with  respect 
to  the  diametral  plane,  which  by  §  75  is  r5t-R5.  Accordingly  if  V 
denotes  the  mean  value  of  V  in  the  sphere  of  radius  Ii,  the  above 
integral  equation  becomes 

M)     Jrf.(F-rJ-i.»{(S)f+(g)i+(|J)i+... 

terms   of  higher  Order  !  ■ 
Dividing  by   R'-*  and  takiug  tlie   limit  for  TL  =  0, 

that  is,  the  excess  of  the  mean  Talue  of  V  throughout  the  Tolume 
of  a  small  sphere  over  the  value  at  the  center  is  proportional  to  the 
value  of  AV  at  the  center  and  is  of  the  seeond  order  of  small 
quantities.      Tltis   iuterpretation  is   due  to   Stokes. 

From  this  point  of  view  Maxwell  ealls  —  d'V  the  concmimt'/m 
of  V,  since  it  is  proportional  to  the  escess  of  the  value  ol  V  af  a 
point  over  the  values  at  neighhoring  points.  It  is  evident  from  this 
Interpretation  of  z/K  that  if  the  concentration  of  a  function  vanishes 
throughout  a  certain  region,  then  about  any  point  in  the  region  the 
values  at  neighljoring  points  are  partly  greater  and  partly  iess  than 
at  the  point  itself,  so  that  the  function  cairnot  liave  at  any  point  in 
tlie  region  either  a  maxien  im  _or_miiiiiiuirn  with  respect  to  surrounding 
points.  A  function  that  in  a  certain  region  is  uniform,  continuous, 
and  has  no  concentration  is  said  to  be  harmonji^ia  that  region.  The 
study  of  such  function s  constitutes  one  of  the  most  important  parts, 
not  only  of  the  theory  of  functions,  hut  also  of  mathematical  physics. 

Another  Interpretation  of  /IV  may  be  obtained  as  follows:  vre 
have  hy  the  rule  for  the  derivation  of  any  function  in  any  direction  r, 


with  direction  cc 

sinea,  cos  (r%)  —  u,  cos  (ry)  — 

(3,  cos 

(«). 

=  Y, 

S            S    ,    ,  8     ,       8 

Äpplying 

Uns  to 

tlie  function  -^     we  obtain 

28)     | 

•r      8 

■SVj  +  VJIJ 

-«■ 

d-V       -,8"F        ,8"7 

1      r'  dydz  '  oxoz   '         r dxoy 
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If  we  eonsider  at  a  point  x,  y,  s  all  directions  r  and  take  tlie 
mean  of  --.-^  for  these  direetioüs,  inasmueh  as  the  mean  of  aay 
produet  of  cosines  is  equal  to  zero,  because  for  every  cosine  that 
appears  the  negative  also  appears,  the  terms  with  producta  disappwir. 
Also  froin  symmetry,  deuoting  the  mean  value  hy  the  bar, 

?  =  Ä*  =  v2- 

Since  alwaye  as  +  ß*  +  yf  —  li  we  have 

*a  +  ^B  +  y'  =  1> 


A.ccordingly 

theret'ore  d  V  is  equal  to  three  times  the  mean  of  the  second  derivative 
of  V  in  a  definite  direction  for  all  possible  directions  leading  from 
the  point  in  qnestion.     This  Interpretation  is  due  to  Boussinesa.1) 

By  means  of  this  result  we  may  obtam  a  third  Interpretation 
comieeting  the  value  of  AV  at  a  point  with  the  mean  excess  of 
values  on  the  surface  of  a  sniall  sphere,  with  center  at  the  point, 
over  the  value  at  the  center. 

If  V„  denote  the  value  at  the  center,  the  value  at  a  distance  II 
in  any  direction  is  given  hy  Taylor' s  theorem, 

r-r.  +  *föt+i»<&)+... 

Integrating  over  the  surface  of  a  sphere  of  radius  11,  the  deriva- 
tives of  V  varying  with  the  direction,  since  dS  =  E?dco,  dividing  by 
the  constant  B2, 

30,    fßr-  VC  ,.  -  Bfffö«.  +  i*/"/&>  + 

Now  since 

(§?)  -  CO.  (,*)  g|)  +  cos  (,„)  Q  +  cos  („)  (|T)o, 

the  terms  in  the  nrst  integral  depend  upon  the  directions  simply 
through  the  direction  cosines  of  r,  which  on  aecount  of  symmetry 
cause  the   integral  to   vanish.     If  V  is  the  mean  of  V  on  the  surface 

the  efjuation   then  becomes 

1)  liousaiuesq,  A-pplicaiiim  de*  Ptil.ciitiek  i<  l'iiiiide  de  Viifailihre  et  du  mouve- 
inf.nl  des  solide*  elastiquex,  p.  45. 
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31)  4%  (V-  F0)  =  2%R*  (j^)  , 


where  the  bar  over  the  derivative  denotes  tlie  mean  for  all  directions 
at  0,  but  this  mean  has  just  beeil  proved  to  be  äqual  to  ~^dV  at  0. 

Conscquently  dividing  by  .11-  and  taking  tlie  lirait  tlie  terms  of  higher 
Orders  in  R  disappear  and  we  have 

32)  lim  V--J-=\AV. 

The  difference  in  the  mimerical  coefficient  in  tlie  two  equations  27) 
and  32)  is  aceoimted  for  by  the  fact  tbat  in  32)  we  bave  a  mean 
over  a  surface  whereas  in  27)  we  had  a  mean  throughout  a  volume. 
Any  of  the  interpretations  of  the  second  differential  pararaeter 
shows  that  it  is  also  a  differential  invariant.  Thus  Green's  theorem 
involves  three  different  sorts  of  diiFerentiiil   invariants. 

117,  Divergence.     Solenoidal  Vectors.     If   the    components 
of  the  vector  parameter  are 

Pcos(Pa;)=X=U 

33)  PC0B(Py)=Y=d^l 

F  cos  (P*)  =  Z  =  |jj 

we  bave 

34) 
and  the  theorem  23)  becomes 

35)     -ff?  °™  (-P»)  ''S  -  -fflx  oos  ("*)  +  r  c™  ("») 

+  ZOO»  (M)]JS-  fff("+  If  +  |f)Ä«. 

If  P  is  every  wh  ere  ontwa.rd  from  tlie  surfaee  S,  the  integral  i 
positive,  and 


*+£+!?)  >»■ 


Aceordingly  -^—  +  -^ )-  ~  is  called  the  äicergmce  of  the  vector 

point-function  whose  components  are  X,  Y,  Z,  and  will  be  denoted 
by  div.  R. 

The  theorem  as  given  in  equation  35)  may  be  stated  as  follows, 
and  will  bc   lvferred  to  as   tlie   Diy]::ih;kn<.;e  TnEouinr:    T/ie  ntwtn    ralw; 
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of  the  normal-  component  of  any  vector  point- function  outward  from 
any  äoseä  s-urface  8  within  which  the  function  is  uniform  and  con- 
tinuoüs,  »mltiplied  by  the  area  of  the  sitrface,  is  equal  to  the  mean 
value  of  the  divergence  of  the  vector  in  the  Space  within  8  malliplii'd 
by  its  vob.ime.  The  tlieorem  is  heTe  proved  for  a  vector  which  is  the 
parameter  of  a  scalar  poiiit -function  V,  but  it  is  evident  tliat  it  may 
be  proved  directly  whether  this  is  the  case  or  not  by  putting  in 
equation  17)  for  W  and  x  suceessively  X,  Y,  Z  and  x,  y,  z  respecliveh . 
Let  us  consider  the  geoiuelrical  natura  of  a  vector  point-fimction  II 
whose  divergence  vanishes  in  a  certain  region.  In  the  neighhorhood 
of  any  point,  the  vector  will  at  soine  points  be  directed  toward  the 
point  and  at  others  away.  We  may  then  draw  curves  of  such  a 
nature  that  at  every  point  of  any  curve  the  tangent  is  iu  the  direc- 
tion  of  the  vector  point -function  II  at  that  point.  Such  curves  will 
be  ealled  liues  of  the  vector  function.     Their  dKferentiaJ  equation  s  are 

„R,  dx  _äy  _di 


Suppose  that  such  Hnes  be  drawn  through 
all  points  of  a  closed  curve,  they  will 
generate  a  tubulär  surface,  which  will  be 
ealled  a  tube  of  the  vector  function  Let  us 
now  construet  any  two  surfaces  8t  and  &, 
cutting  across  the  vector  tube  and  apply 
the  divergence  tlieorem  to  the  portion  of 
space  inclosed  by  the  tube  and  the  two  sur- 
faces or  caps  S1  and  Ss.  Since  at  every 
point  on  the  surface  of  the  tube,  li  is 
tangent  to  the  tube,  the  normal  component 
vanishes.     The  only  parts  contribuling  auv- 

surface  integral   are   aewirdnm'ly    Ute  caps,  and  since  the 

erywhere  vanishes  in  r,  we  have 


thing  to  the 


:;-) 


/T«cos(En1)rfSl  +jfBcoB(Bn3)dSs  =  0. 


If  we  draw  the  normal  to  53  in  the  other  direction,  so  that  as 
we  move  the  eap  along  the  tube  the  direction  of  the  normal  is 
continuous,  the  above  formula  becomes 


38) 


ff' 


cos  (li%)  dS1 


■ff 


Booa(Bni)dS31 


or  the  surfaee  integral  of  tho  normal  component  of  li  over  < 
cutting  the  same  vector  tube  is  constant. 
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Snch  a  vector  will  be  termed  sölenoidal,  or  tubulär,  and  the 
Kondition  —  +  ..  4-  »  =  0  will  be  termed  tlie  sölenoidal  condition 
(Maxwell).  We  may  abbreviate  it,  div.  R  =  0.  If  a  vector  point- 
function  li  is  lamellar  as  well  as  sölenoidal,  the  scalar  function  V 
of  which  it  is  the  vector  parameter  is  harmonio,  for 

|*  _(.  |I  +  |^  =  div.  U  =  z/F=  0. 
Sie    '    dy        dz 

A  sölenoidal  vector  may  he  represented  by  its  tubes,  its  direction 
being  givon  by  tlie  tan  gen  t  tu  an  infinitesimal  tuhe,  and  its  magjiitude 
heing  inversely  proportional  to  its  cross-section.  As  au  example  of_ 
o_£olenoidal  veotor  we  may  take  the  velocity  of  particles  of  a  moving 
lirmid.  If  the  velocity  is  R,  with  componenfcs  X,  Y,  Z,  tlie  amount 
of  liquid  rlowing  through  an  element  of  surface  dS  in  unit  time  is 
that  contained  in  a  prism  of  slant  height  R,  and  base  rfS,  whose 
volume  is 

R  cos  (En)dS. 

The  total  flux,  or  quantity  flowing  in  unit  time  through  a  sur- 
face S,  is  the  surface  integral 

ffR  cos  (Bit)  dS  =fj  [X  cos  (nx)  +  Ycos  (ny)  +  Zcob  {ns)~\  dS. 

Such  a  surface  integral  may  accorriingly  be  called  the  flux  of 
the  vector  11  through  S. 

A  tuhe  of  the  vector  R  is  a  tuhe  through  whose  sides  no  fluid 
flows,  such  as  a  material  rigid  tu.be  tlirough  which  a  liquid  flows, 
and  the  divergence  theorem  shows  that  as  much  liquid  flows  in 
through.  <me  eross-section  as  out  tlirough  anotlier,  if  Üie  sölenoidal 
condition  holds.  If  the  liquid  is  mcompressihle,  this  must  of  course 
be  triKi. 

As  a  s econ,d_exam pl e  of  a  solejKjidtil  vector  we  have  any  vector 
which   is  the  curl  of  anotlier  vector,   for  —  " 

Ail^_l?l  j_  Al^?_l^l  4-  JL  I  t>Y_dX\  _n 
dx\öy        dz\  +  dy\d*        dx)+  8s\d%       dy  \        U 

identically. 

The  equation 

39)  S+w  +  w-<>y-0 

is   called   Laplaco's   equation,  and  the   Operator 


La  place' s  Operator. 


^  =  SI<  +  V  + 
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The  parameter  A  V  is  often  called  the  Laplacian  of  V. 


d-iv.P-dV^O 

Hg.   läla. 


tf  i».  P  =  JV^  0 


div.  P=AV=  0 

Fig.  1Mb. 

In  Fig.  124a,  b,  c,  are  graphically 
represented  regions  of  divergent,  solenoi- 
dal,  and  eonvergent  veetors,  with  the 
level  surfaces  of  the  functions  V  of  which 
they  are  the  vector  parameters.  The 
arrows  on  the  vector  ünes  show  the 
direetion  of  increase  of  V,  and  it  is 
evident that  V  has  positive  coneentration 
(and  a  maximum  value)  where  P  is 
convergeiit.  uegativR  concontration  (and 
a  mininium  value)  where  F  is  divergent, 
and  no  coneentration  (nor  maximum) 
where  F  is  solenoidal. 


118,  Reciprocal  Distanoe.  G-auss's  Theorem.  Oonsider  the 
scalar  point-funetion,  F=-.-j  where  r  iß  the  distanee  from  a  fixed 
point  or  pole  0.     Then  the  level  surfaces  are  apheres,  and  the  para- 


./,'  = 


and    s.hice  h,-  =  1, 


±&®*. 


drawn  toward  0  (§  110). 

Oonsider    the    surface    integral  of    the   normal    cornponent    of  R 

directed   into   the   volume   bounded  hy   a   closeri    surface  S  not  con- 

taining  0,  or  as  we  have  called  it,  the  flux  of  F,  into  3, 


40) 


ff« 


oos  (JS»)  dS  - 


-m> 


n)  ilS. 
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The   latter   geometrical   integral   was   reduced   by  Gauss.     If  to  eacli 

point  in  tlie  houndary  of  an  element  dS  we  draw  a  radius  and  thus 

get  an  infinitesimal  cone  with 

Vertex  0,   and   call   the  part 

of  the  surface  of  a  spliere  of 

radius  r  cut  by  this  cone  dS, 

d£  is  the  projection  of  dS 

on  the  sphere,  Fig.  125,  and 

as  the  normal  to  the  sphere 

is  in  the  direction  of  r,  we  have 

dS  =  ±  d8coB(rn), 

the  upper  sign,  for  r  cutting 

in,   the   lower  for  r   cutting 

out.   If  now  we  draw  about  0 

a  sphere  of  radius  1,  whose  area  is  4jt,   and  call  the  portion   of  its 

area  cut  by  the  above-mentioned  cone  dm,  we  have  from  the  similarity 

of  the  right  sections  of  the  cone 


The  ratio  dm  is  called  the  solid  nwjlc  subteurlfid  by  the  infinitesimal  cone. 
Accordingly 
41)  ^M_H=M  =  ±d„. 

Now  for  every  element  da,  where  r  cuts  into  S,  there  is  another 
equal  one,  —  dm,  where  r  cuts  out,  and  the  two  annul  each  otlier. 
Heiice  for  0  outside  S, 


ff* 


•  ,is  =  o. 


If  on  the  contrary,  0  lies  inside  #,  the  integral  /  /  dm  is  to  be 
taken  over  the  whole  of  the  unit  sphere  with  the  same  sign,  and 
consequently  gives  the  area  4sr.     Heiice  for  0  within  S, 

43)  ff-*-^äS=-A%. 


These    two    results    are    known    as  Gunss's  theorein,    and    the   integral 
will  be  called  Gauss's  integral.1) 

1)    Gauss,     Theoria    Attractionis    üorpm-um     tiphuerokticonnu     HllijHiconuii 
'hnuioyen'jomw   AfdJivdo  novo,  tmctaki.     Werke,  lld  V,  p.  9. 
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These  results  could  have  been  obtained  as  direct  results  of  the 
diyergence  theorem.  For  the  tubes  of  the  vector  funetion  R  are 
conea  with  yertex  0.  If  0  is  outside  S,  R  is  continuous  in  eyery 
point  within  S,  and  since  tlie  area  of  any  two  spheres  cut  out  by  a 
cone  are  proportional  to  the  Squares  of  the  raclii  of  the  spheres,  we 
have  the  normal  flux  of 

-ß  =  p 

equal  for  all  spherical  (taps.  Consequently  11  is  solenoidal,  and  the 
flux  through  any  closed  surfaee  is  zero.  If  0  is  within  S,  R  is 
solenoidal  in  the  spaee  between  8  and  any  sphere  with  centre  0 
Iying  entirely  within  S,  and  the  flux  through  8  is  the  same  as  the 
flux  through  the  sphere,  which  is  evidently  —  4jk. 

The  fact  fchat  R  is  solenoidal  and  V  hannonic  may  be  directly 
shown  by  differentiation.     If  the  coordinates  of  0  are  a,  b,  c, 

44)  rs  =  {x-  af  +  (y  -  V?  +  (s  -  c)3, 

0(O  _ 


45) 
46) 

47) 
48) 


3(j/  -6)'- 


_  y-&      2»1  _  *_—  e 
"-     r    '     3*  ~~     r    ' 

1    8r  _  _  *-_a 
»■'SU  r»    ' 

(*  —  a)  dr  _  3(a-«)'- 


»V  +  Cyz^+ts-cn 


and  —  is  harmonic,  except  where  »■  =  0. 

119.  Definition  and  fundamental  Froperties  of  Potential. 

We  have  seen  in  §  28,  34)  that  if  we  have  any  number  of  material 
particles  m  repelling  or  attracting  aecording  to  the  Newtonian  Law 
of  the  inyerse  Square  of  the  distance,  the  funetion 

u.  =  -  rT',-  +  '"?  +  ■-■  +  m-~Y 
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where  ru  rit  .  .  .  r„  are  the  distances  from  the  repelling  points,  is  the 
force -function  for  all  the  forces  acting  upon  the  particle  m,.  If  we 
put  the  mass  ms  equal  to  nnity,  at  a  point  P  whose  coordinates  are 
x,  y,  B  the  function 


?+?+-+?-2" 


is  called  tlie  pohntial  fmidimi  at  the  point  P  of  the  fielet  of  force 
due  to  the  actions  of  the  partieles  ml,  ms,  . .  .  m„,  and  y  times  its 
iw'f/riiivß  vector  ] 


50)  z  — r£.   r--r%-   z--/fr 

is   the   slrength   of  the   field,    that  is,  the  force  experienced  hy  unit 
mass  concentrated  at  the  point  x,  y,  8.1) 

Since   any   term  —  possesses   the   same  properties  as   the  func- 

tion  — j    §  118,  we  have  for  every  term,    for    points    where  r   is    not 

equal  to  zero,  d  (—1  =  0,  and  consequently 

51)  A  V  =  m,  A  (i)  +  %  A  Q-\  +  ■  ■  -  +  m„  J  Q-j  =  0. 

120.  Potential  of  Continuous  Distribution.  Suppose  now 
that  the  attracting  müsse*,  instead  of  being  in  discrete  points,  form 
a  continuously  extended  body  K. 

Let  the  limit  of  the  ratio  of  the  mass  to  the  volume  of  any 
infinitely  small  part  he  p  =  lim  >  which  is  called  the  density.  Let 
the  coordinates  of  a  point  in  the  attracling  body  be  a,~b,c. 

1)  It  is  morc  usual  amoäig  writerä  on  ativa.oii a»  forces  to  write  the  force 
ns  the  ptisilriw  parameter  of  tlie  potential.  Tlie  Convention  above  adopted  in  49) 
arn.ouii.ta  to  doiining  the  potentiat  ;lä  tlie  work  iiec(ii=sai.'y  to  lvijlovc  the  attraetüd 
pariiclc  of  unit  mass  from  the  giveii  point  to  infinity  agaLnst  tlie  attracting 
forces,  tliufl  keopmg  the  potontial  fuiiütifiii  positive,  instcacl  of  negative  as  in 
g  28  (cnd).  It  is  the  usual  practice  to  adopt  such  units  that  y  is  equal  to 
unity.  In  orclcr  to  pi-csen-e  coEisistoney  with  the;  units  pccvionsly  cmploycd  and 
at  the  samc  time  not  to  bc  obligod  tu  introduce  y  llivougliout.  all  the  e(|uat.ions 
of  tliis  cliafitoi-,  wc  shal!  drlinc  ootciitiat  ;lh  ahovo  40}  am!  introdiieo  the  f'aetor  ■■/ 
into  those  oqua.tioiiü  which  imotve  the  relationship  of  tlie  force  to  die  potential. 
If  the  force  is  attractive,  y  will  be  negative,  and  put.ting  7  =  — 1,  we  get  tlie 
umial  fo.rimilac.  Patting  y  =  -f  1,  mir  notation  agrecs  with  i.hal;  oustoinarv  for 
elcf'd'icii.y  ainl  niagnclism  ,  for  example  in  the  iniihyr's  Tbeor-y  of  lücclriciti)  unil 
Magnetism. 

WHBSTBR,  DjnamioE.  23 
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The    potential   at   any    point   P,   x,  y,  H,   due   to   the    mass    dm 
at   Q,  a,  b,  c,  is  , 

dv=  a~, 

where  r  is  the  distance  of 
the  point  x,  y,  s  froni  the 
attracting  point  at  a,  b,  c.  The 
whole  potential  at  x,  y,  z  is 
the  sum  of  that  due  to  all 
parts  of  the  attracting  body, 
or  the  volume  integral 


M  i 


t-SSS'- 


Now  we  have 

dm  —  $dt, 
or  in  rectangnkr  eoordänates 
it  =  dadbdc, 

dm  =  p  dadbdc. 
If  the  body  is  not  homogeneous,  p  is  different  in  different  parts 
of  the  body  K,   and  is  a  function   of  a,  b,  c,    conthraous    or  discon- 
tinuous  (e.  g.  a  hole  would  cause  a  discontinnity).     Since 


ö:j-: 


r=Y(x-ay~+ 

r-SSSS-SSS- 


V¥ 


ay  +  (y-b)*  +  (z-cy 


Por  every  point  x,  y,  s,  V  has  a  single,  definite  value.  It  is 
Rceonlingly  a  uniform  function  of  the  point  P,  x,y,z. 

It  may  be  differentiated  in  any  direction,  we  may  find  its  level 
surfaces,  its  first  differential  parameter,  whose  negative  multiplied 
by  y  is  equal  to  the  whole  action  of  K  on  a  point  of  unit  mass, 
and  the  lines  of  forer.  normal  to  the  level,   or  equipotential  surfaces. 

If  for  any  point  x,  y,  S  outside  K,  rx  is  the  shortest  distance  to 
any  point  of  K,  and  r2  is  the  greatest  distance,  we  have  for  any 
point  in  K 

i<i<f. 


sfn<jm<m 
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Since  *j  and  )*3  are  constant, 

kisi^<sm<kisi^ 

Now  since    /  /  /  dm  =  M,  the  whole  mass  of  tlie  body  K,  the 

above  is 

54)  .,.  <  (  <  .,.  ■ 

Accordingly  for  an  externa!  point  F  is  finite. 
If  B,  is  the  distance  of  x,  y,  g  from  some  point  in  or  at  a  finite 
distance  froni  K, 
oo)  <  MV  <  ——• 

If  now  we  raove  off  *,  y,  a  to  an  infinite  distance  we  have 

lim  —  =  lim  —  =  1, 

and   accordingly   sinee   MV  lies   between   two   quantities   having   the 
same  limit, 

56)  hm(RV)-M. 

We  say  that  V  vanishes  fco  the  first  Order  as  M  becomes  infinite. 

121.    Derivatives.     Consider    the    partial    derivatives    of    V   by 

x,  y,  s. 

The  element  dm  at  a,  b,  c  produces  fche  potential 

afc  x,  y,  g. 

Differentiating  by  x,   (dm  and  a,  b,  c  bcing   constant),  we  have 

-„,  3   ,  -,-.-..         ,       d   /1\  dm  dr 

57)  8^D  -  äMJi(j)  =  ~  ~p  J~x 

By  §118,  45)  tt  =  ~-> 

Now 

59)  — —  =  eos(V,«), 

where  the  direction  of  )'  is  taken  from  ff,  o,  C  to  <£,  j/,  g.    This  beiiig 
the  derivative  for  that  part  of  the  potential  due  to  dm,  we  have  to 
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täte  the  sum  of  such  expressions  for  all  dm's  in  K,  that  is,  perform 
a  volonte  Integration. 

=  -  fjJQ!^~dadldc  =  -  I  f  f^cos(rx)dadbdc. 

Let  the  direction  cosines  of  R  be  cos.<4,  cosB,  cosC,  and  since 
ra  >  r  >  rt , 

-£>  -h>- ^ 

—  yTcos(rx)  >  —  —1coe(rx)  > ,-B  cos(rx). 

Multiplymg  and  dividing  the  ontsidü  terms  l.iv  cosA  and  integrating, 

Multiplying  by  7?s  and  letting  i?  increase  without  limit,  since 

j.  J£  -,.  jK"  -,.         COS  (J'^'J  , 

hm    ■  r  =  lim  — j  —  lim -p  =  1, 

limf".«»^"!  — —  ÜfeoBX, 

62)  Hm  [Sa !?]  =  -  Jf  cos  5, 

Iimrfis|^l  =  -ili"cosC. 

Therefore  the  first  derivatives  of  V,  and  hence  the  parameter, 
vanish  at  infinity  to  the  second  order. 

In  like  maimer   for  the  second   derivatives, 

Bvery  element  in  all  the  integral*-  discussed  is  finite,  unless 
r  —  0,  hence  all  the  integrals  are  finite.  We  might  proeeed  in  this 
manner,  and  should  thus  find  that: 
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1-157 


At  points  not  iii  the  attracting  masses,  V  and  all  its  derivatives 
are  finite  and  (since  their  derivatives  are  finitej  conthiuous,  as  well 
as  uniform. 

Also  since 


we  have  by  addition 


63) 


iii) 


z*v      d°-v      d'-v 


-0: 


that  is,   V  satisfles  Laplace's  equation. 

This  is  also  proved  by  applying  (jianss's  tlieorem  [§  118,  42)]  to 

f.iich    Clement 


122.  Points  in  the  Attracting  Mass.  Let  tls  now  examine 
the  potential  and  its  derivatives  at  points  in  the  substance  of  the 
attracting  mass. 

If  P  is  within  the  mass,  the  element  ~— -  at  which  the  point  Q, 
where  dm  is  placed,  eoineides  witli  P,  beeonies  infinite.     It  does  not 
however,  therefore  follow  that  the  integral 
becomes  infinite. 

Let  us  separate  from  the  mass  K  a 
sraall  sphere  of  radius  e  with  the  eentre 
at  P.  Call  the  part  of  the  hody  within 
this  sphere  K'  and  the  rest  K".  Call 
the  part  of  the  integral  due  to  K',  V', 
and  that  due  to  K",  V".  Now  siuee  P 
is  not  in  the  mass  K",  V"  and  its  deri- 
vatives are  finite  at  P,  and  we  have  only 
to  examine  V  and  its  derivatives. 

Let  us  insert  polar  coordinatea 


"-ffte-fff* 


n&drtt&dtp 


so  that,  integrating  first  with  respect  to  <p  and  #,  t 
value  of  an  integral  is  never  greater  than  the  integr 
value  of  the  integrand, 


lCe  the  absolute 
of  the  absolute 
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65)  \r'\<2*9mfi 


dr  =  2a2( 


if  pm  is  the  greatest  value  of  p  in  7f'. 

As  we  make  the  radius  6  diminish  indcfiuitcly  this  v  anislies, 
hence  the  limit 

lim(F'  +  F") 

In  like  manner  for  the  derivuhve 

Separate  off  K'  from  K".  The  part  of  the  integral  from  K" 
is  finite.    In  the  other  K'  introduce  polar  coordinates,  putting  &  =  (rx), 

66)  ~lfl~  =  I  ff  ~ ^**Bm&drd&dy, 

\  — —    <  &m  f  dr  J  I  \  sin^  cos  &  |  d&drp, 

<  23t2QmB, 

which  also  vanislies  with   g,     Therefore  *—   is  everywhere  finite,  and 

;n    hkc  suanner  ..  ->  ■-■■■ 
Oy     dz 

If  we  attempt  this  proeess  for  the  second  derivatives  g— ji  ■  ■ 
it  fails  on  aecount  of  —i  which  gives  a  logarithm  becoming  infinite 
in  the  limit. 

We  will  give  another  proof  of  the  finiteness  of  =r   ■      We   have 

67)  ~=JJJ(>^-daäbdc 

=fffiU->adidc> 

which  by  Green's  tliüorcm  is  equal  to 

This  is  however  only  to  be  applied  in  case  the  function  y  is 
everywhere  tinite  and  continuous.  This  ceases  to  be  the  case  when  P 
is   in   the   attracting    mass,   hence  we  nmst  exclude  P  by  drawing  a 
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small  sphere  about  it.  Applying  Green's  theorem  to  the  rest  of  the 
space  K",  we  have  to  add  to  the  svirfaco-hitegral  tlie  integral  over 
the  surface  of  the  small  sphere. 

Since  cos  (nx)  ^  1,  this  is  not  greater  than  p,„  I  j  — '-  =  4%g$M. 
whicli  vanishes  with  e,  Hence  the  infinite  element  of  the  integraiul 
contributes  nothing  to  the  integral. 

In  the  same  way  that  ^—   was  proved   finite,   it  may  be  proved 

continuous.     Dividing  it  into  two  parts  -~—  and  --.■     i  of  whieh  the 

shcoihI    is  cou.tiinious.   we  luav   miiko,  as  sliown,  as  stuall    as  vrr. 

'  j  i  'rix 

please  by  making   the   sphere  at  P  small   enough,     At   a   neighbor- 

ing  point  P1  draw  a  small  sphere,   and   let   the   corresponding   parts 

be  -TT-1-  and  ^J—      Then   we    can   make   ■■„■-'-    as  small  as   we   please, 
ox  dx  ex  r  ' 


Pj  near  enough.  together,  we  ean  make  the  merement  of  ■'„     as  small 
as  we  please,  or  -^r  is  continuous,  and  aecordingly  tiie  «ccond  derivatives 

123.  Poisson's  Equation.     By  Ganss's  theorem   [§  118,  43)], 
■,z(nr)dS_ 


when  r  is  drawn  from  0,  a  point  within  S.  Multiplying  by  m,  a 
mass  concentrated  at   0,  and  calling  V=—  > 

68)  ff^r  eos  (nr)  dS  =  -  i f  S^dS  =  -  ixm . 

Tlie  integral 

-y  fffad8=--  yffPcos(Pn)äS, 

where  n  is  the  internal  normal,  is  the  surikce  integral,  of  the  out  ward 
normal  component  of  the  parameter  y  P,  or  the  inward  component 
of  the  force. 

The  surface  integral  of  the  normal  component  of  force  in  the 
inward  direction  through  S  is  called  the  jtux  <>f  j(»^-  into  jS,  and 
we  see  that  it  is  equal  to  —  4i7ty  times  the  elementof  mass  within  8. 
Masses  withont  cnntribute  nothitig    to   tlie   integral.     Every  mass    dm 
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situated  within  8  contri butes  —  to  the  potential  ab  aiiy  point  and 
—  4itydm  to  the  flux  througb  tlie  surfaee  S.  Therefore  the  whole 
mass,  when  the  potential  is   F=  /  /  /  ~~>  contributes   to    the   flux 


and 


69) 


-  4ity M=  -  ixy  (ff  io  är, 

-SSV.»--"!!!"- 


Now  the  suri'ace  integral  is,   by  the  divergeHce  tlieorem,  eqnal  to 
70)  ffPvär  —  i.ffßä,. 

The  surfaee  S  may  he  drawn  inside  the  attraeting  mass,  provid- 
ing  that  we  take  for  the  potential  only  that  due  to  matter  in  the 
space  x  within  S. 

Accordingly  for  r  we  may  take  any  part  whatever  of  the  attraet- 
ing masa,  and 

ffPrd—i*JJJ<"h' 


71)  Jj'f(zlV+  Aaif)  dt  =  0. 


As  the  above  theorem  applies  to  any  field  of  Integration  what- 
ever, we  must  have  everywhere 

72)  z/V+4x<>  =  0. 

This  is  Poisson's  extension  of  Laplace's  equation,  and  says  that 
at  any  point  the  second  differential  parameter  of  V  is  equal  to 
—  4se  times  the  density  at  that  point.  Outside  the  attraeting  bodies, 
where  p  =  0,  this  becomes  Laplace's  equation. 

In  our  nomenclature,  the  coticeutmtion  of  the  potential  at  any 
point  is  proportional  to  the  density  at  that  point. 

A  more  elementary  proof  of  the  same  theorem  may  be  given 
as  follows.  At  a  point  x,  y,  Z  construet  a  small  reetangular  parallel- 
opiped  whose  faces  have  the  coordinates 

x,  x  +  l,  y,  y  +  v),  z,  s  +  i, 
and  find  the  flux  of  force  through  its  six  faces.    At  the  face  normal 
to   the   x-axis   whose  x   coordinate   is  .r  let  the  mean   value   of  the 
force  be  —  ~—  =  -—  P„. 
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The  area  of  the  face  is  jj£,  so  that  this  face  contributee   fco  the 

|  Pcos(Fn)äS  the  amoimt  —  ~— 1?£. 
Afc  the  opposite  face,  since  ^—  is  continuous,  we  have  for  its  value 
ä — h  I  g—  (f-  )  +  terms  of  higher  order  in  £, 

and  therefore,  the  normal  heing  directed  the  other  way,  fchis  aide 
contributee  to  the  integral  the  amount 

\dV  .   t  3  ßV\    .        1     . 

and  the  two  fcogether 

ivisf  i  +  terms  of  higher  order. 

Similarly  the   faces   perpendicular  to   Y-axis  contribute  ^*^&ö — ^ ' 
and  the  others  £ij£-g  ; 

Thus  the  surface  integral  is 

^(sir  +  ^r  +  ^rj' 

and  by  Ganss's  theorem  tliis  is  equal  to 

—  4xm  — —  4*p£qg, 

where  p  is  the  mean  density  in  the  parallelopiped.  Now  making  the 
parallelopiped  infmitcly  sniall,  and  dividing  by  %fi%,  we  get 

An   important  application   of  Poisson's  equation   has  been  made 
to  the  attraction  of  the  earth,     The  acceleration  g  is  made  up  of  the 

ri.'wuluuit  of  the  attraction  of  the  earth  and  of  the  centrifuga]  accel- 
eration. Since  the  latter  has  the  components  £l*x,  Sl'Ay  along  axes 
perpendicnlar   to   the   axis   of  rotation   (§  104),  it  has   the  potential 

function  -„-(#s+2/3),  so  tflat  ^  7  denote  the  positive  value  of  the 
gravitation  constant,  and  n  the  inward  normal  to  an  equipotenüal 
surface,  we  have,  putting 


3)  v-{^(x-+s-)  +  r},  »-><§£. 

'-SSS>¥ 


where 

I' 


/Google 


'  that 


362  VIII.  NEWTONIAN  POTENTIAL  FUNCTION. 

is  the  potential  of  the  earth's  attraction.     But  by  Foisson's  equation, 

^/F=-4jrp, 
so  that  we  have, 

74)  zUJ=4V+  f  zl(x*+f)  =  ~4:7iQ+  —  ■ 

Now  by  the  divergence  theorem, 

IIP—ff^ 
,5>     -ffr.*8  ~  -  ''fff' äI  +  f  ///"*■ 

Now  if  the  vohime  of  the  earth  be  v,  its  mean  density  pm,  the  voIume 
inte»TEils  are  respectively  equat  to  pnlj)  and  y,  so  that,  multiplying  by 
j^—t  thia  beeomes 

™)     ^  =  £  +  ^rJfiT,d8-f,  +  iljfids 

Thus  if  we  know  the  value  of  y  at  every  point  on  an  equipotentkl 
surface,  we  obtain  the  value  of  the  product  y<j,n  in  terms  of  the 
angnlar  velocity,  and  the  surface  integral  of  g.  Using  a  formula 
given  by  Helm  er  t  represctithi«'  the  results  of  geodetie  detevminations 
of  g,  Woodward1)   finds    for  the  value  of  yqm 

y$m  =  5.6797  x  1QT''  sec-2. 

Richarz  and  Krigar-Men/.el2)  obtain,  in  a  similar  man.ner, 

yQm  =  3.680  x  10"7  sec"". 

Combining  this  result  witli  Boye's  value  of  y,  p.  30  (see  erratmn),  we 
obtain  for  the  mean  density  of  the  earth  the  value 

p™  =  5.532  U- 

124.    Characteristics    of  Potential   Function.     We    have 

now  found  the  following   [iroperties   of  rht:   potential  function. 

lm.  It  is  everywhere  liolomorphic,  that  is,  uniform,  finite,  con- 
tinuous. 

1)  Wood  ward,  The  (h-KvitatioHal  Couslant  and  the  Mean  Density  of  the. 
Earth.     Astronomien!  .1  l> i : rim  I .  .lim.  18SI8. 

2)  F.  Bichars  und  0.  IvrigLiv -"Menzel,  'rrtit:ita!i<u,$i'iyi<-<kmle  und  mittlere 
I>,r!,itij!:e.,i-  der  Krtk.  hcslimmi  durch  Wütjuntjen.  Ann.  der  Phys.  u.  Chem.  So, 
p.  177,  1898. 
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2"d.  Its  first  partial  derivatives  are  everywhere  holomorphic. 
3ta.   Its  second  derivatives  are  finite. 
4th.  V  vanishes  at  inlini.ty  to  tlie  first  order, 
lim  (BV)  =  M; 

dv  3V  dV       .  ,    ,  ,      j 

8x    dy    de 

lim  (mlj\  =  -  M  cos  A. 
Ä=I\      dx/ 

öth.  V  satisfies  everywhere  Poisson's  differentia!  equation 

oa:3        öiy-        0ss  "' 

and  outside   of  attracting  matter,  Laplace's  equation 

dx-       ej/ä        ös- 

Any  function  Iiaving  all  these  properties  is  a  NewtoDian  potential 
function. 

The  field  of  force  X,  Y,  Z  is  a  solenoidal  vector  at  all  points 
outside  of  tlie  attracting  bodies,  and  hence  if  we  construct  tubes  of 
force,  tbe  flux  of  force  is  constant  througb  any  cross-section  of  a 
given  tube,  A  tube  for  which  the  flux  is  unity  will  be  called  a  unit 
tube.  Tbe  conception  of  lines  of  force  and  of  the  solenoidal  property 
is  (tue  to  Faraday. 

Since  V  is  a  harmonic  function  outside  of  the  attracting  bodies. 
it  has  neither  masimum  uor  minimura  iß  free  space,  but  its  maximum 
and  miuimum  musfc  lie  within  the   attractiiig  bodies  or  at  infinity. 

In  the  attracting  bodies  the  equation  —  z7F=47rp  says  that 
the  concentration  of  the  potential  at  any  point,  or  the  divergence  of 
the  force  from  it  is  proportional  to  the  density  at  that  point,  except 
where  p  is  discontinuous. 

126.    Examiil.es.     Potential   of  a    homogeneous   Sphere. 

Let   the    radius    of  the  sphere   be  M,   h  the  distance  of  P  from  its 

'.-'.'iitcr. 

V  = 


,   using   the   lat 
V=  ff  f"'^ sin frdfrdtpär. 


Let   iis   put   s   instead   of  r,   using   the   latter   symbol  for  the   polar 
CO Ordinate, 
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8  =  A,a  +  ra  —  2Ärcoa*. 

Diftercntiating,     keeping     r 
constant, 

sds  =  hrsm&d&; 
and   introdncing   s   as    variable 
instead  of  &, 

If  P  is  externa!  we   musfc  integrafce  first  witli  respect  to  s  from 
■  r  to  h  +  r . 

■*?/•■*■ 


77) 


?//» 


Hence  the  attraction  of  a  sphere  upon  an  externa!  point  is  the 
same  as  if  the  whole  mass  were  concentrated  at  the  center. 

A  body  having  the  property  thafc  the  Iine  of  direction  of  its 
resultant  attraction  on  a  point  passes  always  through  a  fixed  point 
in  the  body  is  ealled  cmtröbaric. 

If  instead  of  a  whole  sphere  we  consider  a  spherical  shell  of 
internal  radius  P±  and  outer  K2,  tlie  limits  for  *•  being  Rlr  R2, 


78i 

We  ha' 


^f 


dr- 


KBS-RS) 


M 


If,  on  the  other  band,  P  is  in  the  spherical  cavity,  h  <  P^,  the 
limits  for  s  are  r  —  h,  r  +  h 


79) 


V-^fS'äräs-^f, 


dr 


which  is  independent  of  h,   that  is,  is  constant  in  the  whole  cavity. 
Hence   ,-7  =0,  and  we  get  the  theorem  due  to  Newton  that  a  homo- 
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■MS» 


geneous   spherical   shell    exercises  no    force   on  a  body   within.     (On 
account  of  symmetry  the  force  can  be  only  radial.) 

If  P  is  in  the  substance  of  tlie  shell,  we  divide  the  shell  into 
two  by  a  concentric  spherical  surface  passing  through  P,  find  the 
potential  due  to  the  part  within  P,  and  add  it  to  that  without,  getting 

so)  v  =  l~w  <**  -  A3)  +  2jt?  W  ~  W) 


Tiuiiihitmg  these  i 


M1<h<  £? 


h>  11, 


2«f(iV-B.' 

'  ow    fps     7'st     ^e-V 

S«'-^ 

0 

?{¥-»} 

-Sfw-ü,') 

0 

-4rj^+1) 

s«'-« 

Plotting  the  above  resnlts  (Fig.  Ii?!))    shows  the  continuity  of  V 
and  its  first  derivative  and  the  dis  continuity  of  the  second  derivative 
at  the  surfaces  of  the  attracting 
mass.  i — T~x 

We   see   that    the  attraction  ■      \ 

of   a   solid   sphere    at    a   point  :        j\ 

within  it  is  proportional  to  the  ^r^ÄX^-i         !      ^"^x. 

distance  from  the  eenter,  for  if         /^    ,X     ■    ■ 
E1  =  0, 


dh  ~ 


t 


h 


and  is  independent  of  the  radius       \        s  _^ 
of  the    sphere.     Hence    experi-         \. 
ments   on   the   decrease   of  the  ^-— _^_ 

force    of    gravi  ty    in    min  es    at 
known   depths   might    give    us 
the  dimensious  of  the  earth,  if 
the  earth  were  homogeneous.     Experiment  s 
is  not  the  case. 


,  however,  that  this 
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126.  Disc,  Cylinder,  Cone.  Let  us  find  the  attraction  of  a 
circular  disc  of  infinitesimal  thickness  at  a  point  011  a  line  normal 
to  the  disc  at  its  center.  Let  the  radius  he  R,  thickness  £,  distance 
of  P  from  the  center  h. 

R 

83)  d4=  .... 

Aitraclion  of  circular  cylinder  on 
point  in  its  «aas.  Let  the  length  be  l 
and  let  the  point  he  external,  at  a 
distance  h  from  the  center. 

By  the  above>  a  diso  of  thickness 
dx  at  a  distance  x  from  the  center 
proihices  a  potential  at  P 

dV=  2%(,dx  [\/R?  +  (Ä  -  x?  -  (h  -  x)). 
Hence  the  whole  is 

84)    V=2«q  f[Y&+  (A  -  as)»  ~(h~  %)}dz 

=  2^e[^hyrn"+(h~iy+^iog(x-h+yB^+(h~xy)Y  : 

-[H-»)V*+H-»)" 

+  B'log{-  '-  -  h  +  ]A?  +  (-  {-*)*}]  } 

Circular  cone  on  point  in  axis. 
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Let  R  be  the  radius  of  base,  a  the  altitude,  h  the  height  of  P 
above  the  Vertex. 

A  disc  at  distanee  sc  below  Vertex  and  radius  )■  causes  potential 
at  P, 

dV  =  2%Qdx{YQi'+xT-^  -  0  +  ff)}: 


K=  2*?Jdss  j]/5  +  a;)2  +  |S*-  (*+*)}■ 


If  we  have  a-  conical  mountain  of  uniform  density  on  the  earth, 
aud  determine  the  force  of  gravity  at  its  summit  and  at  the  sea  level, 
this  gives  us  the  ratio  of  the  attraetion 
of  the  sphere  and  cone  to  that  of  the 
sphere  alone,  and  from  this  we  get 
the  ratio  of  the  mass  of  the  earth  to 
the  mass  of  the  mountain.  Such  a 
eletermination  was  carried  out  by 
Mendenhall,  on  Fujjyama,  Japan,  in 
1880,    giving    5.77     for    the     earth's 


Circular  disc   on  point  not   on   axis.     Let   the  coordinates  of  P 
with  respect  to  the  center  be  a,  b,  0.     Then 


86) 
an  elliptic  integral. 


52  =  tsa  +  (b  —  r  cos  q>)2  +  **' filu'  (p> 

v=  ff" !Tf^g  , 


127.  Surface  Distributions.  Tn  the  case  of  the  circular  disc 
of  thickness  s,  bq  is  the  amount  of  matter  per  unit  of  surface  of 
the  disc.  1t  is  often  convenient  to  considur  distributions  of  matter 
over  surfaces,  in  such  a  manner  that  tliough  f  be  considered  infinite- 
simal p  increases  so  that  the  product  ty  remains  finite.  The  product 
t(>  =  6  is  called  the  surface  density,  and  the  distribution  is  called  a 
surface  distribution. 

We  have 


87) 


dm  = 


<idü 


-SS* 


dS 
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In  the  case  of  the  diso,  we  had 

When  h  =  0  we  have 
89)  (' 


=  ~2äö. 


The  attraction  of  a  disc  upon  a  particle  in  contact  with  it  at  its 
center  is  independent  of  the  radius  of  the  disc,  and  is  equal  to  2a 
times  the  surface  density. 

If  the  foree  on  a  particle  in  contact  on  the 

,.,  right  he   called   Ft)   positive    if   to    the    right, 

- — *        we  have 


90) 


Fa  -  +  2*rj<0. 


91) 


By  symmetry,   the   force    on   a   particle    at 
the  left  in  contact  with  the  disc  is 
F1  =  ~2ity0, 
Fi-F,=       4y%6. 


Now  if  x  denote  the  direction  of  the  normal  to  the  l'i^'ht. 

and  we  see  that  on  passing   through   the   surface   there   is  a  discon- 
tinuity  in  the  value  of  s     of  the  magnitude  4jtö. 

Consider  a  thin  spherical  shell.     We  have  for  an  external  point 

92)     T-  -^  (B,>  -  II*)  -  i^f  (R  -  E,)  (R,<  +  RJtt  +  «,»), 

and  making  i^  —  i^  =  e,  lim  lt,  =  lim  11%  =  li, 

dV_         4*«       , 

dk  ~  h*    M  > 

and  on  the  outside  for  h  =  R, 

^=-4*« 

dh 
Withiu  we  have  everywhere 

17  ,  ^F  A 

V  =  COKSf.,         -jy    =  ü. 
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Thus  there  is  in  like  manner  a  discontinuity  in  the   flrst  derivutivc 
of  the  potential  in  the  direction 
of  the  normal,  on  passing  through 
the   attraeting    surface,   of  the 
amount  iitö. 

Cousider  now  any  surface 
distribution  of  surface  density  6. 
Apply  Gauss's  theorem  to  a  small 
tube  of  force  bounded  hy  portions 
of  two  equipotential  surfaces  d  St 
andrf^  on  opposite  sides  of  and 
near  to  the  element  of  the  attrae- 
ting surface  äS  (Fig.  133).  The 
flnx  out  from  the  tubes  is 

F2d2.2  -li&Zu 

and   this   raust   be   equal   to  4sty  times  the  matter   contained   in  the 
tube.  which  is  ßdS.     Therefore 


But   if  the   length    and   diameti 
and  dJ02  are  the  projections  of 


of  the   tube  are  infinitesimal  dSt 


where  n  i 

and  sin«; 


93) 


ä£t  =  dScos  (J»,  dSs  =  dS cos  (Fan) 
the  normal  to  the  aUraclmg  surface.      A.ceordiii<;'lv 
FscoB(Fan)dS-F1coa(F1n)d8  =  4xy<fäS1 
'8V\ 


F2cos(F2«)  =  -y(|J) 


-Q 


V=   =4» 


The  normal  to  S  is  here  drawn  toward  the  side  2.  We  find 
then  tha-t  in  general,  on  traversing  a  surface  distribution,  the  normal 
force  has  a  discontinuity   equal  to  Ayxe. 

This  is  Poisson's  equation  for  a  surface  distribution.  If  we  draw 
the  normal  away  from  the  surface  on  each  side,  we  may  write 


!Mi 


8r     8r_ 


-4itt 


F1  cos  (F^n,)  +  Fs  cos  (ß\n2)  = 

WEBSTER,  Dynamics. 
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128.  G-reen's  Formulae.  Let  us  apply  Green's  theorem  to 
two  functions,  of  which  one,  V,  is  the  potential  function  due  to 
any  distribntion  of  matter,  and  the  other,  ü~  _>  where  r  is  the 
distance  from  a  fixed  point  P,  lying  in  the  space  x  over  which  we 
take  the  integral.  Let  the  space  r 
concemed  be  that  bounded  by  a 
closed  surface  Sr  a  small  sphere  Z 
of  radius  s  about  P,  and,  if  P  is 
witli.uut  S,  a  sphere  of  infinite  radius 
with  center  P. 

Now  the  theorem  was  stated  in 
§  115,  22)  for  the  normal  drawn  in 
toward  x,   which   means    outward   from  S  and  S,  and  inward   from 
the  infinite  sphere,  as 

^    ff(r^~u^)ds~SSf^Ujdy~  vz,ü')dr< 

and  since 


in  the  whole  space  ; 
2) 


i  that  1}  b. 


//( 


-fffh 


The  surface  integrals  are  to  be  taken  over  S,  over  the  small  sphere. 
and  over  the  infinite  sphere.     For  a  sphere  with  center  at  P, 


=  :ffs,    dS  =  rsda 


the  npper  or  lower  sign   heilig  taken  aecording   as  the  sphere    is  the 
inner  or  outer  boundary  of  t; 


ZA 


f  ffvdm, 


V  vanishes,  hence  this  integral  vanishes.     Also 

»>  -SM«—fM^—'fr^ 

Now  at   infinity,   4—   is   of  order  —^  and  being  multiplied  by  j 
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vanishes.     Accordingly  the   infinite   sphere   contributes  nothing.     For 
the  small  sphere  the  rase  is  different.      The  tirst  integral 


"//' 


;  the  radius  a  of  the  sphere  diminishes, 
4)  -  VP jfdm 4«FP. 


The  second  part 


■Iß 


however,  since  ■  is  flnite  in  the  sphere,  vanishes  with  e.  Hence 
there  remain  on  the  left  side  of  the  equation  only  —  4n  VP  and  the 
integral  over  8.     We  obtain  therefore 

5)    VF=±JJ    \^8l-y^Us--~fj'f^dt(PouisideS), 

the  normal  being  drawu  oittward  from  S.  This  formula  is  due  to 
Green. 

Therefore  we  see  that  any  function  which  is  uniform  and  con- 
tinuous  every  wliere  ouisi.de  of.'  a  certain  elosed  surfaee,  which  vanishes 
at  iiniuilv  l.o  the  first  <  inier,  and  whose  parameter  vamslies  at  infinity 
to  the  second  order,  is  determined  at  every  point  of  space  considered 
if  we  know  at  every  point  of  that  space  the  value  of  the  second 
differential  parameter,  and  in  addition  the  values  on  the  surfaee  S  of 
the  funetion  and  its  vector  parameter  resolved  in  the  direction  of 
the  outer  normal. 

In  particular,  if  V  is  harmonic  in  all  the  spuce  considered,  we  have 


^i/M- 


ieJ-)äS. 


and  a  harmonic  funetion  is  determined  everywhere  by  its  values  and 
those  of  its  normal  component  of  parameter  at  all  points  of  the 
surfaee  S. 

SllLCt' 


= —  -\  ( cos  (nx)  ^~  +  cos  (ny)  ~  +  cos  (ne)  ~ }  =  - 
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we  may  write  6) 

7)  Vp  =  -  l^  ff(~M  cos  (»r)  +  £  |?)  dS. 

Consequently,  we  may  produce  at  all  points  outside  of  a  elosed 
surface  S  tlie  same  tield  of  foree  as  is  produeed  by  aoiy  distribntion 
of  masses  lying  weide  of  S,  whose  potential  is  V,  if  we  distribute 
over  the  snrt'ace  S  a  surface,  distribution  of  surfatjc-dojisity, 

In  tlae  general.  expression„  5).  tlie  snrt'ace  integral  represents  the 
potential  due  to  the  masses  tvitkm  S,  while  tlie  voltime  integral 


since  everywliore 
is  equal  tu 


/XT«? 


that   is,    the   potential    due  to  all  the   masses   in  the  region  x,   via., 
outside  8. 

129.  Equipotential  Layers.  As  a  still  more  particular  case 
of  7),  if  the  surface  S  is  taken  as  one  of  the  equipotential  surfaces 
of  tlie  internal  distribution,  we  have  all  over  the  surface  V~Vs  =  cmist.. 
and  the  constant  may  he  taken  out  frora  the  fürst  integral] 

Now  by  Gauss's  theorem    j   I  — — j—  dS  —  0;  accordingly, 

so   that   Vp   is   represented  as  the  potential   of  a  surtac«  distributimi 
of  surface -density 

The  whole  mass  of  the  equivalent  surface  distribution  is 
11)  ffiiB—-Lff%äS 

-  ji-  I  /Vcos  (?»)  liS, 
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whichj  being  tbe  flux  of  force  outward  from  S,  is  by  Gauss's  tbeorem, 
§  123,  68),  equal  to  M,  the  raass  within  S. 

Aceordingly  we  may  enunciate  tbe  tbeorem,  due  to  Chasles  and 
Gauss1):  — 

We  may  produce  outside  any  equipfttüntial  surface  of  a  distribu- 
tion  M  tke  same  eflect  as  the  distribntion  itself  produces,  by  dis- 
tributing  over  tbat  surface  a  layer  of  surface -density  equal  to  - — 
times  the  outward  force  at  every  point  of  the  surface.  The  mass  of 
the  whole  layer  will  be  precisely  that  of  the  original  internal  dis- 
tribution.  Such  a  layer  is  callerl  an  cqu'potmtmt  layer.  (Definition 
—  A  superficial  layer  which  coincides  with  one  of  its  own  equi- 
potential  surfaces.)  Reversing  the  sign  of  this  density  will  give  us 
a  layer  wbich  will,  ontside,  neutralize  tliu  eflect  of  the  bodies  within. 

The  above  fcheorem  has  an  imporUmt  application  in  determining 
the  attraction  of  the  eartb  at  outside  pohits.  Equation  10)  shows  tbat 
the  potentia!  and  therefore  the  attraction  is  determined  at  all  outside 
points  if  F,  wbich  is  connected  with  g  as  in  §  123,  is  known  at  all 
points  of  an  equipotential  surface-  It  will  be  shown  later  tbat  tbe 
surface  of  fcbe  sea  is  an  equipotential  surface.  Consequently  if  the 
value  of  g  is  known  from  pendulum  observations  at  a  sufficient 
number  of  stations  distributed  over  tbe  surface  of  the  earth  tbe 
attraction  at  all  points  outside  the  earth  can  be  caleulated. 

Let  us  now  suppose  the  point  P  is  wähin  S.  In  this  case,  we 
applv  Green 's  tbeorem  to  the  space  within  S,  and  we  do  not  have 
the  integrals  over  the  infinite  spbere.  The  normal  in  the  above 
formulae  is  now  drawn  inward  from  S,  or  if  we  still  wish  to  use  tbe 
orttward    normal,    we    change    the    sign  of  the  surface    integral  in  5), 

(P  inside  S). 

Note  that  hoth  formulae  5)  ai|ei  12)  are  identical  if  the  normal 
is  drawn  into  the  space   in  which  P  lies. 

Hence  within  a  closed  surface  a  holomorphic  function  is  deter- 
mined at  every  point  solely  by  its  values  and  tbose  of  its  normally 
resolved  parameter  at  all  points  of  the  surface,  and  by  the  values  of 
its  seconä  parameter  at  all  points  in  the  space  within  the  surface. 

A  harmonic  function  may  be  represented  by  a  potentia!  function 
■   distribntion. 


1)  Chasles,  Svr  Vattnt.<:.tifui  i't'n-ne  arnvhe  eMpmiäale  infiniment  m 
Rc.  Polytec,  Cahier  83,  p.  366,   1837;  Gauss,  AUgemane  Jsehrtötee,  S 
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Now  if  the  surface  S  is  equipotential,  the  function  F  cannot  be 
harmonic  even  where  within  unless  it  is  constant,  For  sinoe  two 
äquipotential  surfticüs  cannot  cut  each  other,  the  potential  being  a 
one-valued  function,  suceessive  equipotential  surl'aces  must  Surround 
each  other,  and  the  innermost  one,  which  is  redueed  to  a  point,  will 
be  a  point  of  maximum  or  minimum.  Eut  we  have  seen  (§  116) 
fchat  this  is  impossible  for  a  harmonic  function.  Accordingly  a  func- 
tion constant  on  a  closed  surface  and  harmonic  within  must  be  a 
eonstant. 

If  however  there  he  matter  within  and  without  S,  the  volume 
integral,  as  before,  denotes  the  poteutial  due  to  the  matter  in  the 
space  t  (within  S),  and  the  surface  integral  that  due  to  the  matter 
without.     If  the  surface  is   equipotential,  the  surface  integral 

The  first  integral  is  now  equal  to  4»,  so  that 

13)  V,  -  V,  +  j-fß  gdS  -  ^fff^fir, 

l'lv  being  constant  contributes  nothing  to  the  derivatives  of  V,  so  that 
the  outside  bodies  may  be  replaced   by  a  surface  layer  of  density 

14)  ff_J_|_?__  1    Fcos(Fne)  =  ±/  ■ 
The  mass  of  the  surface  distribution, 

15)  ff  «dB-—  ff— 7dS*=  -  ä~  f  fFaoa(Fna)äS, 

ne  being  the  outward  normal,  is  the  inward  Aus  of  force  through  S, 
which  is  equal  to  minus  the  mass  of  the  inferior  matter,  and  is  not, 
as  in  the  former  case,  equal  to  the  mass  which  it  rephtees. 

130.  Gauss'B  Mean  Theorem.  As  an  example  of  equation  6) 
let  us  make  the  surface  S  a  spliere  with  Center  at  P.  Then  in  the 
first  term  of  the  integral  we  have 


which    is    constant   and   may   be   taken   outside  the  integral,     in  ihe 
second   term        being   similarly  taken   outside  the  integral,  we  have 
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m 


since  the  function  is  harmonic  in  the  sphere  c 
the  formula  reduces  to  the  first  terin 


sidered.     Aecordi.ngly 


im 


^^JJ 


VdS. 


The  surfacu  integral  eepvesents  the  mean  value  of  V  on  the  i 
of  the  sphere  multiplied  by  the  area  of  the  surface,  4srr!.  Thus  we 
have  the  theorein  due  to  Gauss.  The  value  of  the  potential  at  ans- 
pornt not  situated  in  attracting  matter  is  equal  to  the  mean  value  of 
the  potential  at  points  on  any  sphere  with  eenter  at  the  given  point 
and  not  containing  attracting  matter.  It  at  once  follows  from  this 
theorem  that  a  harmonie  function  eannot  have  a  point  of  maxinraiH 
or  minimum,  for  making  tliü  sphere  ahout  such  a  point  small  enough 
the  theorem  would  he  violated. 

131.  Potential  completely  deter-miiiecl  by  its  charac- 
teristic  Properties.  We  have  proved  that  the  potential  function 
due  to  any  volume  distribution  has  the   l'ollowing  properties: 

1.  It  is,  together  with  its  first  differential  parameter,  uniform, 
finite,  and  eontinuous. 

2.  Tt  vanishes  to  the  first  order  at  oo,  and  its  parameter  to  the 
second  Order. 

3.  It  is   harmonie    outside    the    attracting    bodies,    and    in    them 

satisfies  „-,,■  , 

z/F=  — 4fflp. 

The  preceding  inveatiga- 
tion  shows  that  a  function 
having  these  properties  is  a 
potential  function,  and  is 
completely  determined. 

For  we  may  apply  the 
above  formula  5)  to  all  Space, 
and  then  the  only  surface 
integral  being  that  due  to 
the    infinite    sphere,    which 


y-kSSS^-SSSi- 


If  however,    the    above    conditioits  sire  f'ulfilled    by  a  function    I", 
except  tliat  ifftertain  surfaces  S  its    first   parameter   is  discontinuous, 
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let  us  draw  on  eaeb  side  of  the  surface  8  surfaces  at  distauces 
equal  to  s  from  S,  and  exclude  that  portion  of  space  lying  between 
these,  which  we  will  call  S±  and  S2. 

If  the  normals  are  drawn  mto  t  we  have 

The  surface  integrals  are  to  be  taken  over  both  surfaces  S1  and 
Ss  and  the  volume  integrals  over  all  space  except  the  tuin  layer 
between  Sx  and  S%.  This  is  the  only  region  where  there  is  diacon- 
tinuity,  hence  in  r  the  theorem  applies,  and 

Now  let  us  make  e  infinitesimal,  theii  the  surfaces  SL)  Sg  approach 
eacb  other  and  S.  V  is  continuous  at  S,  that  is,  is  the  same  on 
both  sides,  hence,  since  ^ —  (— 1=  —  5 — (—)>  in  the  limit  the  first 
two  terms  destroy  each  other.  This  is  not  so  for  the  next  two, 
for   s—  is  not  equal  to   = —   because  of  the  discontinuity. 

In  the  limit,  then 

Tlie  volume  integral,  as  before,  denotes  the  potential  I  I  I  °.  <?* 
due  to  the  volume  distribution,  while  the  surface  integral  denotes 
the  potential  of  a  snrfa.ce  distribution   /  /  -^-'   where 

Hence  we  get  a  new  proof  of  Poisson's  surface  eondition, 
§  127,  94). 

132.  Kelvin  and  Dirichlet's  Priuciple.  We  shall  now 
consider  a  question  known  on  the  continent  of  Europe  as  Diricl'b-l'-i 
Problem. 

Given  the  values  of  a  function  at  all  points  of  a  closed  surface 
S  —  is  it  possible  to  find  a  function  which,  assuming  these  values 
on  the  surface,  is,  with  its  parameters,  uniform,  finite,  continuous, 
and  is  itself  hamionic  at  all  points  witbin  8f 
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This  is   the  internal  problem  ■ —  the  externa!   may  be  stated  in 
like  manner,  specifying  the  conditions  as  to  vanishing  at  infinity. 
Consider  the  integral 

21)      /(.)-///{©"+©'+  (13  V- 

of  a  Function  u  throughout  the  space  t  within  S. 

J  must  be  positive,  for  every  element  is  a  sum   of  Squares.     It 

camieit  vajiii-li,  uuIüsss  r.>vcrvwliurc   ..  '  =  l-  =  „    =  0,  that  is  a  =  cmirt. 

'  -  das        dy       dz  ' 

Bvit  shice  u   is  continnous,  unless  it  is  coustant   on  S,    this   wäll   not 
be  the  case. 

A.ccordingly  J»  >  0 

Now  of  the  infinite  variety  of  functions  w  there  must  be, 
acconling  to  Dirichlet,  at  least  oue  which  makes  J  less  tban  for 
any  of  the  others.  Call  this  funetion  v,  and  call  the  ditt'e  reuet: 
between  this  and  any  other  hs,  so  that 

m  =  v  +  hs, 
h  being  eonatant. 

The  condition  for  a  minimum  is  that 

•/(<>)<  J(»  +  /.s), 
for  all  values  of  h. 
Now 

4?-  !ü  +  *!i>  etfc 


">  ©'+©"+ 63" 


Ksi. 


si    +  hfl 


9»  9.1 
Integrating, 
23)    J(»)  -  JW  +  *V(.)  +  2»X/J(H  H  + 1|  +  £  s)  *«• 

Now  in  Order  that  ■/(«)  may  be  a  minimum,  we  must  have 

m;   /«w + ^JJJdi  | + 1 1~; + g  g)  ä.  >  0, 

for  all  values  of  /*,  positive  or  negative.  But  as  s  is  as  yet  un- 
limited,  we  may  take  h  so  small  that  the  absolute  value  of  the  fcerm 
in  h  is  greal.er  tlian   tliat  of  the  term   in  h2,   and   if  we  choose   the 
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sign  of  h  opposite  to  that  of  the  integral,  making  the  product 
negative,  the  whole  will  be  negative. 

The  only  way  to  leave  the  sum  always  positive  is  to  have  the 
integral  vanish.  (It  will  he  ohserved  that  the  above  is  exactly  the 
process  of  the  calculus  of  variations.    We  might  put  öv  instead  of  ha.) 

The   coudition  for  a  minimum   is   then 

But  hy  Green's  theorem,  this  is  equal  to 

-SJf'niaSSS"Mt- 

Now  at  the  surface  the  function  is  given,  hence  u  and  v  must 
have  the  same  values,  and  s  =  0. 

Consequently  the  surface  integral  van.ishes,  aiid 

dt  =  0. 

But  since  s  is  arbitrary,  the  hilegrul  cau  vanish  only  if  everywhere 
in  r,  Av  =  0,   v  is  therefore  the  function   which   solves    the  problem. 

The  proof  of  thu  so-called  Jixistevi<:c-the<>r>.m,  namely,  that  there 
is  such  a  function,  depends  on  the  assunintion  that  there  is  a  function 
which  makes  the  integral  J  a  minimum.  This  n-ssuniptioii  has  been 
declared  by  Weierstrass,  Kronecker,  and  others,  to  be  faulty.  The 
principle  of  Lord  Kelvin  and  Dirichlet,  which  declares  that  there  is 
a  function  v,  has  been  rigidly  proved  for  a  number  of  special  cases, 
but  the  above  general  proof  is  no  longer  admitted.  It  is  given  here 
on  aecount  of  its  liistoricul  interest.1) 

We  ean  however  prove  that  if  there  is  a  function  v,  satisfying 
the   conditions,  it  is  unique.     For,  if  there   is  another,  v',  put 

1)  Thomson,   Theorem   wißt    referenee    lo    the    Solution    of   emtain    Partial 

Diffn-fiitiid  KqaaUiiny,  Cam limine  and  Dublin  Math.  Journ..  Jan.  1848;  Reprint 
of  Paperx  in  Kleetrostaüe*  <sml  Maxjmlkm,  XIII.  The  name  DirkMet'-*  i'ret,://, 
was;  pivfn  by  liicmann  [Werke,  p.  90).  For  a  histonc.ai  and  criti.cn.1  disciission 
of  this  matter  Ihe  sludenl,  niay  eonsult  liurklianlt,  I'eitetdialthet>rie.  in  the 
Kneyklopiiuii'  diT  'Mat.luuiin.vili,  fiaeharach,  A.briss  der  Geseh-klite  der  i'akiititd- 
Hietirie,  as  well  w  Havkaesa  and  Morle.y,  The.ory  <if  Viin.c.H<ms,  Chap.  IX,  Picavd, 
Tratte,  d' Analyse,  Tom,  H,  p.  88.  It  has  been  quite  recently  ahown  by  Hubert 
tbat  Riemann's   proof  «■ivtm  above  ean   be  sii  luodüied   as  to  be  made  rigid. 
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On  the  surfaee,  since  v  =  v',  u  =  0.  In  t,  since  ^/o  and  ^«' 
are  zero,  *dw  =  0.  Accordingly  J"(«)  =  0.  Btit,  as  we  have  shown, 
this  can  only  be  if  u  =  const.  But  on  S,  u  =  0,  henee,  thronghonr 
r,  w  =  0  and  «  =  v'. 


Sß 


133.  Ctreen's  Theorem  in  Orthogonal  Curvilinear  Co- 
ordinates.    We    shall   now    consider    Green's   theorem   in  terms   of 

any  orthogonal   coordinates.    beginning  wirb   the  special   case  formiiig 
the  divergence  theorem,  §  117,  35). 

[X  cos  (»»)  +  Fcos  (ny)  +  ^cos  (»«)]  rfS 

Instead  of  the  components  X,  Y,  Z,  let  us  consider  the  projec- 
tions  Pl;  Ps,  P3  of  a  rector  P  along  the  directions  of  the  tangents 
to  the  coordinate  lines  2,,gajgä  at  any  point.  Tlien  projeeting  along 
the  normal  n  to  S,  we  have  the  integrand  in  the  surfaee  integral 

29)  JF\  cos  (nn,)  +  I\  cos  (nn2)  +  P3  cos  («%). 

If  we  divide  the  volume  T 
up  into  elementary  curved 
prisms  bounded  by  level  sur- 
faces  of  q2  and  qs,  as  in  the 
case  of  reo  tangular  coordinates 
(Fig.  136),  we  have,  at  each 
case  of  cutting  into  or  out 
of  S  respectively, 

±  dS  cos  (nn1)  =  dS1, 

where  dS±  is  the  area  of  the 
part  out  by  the  prism   frora 
the  level   surfaee  qy 
Now  by  §  114, 


accordingly 


^i-TTT?' 


30)     -/7p.  <x»("h)dS--  J'Jf^' 

-sm  ' 


jdq^äq^d^, 


9  a,  V»,  V 

the  cliange  .Crom  the  double  to  the  triple  integral  involving  the  same 
considerations  as  in  the  proof  given  for  reetangular  coordinates  in 
§  115. 
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Trans  Tonn  mg  the  otlier  bwo  integrals  in  like  maoner, 
31)     _  /  (  \Picos(nn1)  +  P2  cos(m«s)  +  Ps  cos  (nns)}d  8 


fff> 


dir  P  ■  dt. 

j  dt/t  dqs  dq.. 

multiplying  and  dividing  the  last  integrand  in  31)  by  hfW  we  find 
that  since  the  volume  integrals  are  equal  for  any  volume,  the  integrands 
must  be  equal,  or 

If  the  vector  is  laroellar,  its  projections  are  tlie  parl.ial  parameters 
according  to  ql,qi!q3  of  its  poteutial  V  (§  110), 

P1  =  h,j!r,     P3=hP^,     P.,  =  h,J-- 

Equation  32)  then  becomes 

This  result  for  the  value  of  z/F  was  given  by  Lame,  by  means 
of  a  laborions  direct  transformation.  The  method  here  used  is  a 
rrifidili<;i!ti.ou   oi'  one  given  by  Jacob i  and  Sonioll'.1-) 

In  order  to  prove  Green's  theorem  in  its  general  form,  we  remark 
that  from  the  nature  of  the  mixed  parameter  of  the  two  functions  U 
and  V  as  a  geometric  produet  we  have 

34)  A  (U,  V)  =  P?P[  +  P£P[  +  P%Pl 

10g,  Sq[  a-dq„  Ö<h    '      3  'Öqt  8qa 

Forming  the  volume  integral,  and  integrating  the  iirst  term  partially 
according  to  j,  we  obtain 


1)  Lame,  Journal  de  i'Er.ok.  Fr,lyU:i:hv.iqio.:,  Caliiev  23,  p.  215,  1833;  Leeoim 
aar  lex  Caw.loMtri-.i:  <.:i',)-i;Uujiitxt  II.  Jaci/bi.  I'her  eine  partikulare  Liiswrtg  der 
P'irticlku-  IHffi-mitmliili-.idiiMi)  JV  —  0,  Crelle'ü  Journal,  TM.  36,  p.  113.  Somoff, 
Theoretische  Mechanik,  II.  Teil,  §§  51,  52. 
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which  as  above  is  equal  to 

-  JJro,  |£oo.  («,.)ds  -fffv^  y^§£)  d<k  <il,  ä<k- 

Intogrutiiig    the    otlier    terms    in    like    nianner    we  obtain   the  general 
forarala, 

se)  fffk¥[lI+ i>'Jv !r+"ü"-r-\tJT-tq- 

=  —  /  /  f/JA,  ,-■■■  eos(%ii)  +  /Jä-T— cos (^m)  +  '*:,„     cos(%w)I^S 

in  whieh  each  integrand   ia  found  to   correspond   to  one  of  those  in 
|  116,  20). 

134.  Stokes's  Theorem  in  Orthogonal  Curvilinear  Co- 
ordinates.  The  proof  of  Stokes's  theorem  given  in  §  30  ean  be 
easily  adapted  to  eurvilinear  coordinates.1)  Let  Pt,  Pä,  P3  be  the 
propetioiis  of  a  vector  P  on  the  varying  directions  of  the  tangents 
to  the  coordinate  lines  at  any  point.  Then,  the  projections  of  the 
arc  ds  being  ds1,  d.%,  dsit  we  consider  the  line-integral 

37)       I=fpcoe  (P,  ds)  ds  =J(P1ds1  +  P,ds2  +  Pad3ä) 
~J\l K         -\         ä  Kl 

=  f(Rldql  +  P^dq?  +  BsdqA), 


1)  Webster.     Note    on    Stuke;:a  thfureni    in   Ui:rvilLin;ar  Gooriiinates.     Bull. 
Am.  Math-  Soc.,  2"a  Sei'.,  Vol.  IV.,  p.  4S8,  1898. 


/Google 


382  VIII.  NEWTONIAN  POTENTIAL  jn'XCTIOS. 

Let   us    now    make   an  infinitesimal  transformation    of  the  eurve 
as  in  §  30.     Then  the  ehange  in   the  integral  is 

38)     dJ=j(dB1dq1+dBadqi  +  dB3dqi+B1dSq1+BsdSqa+Baddq!i). 

The  last  three  terms  can  he  integrated  by  parts,  giving 

39)  I  B,dSq,  =  B,Sq,  '  -  jSq.dB,,  <i-i,  2, 3), 

and,  sinee  the  integrated  terms  vanish  at  the  liniits. 
40)     31=  j(SB1dq1+SR3dqa  +  äBidqa-dBldq1-dItiäq2~dRiäqi). 

Performing  the  Operations  denoted  by  S  and  d,  as  on  p.  85,  six  of 
tlie  eighteen  terms  eancel,  and  there  remain  the  terms, 

4i)        ä/_/[(äSs^,-»s,<iS,){g  -?§} 
+  (.»***-**.**>[%-'£} 

Now  the  ehanges  iJg.,,  dq„,  dq.„  dq,fl   in  the  eoordinates  correspond 
to  distances  .  ,  .  , 

"2S  «öl  «ftt  (''J:l 

"ft7'       17'        ^  '       ~'lh' 

measured  along  the  coordinate  lines,  and  the  detenninant  of  these 
distances, 

is  equal  to  the  area  of  the  projection  on  the  surface  qL  of  the 
infinitesimal  iiru'allelogrsuii  swept  over  by  the  arc  ds  during  the  trans- 
formation.     Calliug  tliis  area  dB,  and  its  normal.  11,  we  have 

p,  (*«.  <*«.  -  «9.  <*«.)  =  «•>•  (»%)  <*»■ 

If  we  now  continually  repeat  the  transformation,  until  the  eurve  1 
joining  AB  is  transformed  into   the   eurve  2,   the  total  ehange  in  1 
is  equal  to  the  surface   integral  over  the  intervening  surfaee, 
42)    ESI=  1,-It 

-//[*,*,(!! -|f)oos(»»1)+*,i1(8äf;-"')cos(»»s) 
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A<H!ürdiiiu;]y    i-li e     couipoiicnts    of    m  =  curl  P    along    the     coordinate 
directions  are,  inserting  the  Talues  of  Rt)  Ri;  P^. 

If  these  vanish,  the  vector  P  is  lamellar,   and   the   above   equa- 

tioiii-  give  tlie  conditions  that 

F±  =  iF    p*  = d  v    F»  = 8V 

p,-;.,r 

as  iu  the  previons  section. 

135.  Laplace's  Equation  iu  Spherical  and  Cylindrical 
Coordinates.     Applying  eqnation  33)  to  spherical  coordinates 

!>.,.=  \,     hs  =  -,     V  =  7^' 

44)     ^V=^M(rHm^)+fJS^ll)  +  l(J^d/)} 
'  r'eta»\dr\  er!      8&\  c&f      dip  \em&  dq>/\ 

d*V   ,    2  oV   ,    l   SSV  ,    1       ,  „3F  .         1        8SF 
dr*         r   dr        r*  89*        r1  o9        r'sin'S  ö<p3 

We  may  apply  tliis  eqnation  to  determine  the  aüraction  of  a 
sphere.  For  external  points  z/F=0,  and  since  hy  symmetry  V  is 
independent  of  %■  and  tp, 

...  d*V  ,    a  dV      A  d  /  adF\       ... 


But  since 

lim  (*-F)  =  Jl 

lim  [—  c  4-  e'r]  = 

must  have  e'  =  0,  —  c  =  M. 
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Apply  the  ab«  vi:  traits  Formation  to  cylindrical  coordinates 
}h  =1,     he  =  1,     K  =  -j 


dQ* 


*Sm* 


If  we  apply  this  to  calculate  the  potential  due  to  a  cyliudrir.il 
homogssneous  body  with  genenitors  parallel  to  the  asis  of  s  and  of 
infinite  length,  the  potential  is  independent  of  s  and  satisfies  at 
external  pointa,  ^v       „ay 

0  =  3^  +  ^ 

If  the  cylinder  is  circular, 
the  ordinary  differential  equation 

d^V  ,    1   dF       „         _    _d   /     dK\_„ 
>  äQ  \"   dg  /  ' 


-  TTi  +  -  TT  +  T  5-1- 

;  indepundent  of  ( 


0   dp 


-^ 


Now  since,  ealling  the  density  d,  d 
total  force  in  direetion  p 


F=6'logp+  C. 

The  force  in  the  direetion  of  p 
is  inversely  proportional  to  the  ftrst 
power  of  p. 

"We  may  yerify  this  by  dir e et 
oalculatjon.  Let  us  consider  the 
eylinder  as  infinitely  thin,  with  cross- 
section  ö.  We  will  find  the  com- 
ponent  of  force  in  the  direetion  of  p. 

The   action   of  dm  at  0    on  P  at 
distance  p  (Fig.  137)  is 
dm dm 

The  component  parallel  to  p  is 

v'  ü°*  (ps)  =  e  „"' 
=  tibi  äs    we  have  for  the 


4f! 


F-2  f 
J 
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Put 

z  =  q  tan  &, 

d2=&&eei&ä&. 
50)  F  =  2 & 8  re'Br'tfg  -  —  f™ *f 

If  we  had  attempted  to  verify  the  value  48)  of  V  by  direct 
ealculation,  we  should  have  found  a  difficulty  in  the  appearance  of 
a  logarithm  whieh  would  have  hecome  infinite  when  the  length  of 
the  cylinder  became  infinite.  Nevertlicicss  tlie  allrad-km  is  finite,  as 
just  shown.  It  is  to  be  note  that  all  the  properties  liitlierto  proved 
to  hold  have  been  for  potentials  of  bodies  of  finite  extent. 

136.  Logarithmic  Potential.  We  may  stafce  the  above  result 
in  terms  of  the  following  two-dimensionai  problem.  Suppose  that 
on  a  plane  there  be  distributed  a  layer  of  mass  in  such  a  way  that 
a  point  of  mass  m  repels  a  point  of  unit  mass  in  the  plane  with  a 
foree  —  where  r  is  their  distanee  apart.  The  potential  (lue  to  m  is 
V=  —  mlogr  and  it  satisties  the  differential  equation 

Similarly,  in  the  case  of  any  mass  distributed  in  the  plane,  with 
surface -density  fi,  an  eleriienv,  dm  —  fidS  produees  the  pfttential 
--  dm  log  r,  and  the  whole  the  potential 


r,n 


7  =  —  f  f  dmlogr  =  —  I  I  plogrdS, 


where  r  is  the  distanee  from  the  repelled  point  x,  y  to  the  repelling 
dm  at  a,  b,  so  that 

t>-(«-.)>  +  ij-s)'. 

We  may  verify  by  direct,  differeiitiation  that,  at  external  points, 
this  V  satisfies 


^—  =  —  s  -   /  /  ji\ogrdadb  =  —//«■  g—  (}ogr)dadb 

--J'frirJ'""'-  Sf^r  i<"il>- 

WEBSTER,  njnamics.  25 
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%-m 


This  potential  is  called  the  hyarilhmk  polcnU.nl  and  is  of  great 
importance  in  the  tlieory  of  functions  of  a  complex  variable. 

137.  G-reen's  Theorem  for  a  Plane.  In  exactly  the  same 
manner  tliat  "we  proved  Qreen's  Theorem  for  three  dimensions,  wt 
may  prove  it  when  the  integral  is  the  double  integral  in  a  plane 


>»     '-jm^+m^y 


over   an   area  A  bounded   by  any  closod    contour  C.     Sinee    we  have 
for  a  continnous  function  W 

53)  j  (  '^dzäy=J[W2~W1  +  ---  +  W.i,rl-Wil,-.i\äy 

JWcoa(nx)ds, 

where  n  is  the  inwanl  normal.  </x  tlie  dement  of  are  of  the  conto ur. 
Applyrug  this  bo  TF  =  U-*    ?  we  obtain 

54)  ffl  j  vZf^ju%^(nx)  äs. 
Tveating  the  other  term  in  like  manner,  we  obtain 

ccs  rficüdV   ,    dUcV\  ,     , 

=  ~fU^ds  ~ffU(S  +  0)  ****■ 

luten-liaiigoig  77  and  V  we  obtain  the  second  form 
56)         JXü^~VlS)ds  = ff(y4V—U4Y)dxäy, 
where  we  write  m„Tr       a,_ 
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138.    Application    to    Logarithmic    Potential.      If    in    56) 

we  put  U=  1,  we  obtain 


57) 


i~ds f jJVdxdy, 


which  is  the  divergence  theorem  in  two 
dimensions.  If  the  function  V  is  harraonic 
everywhere  within  the  contour,  we   have 


./: 


Applying  this  to  the  harmonic  func- 
tion logr,  where  P,  the  fixed  pole  from 
whichr  is  measured,  is  oiitside  the  contour, 

o  c  c 

If  the  pole  P  is  within  the  contour,  we  draw  a  circle  K  of  any 
radins  about  the  pole,  and  apply  the  theorem  to  the  area  outside  of 
this  circle  and  within  the  contour,  obtaining  the  sinn  of  the  integnils 
around  C  and  K  equal  to  zero,  or 


59) 


P*»~S"- 


Us  = 


-  j dfr  =  - 


These  two  resuHs  irre  (iau^s's  theorem  für  two  dimensions.  They 
may  of  eourse  he  dednced  geomefcrically  in  the  sarae  way  as  for  three 
dimensions,  §  118.  We  may  now  deduce  J'oisson's  equation  for  the 
logarii.hmie  potential  as  in  §  123  for  the  Kewtonian  Potential.  The 
logarrfchmie  potential  due  to  a  mass  dm  being  —  dmlogr  gives  rise 
to  the  nux  of  foree  2ndm  outwanl  througk  any  closed  contour 
summnding  it,  and  a  total  mass  m  causes  the  nux 

2%m  =  2x  j  j pdxdy. 

Put  in  terms  of  the  potential  this  is 

60)  f§^ds  =  ~  ff^Ydxdy  =  2z  fftidxdy, 

and  since  this  is  true  for  any  area  of  the  plane,  we  must  have 

61)  AY  =  —  %%p. 

This  is   Poisson's  equation   for  tlie  logarithmie  potential. 
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139.  G-reen's  Formula  for  Logarithmic  Potential.    Apply- 

ing  (jreen's  Theorem  5t>)  to  the  functions  '  logr  and  any  harmonic 
funetion  V,  supposing  tho  pole  of  I'  to  be  withiu  the  contour,  and 
ext.ending  the  integral  to  the  area  withiu  the  contour  and  without  a 
circle  K  of  radius  e  about  the  pole, 

The  third  terra  is 

/log  r  -„—  rfs  =  los  £  /  -5—  ds  =  0, 
(since  V  is  harmonic  in  ÜT)  and  the  fourth, 

-fra-\f  ds  _  -/fr*»  -  -  /r», 

which,  when  we  make  £  deerease  indefinitely,  becoines 
-  2*Fp. 
Accordingly  we  obtain  the  equation 

63)  F,-i/(logr|f-F5|ar)<Jä, 

which  is  the  analogue  of  equntion  6),  §  128.  In  a  similar  way  we 
may  find  for  nearly  every  theorem  on  the  Newtonian  Potential  a 
eorresponding  theorem  for  the  Logarithmic  Potentiell.  A  eomparison 
of  the  eorresponding  thcorents  will  be  found  in  G.  Neumann's  work, 
iHücrmcituntjm  über  ilas  Uviorithmlichf  und  äa$  Newtonsche  l'okniinl1) 
The  Kelvin  -Diriehl et  Problem  and  Principle  may  be  stated  and 
demonstrated  for  the  logarithmic  potential  precisely  as  in  §  132. 

140.  Dirichlet's  Problem  for  a  Circle.  Trigonometrie 
Series.  We  shall  call  a  homogeneous  harmonic  funetion  of  order  n 
of  the  coordinates  x,  y  of  a  point  in  a  plane  a  Circnlar  Harmonie, 
sinee  it  is  equai  to  o11  multiplied  by  a  homogeneous  fanetion  of 
cos  ra  and  sin  et,  and  consequently  on  the  circumference  of  a  circle 
about  the  origin  is  simply  a  trigonometric  funetion  of  the  angular 
coordinate  ro.  Any  homogeneons  funcl-km  V„  of  degree  n  satisti.es 
the  differential  eqnation 

64)  x^  +  y^  =  nVni 

1)  See  also  Harnack,  Die  Grundlagen-  der  Theorie  de.z  l<wtri!li>i>  Gelten  l'oten- 
tiaka:  Pic»i\l,  Tratte  d:  Aaai<j<e,  tum.  IT;  Poincai't-.   Theorie  tlt;  Tol'idid  Netetonien. 


/Google 


139,  HO]  TEIG  ONO  METRIC  SERIES.  389 

so  that  a  circular  harmonic  is  a  Solution  of  this  and  Laplace's  Equa- 
tion  simultaneously.     The  homogeneous  funetion  of  degree  « 

a„x"  +  a„_ix"-1  -\ axxyn~x  +  a  ■  y" 

contains  w  +  1  terms,  the  sum  of  its  second  derivatives  is  a  homo- 
geneous funetion  of  degree  n  -—  2  containing  n  —  1  terms,  and  if  this 
is  to  vanish  identically  each  of  its  n  —  1  coefficients  must  vanish, 
consequently  tliere  are  n  —  1  relational  between  tlie  n  |- J  eneflicients 
of  Vn,  or  only  two  are  arhitrary.  Accordingly  all  harmonics  of 
degree  »  can  be  expressed  in  terms  of  two  independent  ones.  The 
theory  of  functions  of  a  eomplex  variable1)  teils  us  that  the  real 
functions  u(x,y),  v(oc,y)  in  the  coniplex  variable  u  -\-  iv,  which  is  a 
funetion  of  the  eomplex  variable  x  +  iy,  are  harmonie  functions  of 
x,  y,  and  making  use  of  Eulers   fundamental  formula, 

65)  x  +  iy  =  p  {cos  co  +  *sinra}  =■  pe"", 
and  raising  to  the  wa  power,  we  have 

66)  (x  +  iy)"  =  $nei"°'  =  p"(cos»!<a  +  »sin  mm). 
Accordingly  we  have  the  tvco  typical  harmonic  functions 

67)  u  =  (f1  aosno},     v  =  p"sin«6). 

It  may  he  at  once  shown  that  these  functions  are  harmonic  by 
Substitution  in  Laplace's  erjriation  in  polar  coordinates,  equation  47). 
Accordingly  the   geiieval  harmonic  of  degree  n  is 

68)  V„  =  Qn\Ä,,cosnei  +  J5„sin»co}  =  QnTn. 

We  may  call  the  trigonometrie  factor  T„,  which  is  the  value  of  the 
harmonic  on  the  circumference  of  a  circle  of  radins  unity,  the 
peripheral  harmonic  of  degree  n. 

If  a  funetion  which  is  harmonic  in  a  circular  area  can  be 
developed  in  an  infinite  trigonometrie  series 

69)  V(x,y)  =V{Xeos«o  +B„amna>}  =  Vr„ 

on   the    circumference    of  the    circle    of  radius    It,    the    Solution    of 

Dirichlüt's  Problem  for  the  inferior  of  the  circle  is  given  by  the  series 

to)  F^^  +  J^  +  Jr.H--. 

For  every  term  is  harmonic,  and  therefore  the  series,  if  convergent, 
is  harmonic.  At  the  circumference  o  =  Ti,  and  the  series  takes  the 
given  values  of  F.  The  absolute  value  of  every  term  is  less  than 
the   absolute   value    of  the   corresponding  term  in  the  series  69),   in 
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virtue  of  tlie  factor        -    thcrefore    if   the    series    Ü9)    converges.    tlie 

series  70)   does   as   well.     Since    the   series   fultils   all   conditions,   by 
Dirii.tLili.'t's  principle  it  is  the   ouly   fanction  satisfying  them, 

We    may  fultil    the    outer   problem    by  means   of  harmonics    of 

negative  riegree.     Taking  n  negative,  the  series 


71) 


=  T0  +  - 


'-+  ' 


it,  takes  the  required  values  on  the  circumference,  and 
vanishes  at  infinity.  For  a  ring-shaped  area  betweeu  two  concentric 
circles,  we  may  satisfy  ihe  conditions  by  a  series  in  both  positive 
and  negative  harmonics, 


72) 


■f  ^  p—  "{A!„aosna>  +  B^amnca 


140a.  Development  in  Circular  Harmonics.    We  may  use 

the  formula  63),  §  139,  to  obtain  the  development  of  a  function  in 
a  trigonometric  series  on  tlie  eireumference  of 
a  eircle.  Let  tlie  polar  uoordiiia-tus  of  a  point 
on  tlie  eireumference  of  the  eircle  be  JR,  m  and 
of  it  point  P  within  the  eireumference  ß,  <p. 
Then  we  have  for  the  distance  between  the 
two  points 

r  =  [Bä  +  e*  -  2B  o  cos  (co  -  V)]T. 

Removing  the  faetor  li2,  inserting  .Cor  cos  (ro  —  p) 
its  value  in  exponentials,  and  separatäng  into 
factors  we  obtain 

73)  r-E[l  +  £  -  §(.'<—»>  +  «-<(—«)]  ' 

-B[(l-i^-*)(>-ä'-— )f- 

Taking  the  Iogarithm  we  may  develop 

log  (l-| .«-«) 

and 
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by  Taylor's  Theorem,  obtaining 

74)  log,-  _  logfl  -  iyi  g  («■*-»)  +  ,-«-») 

=  log  R  —  >^  — ■     cos  n  (a>  —  w). 
l'his   series   is   conyergent   if  q  <  Ü,   and  also  if  q  =  B,  unless 

SD  =  <p. 

Inserting  this  Talue  of  l.ogr  in  63),   differentiation   with  respect 
to  the  normal  Lein«'  aecording  to  —  R,  we  have 

f'-ä/  fI(i°s-b-2S00B"(,°~'')) 

Kxpaiiding  the  cosines,  we  may  take  out  from  each  term  of  the 
integral,  except  the  first,  a  factor  ßncos«<p  or  p"sinw<p,  so  that  VP 
is  developed  as  a  funetion  of  its  coordinates  p,  tp,  in  an  infinite  set'ies 
of  circular  harmonics,  the  eoefncients  of  which  are  defimte  integrala 
around  tlie  cireumference,  involving  the  peripheral  Talue  a  of  V 
and  -*—•  This  doee  not  eatahlish  the  convergence  of  the  series  on 
the  cireumference.  Admitting  the  possibility  of  the  development,  we 
may  proceeil  to  find  it  in  a  more  convenient  form.  In  order  to  do 
this  let  us  apply  the  last  equation  to  a  funetion.  Vm,  which  is  _a 
eircular  harmonic  of  degree  m.     Then  at  the  cireumference  we  have 

Vm  =  RmTm,   -^  =  -mRm-1Tm, 
and 

76)    F,(P)--8"cl",;IagJ>/r^" 

-f  ./-  S]  p"-Km~"  (~  +  l)  f?m cos«  (ro  -  <p)  da. 

The  expression  on  the  right  is  an  infinite  series  in  powers  of  p, 
while   Vm(P)  is  simply  gmTm.     As    this    equality  must   hold   for   all 
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values  of  $  less  than  i?,  the  coefficient  of  every  power   of  p   except 
the  mth  must  vanish,  and  we  have  the  important  equations 

77)  fTmeos  n(c3-(p)da  =  0,  (>»  +  «), 

78)  Tm(<p)  =  |  /Vm(o)  cos m  (m  -  <p)  <2o, 

for   all   values   of  »,  and  for  all  values  of  m  exeept  0.     Since  2'0  is 
a  constant,  we  evidently  have 


19)  Ta 


"ht  fT°da' 


These  two  important  results  can  be  very  simply  deduced  hy  direct 
Integration,  inserting  the  value  of  2',„(<a)j  but  we  have  preferred  to 
deduce  them  as  a  consequence  of  Green'«  foramla  1)3).  §  139,  in  order 
to  sbow  the  analogy  wifch  Spherical  Harmonics.  Let  us  now  suppose 
that  the  function  )-'(<»)  ean  he  develqped  in  the  eonvürgent  infinite 
trigonometric  seriös 

80)  V(a)  =  V  (A„  cos n co  +  B„  sin  w m)  =^  T„ (a>). 
Multiply  both  sides  hy  cos«i(oi  —  tp)ätd  and  integrate  from  0  to  2«. 

81)  fv(m)  cos  m  (ra  -  <p)  dco  =  2  f^ip)  cos  m  (ra  -  y)  dm. 

Every  terni  on  the  right  vanishes  exeept  the  mth  which  is  equal  to 
%Tm(if).  Aceordingly  we  find  for  the  circular  barraonie  Tm  the 
definite  integral  a» 

82)  TJjp)  =  ~  I  Fl»  cos  m  (to  -  p)  da. 

For  m  =  0,  we  must  divide  by  2. 
Writing  for  Tm(tp)  its  value 

imeosm(p  +  BmBmmrp, 
fxpiiiiiiüig    the    cosine    in    the    integral,    and    writing   the    two    terms 
,  we  obUin   lim  coefTicients 


83)        A,  =  i /V(o)  äa>     J™  =  hfV(a)  cos  moydm 
Bm  =  ±fv(p)emmiDdio 


/Google 


140  a,  141]  SPHERICAL  HARMONICS.  393 

This  form  for  the  eoefficients  was  given  by  Fourier1),  who  assuming 
that  the  developrnent  was  potisible,  was  ahle  to  rtetermine  t-lie  eoefficients. 
The  question  of  proving  that  the  developrnent  thus  found  actually 
represents  the  function,  and  the  determination  of  the  conditions  that 
the  deTelopment  shall  be  possible,  formed  one  of  the  most  important 
mathematical  questions  of  this  Century,  which  was  nrst  satisfactorily 
treated  by  Dirichlet.3)  Fov  the  füll  and  rigid  treatment  of  this 
important  subject,  the  stndent  sLould  consult  Kronecker,  Theorie  der 
einfachen  und  der  vielfachen-  'Jntc<irale.:  Picard,  Tratte  d' Analyse,  Tom.  I, 
Chap.  IX;  Riemann-Welier,  Partielle  f^iffei-eiäkügleielt-ungm:  Poincare, 
'J'hcorie  du   Vote.ni.iel  Jseidcmim?) 

141.  Splierical  Harmonics.  A  Spherieal  Harmonie  of  degree]* 
is  defined  as  a  homogeneous  harmonic  function  of  the  coordinates 
x,  y,  a  of  a  poiut  in  space,  that  is  as  a  Solution  of  the  simultaneous 


85)  xTx+Vdy  +*^-nV- 

The  general  homogeneous  function  of  degree  n 

a-nuX"  +  »n— i,öCC"-1^  +  «„_2j0#"-sy h  ao,oy" 

+  a„-1,i3T-1e  +  an-2,iX"-2iiä h  a»,iJ/"~ 

+  aa-*,sXn~a0s 1-  a^yn~ 


+  «o,««" 

contains   1  +  2  +  3 1-  «  +  1  =  ---■  2  terms.    The  sum  of  its 

second  derivatives  is  a  homogeneous  function  of  degree  »  —  2  and 
accordingly    coutains  —  -terms.     If  the   function    is    to    vanish 

ideutically,  these  '  -—  eoefficients  must  all  vanish,  so  that  there 
are  -~  —  relations  amoug  the  ^""*"  yw+— ^  eoefficients  of  a  harmouic 
of  the  ntb  degree,  leaving  2n  + 1  arbitrary  eoefficients.  The  general 
harmonic  of  degree  n  can  accordingly  be  expressed  as  a  linear  func- 
tion of  2n  +  1  independent  harmonics. 

1)  Fourier,   Tfieorir  Kuxibitlquc  de  tu  Chtileu-r,  Gimp.  IX,   1822. 

21  Dirichlet,  "Sur  la  Convorguncc  ilcs  StU-ins  TrigunomOtriques",  Crelle's 
Journal,  Bd.  4,  1829. 

3)  A  reaume  of  the  literature  is  given  bj  Sachse,  BwüfetWI  des  Scimcex 
Maijtemati<jiie$,  1880. 
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Examples.  DifTerentiatnig  tke  arbitrary  homogeneous  function, 
and  determining  tbe  coeffieients,  we  find  for  n  =  0,  1,  2,  3,  the 
following  independent  harmonics: 

n  =  Q     a  constant, 
«  =  1     x,  y,  z, 

n  =  2     x^  —  y*,     y2  —  z2,    xy,  yz,  sx, 

#  =  3     %x*y-y3,  5x20-03,  3y3x-x3,  3i/V-  s'\  'dz2x-xs,  'dn2y—yz,  xys. 
If  we  insert   sphericn]   coordinat.es  r,  %■,  rp, 


y  =  rsia9  smy, 
S  =  r  cos  & 
the  harmonic   F„  becomes 

where  Y„  is  a  homogeneous  funetion  of  tiie  fcrigonometric  functions 
cos  &,  sin  &  cos  tp,  and  sin  S-  sin  (p.  Y„  being  the  value  of  V„  on  the 
surface  of  a  sphere  of  nnit  radius,  is  called  a  surface  harmonic. 
The  equation  Y„  =  0  represents  a  eone  of  order  n,  whose  inter- 
section  with  the  sphere  gives  a  geome'.rical  represiaitamon  of  the 
harmonic    V„. 

If  u  and  v  he  any   two   uoiitimLOus  functions   of  .f.  ;/.  ,r, 


ex  ox 


>  +  K.A  +» 


86)  ^(,.)_.^,  +  ,^,  +  2^|!  +  »S||  +  |2|!). 

Put  ii  =  rm,  and  since 

...  =  mrm—i        _  h;.j'"'— -3J, 

^1|^  =  »r»-»  +  m  (m  -  2)  r —*»■, 
we  get 

87)  .rf(r-)  =  3«r— »  +  »»  (m  -  2)  r— *  (ss  +  f  +  *■) 

-»(»  +  l)r— » 
If  V„  is  a  harmonic  of  degree  >> . 

88)  <rf(r"»F»)  =  r"4Vu  +  m(m  +  1)  r— "P,, 

=  [m(m-i- 1)  +  2ffl«]rm-2F„, 
by  virtue  of  equations  84)  and  85). 
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Consequently  if  m  =  —  (2w  +1),  the  product  rmVa  is  a  harmonic, 
Since  V„  is  of  degree  n,  and  r  is  of  degree  unity  in  the  coordinntes, 
j— i»n+i)yn    {s    0f    degree    —(«  +  1).     Accordingly   to    any    spherical 

harmonic  Vn  =  r"Y„  of  degree  n  there  corresponds  another, 

v    .    .     Vn     y"    . 


of  degree  —  (n  +  1).  Compare  this  with  the  correspoiiding  property 
of  eircular  harmonics,  where  the  degrees  of  the  two  correspoiiding 
harmonics  are  egual  and  opposite. 

142.  Dirichlet's  Problem  for  Sphere.  By  means  of  these 
I.uinimti.ics  we  may  solve  Dirichlet's  problem  for  the  spliere.  Tf  a 
function  harmonic  within  a  sphere  of  radina  li  can  he  developed  at 
the  surface  in  an  infinite  series  of  surface  harmonics, 

89)  V=Y0  +  Yt  +Ta..., 
the  internal  problem  is  solved  by  the  series 

90)  V  =  Y0  +  ~  Y,  +  ^  Y3  +  •  ■  -. 

For  eacb  terra  is  harmonic,  and  therefore  the  series  90),  if  con- 
vergent,  is  harnionic.  At  the  surface  the  series  takes  the  given 
values   of  V.     Every   term   of  the  series  00)  is  less  tban  the  corre- 

sponding   tena  of  the  series  89)   in  virtue  of  the  factor  — 1>  therefore 

if  the  series  89)  converges,  the  series  90)  does  as  well.  Since  the 
series  fulfils  all  the  conditions  it  is  the  only  Solution. 

We  may  in  Iike  manner  fulfil  the  outer  problem  by  the  series 
of  harmonics  of  negative  degree,  which  vanish  at  infinity. 

For  the  space  bounded  by  two  concentrie  spheres,  we  must  use 
the  series  in  harmonics  of  positive  and  negative  degrees. 

143.  Forms  of  Spherical  Harmonics.  Before  eonsidering 
the  question  of  development  in  spherical  harmonics,  we  will  briefly 
consider  some  coneenient  forms.     Since  if 

■4V„  =  0, 
we  have 
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and  any  derivative  of  a  Harmonie  is  ifcself  a  harmonie,  so  that 

dx"  3y*  dz'       ' 
Is   a   harmonie   of  degree   «  —  (a  +  ß  +  y).     Since   to   Va  —  c   corre- 
sponds  the  harmonie  V—\  =  — ;   we  have 


3°     3<*     3'    /l\_r 

Cr,;-   c-'l'     '.'g'   \'/ 


If  7^  be  any  constant  direction  whose  direction  cosines  are 
cos  (/»!■:>')  =  71,      cos  !J\y)  —  w-j,     cos  (AyO  =  ra,, 

RA,         *3a;  1oy         1ßz 

and  jt-  I— )  is  a  harmonie  of  degree  —  2,  and  to  it  corresponds  the 
Harmonie, 

whieh  is  of  the  first  degree.  Since  l±%  +  »%s  +  %2  =  1,  the  harmonie 
contains  tivo  arbitrary  constants,  and  inultiplying  by  a  third,  A,  we 
have  the  general  harmonie  of  degree  1,  in  the  form 


94>  ^-A-'',h(l) 


If  in  like  manner  hs,  h3)  .  . .  kn,  denote  vectors  with  direction 
cosines  l2,  m2,  n2, . . .  ln,  m„,  ««. 

_3_  _S_        J/jA 
SA,  ÖA,  '"  3A„  W 

is  a  spherical  harmonie  of  degree  —  («  -f  1)  and  to  it  corresponde 

a  harmonie  of  degree  n,  and  since  every  h  introduces  two  arbitrary 
constants,  imiltiplying  by  another,  A,  gives  ua  2n  +  1,  and  we  have 
the  general  harmonie  of  degree  n  in  the  form, 

96>  r-=Akk-wß)- 

The  directions  h,,  h%, . .  .  h„  are  called  the  axes  of  the  harmonie. 
To  illustrate  the  method  of  deriving  tlie  harmonics  we  shall  find  the 
first  two. 
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7,  -  ■il'-^lj)  -  Ar'  (-  5J  -  5*  -  5|)  _  -  4  (Iz  +  »11,  +  .1«), 

—  \    1  \r&  J.S  ,.5  J-«       _/ 

,    „,   /%        ^V*       3t,aiy       S^yA 
+  «1^  -■    p  r«  h  7 

1  V?a  rs  r*  r6    )\ 

Vt  =  A{-  (lLls  +  m1m1  +  %«3)  (x*  +  y*  +  s*) 

+  3  (l^x*  4-  tnxmayi)  +  %Mä#a  +  (l,m2  +  ^m,)  #7/ 
+  (JWi«a  +  «%%)j/a  +  (%ZS  +  n^l^sx)}. 
The  coefficients  are  of  course  subject  to  the  relations 
l,2  +  m,a  +  «1*  =  1)     V  +  *%a  +  %a  =  1' 

144.    Zonal    Harmonics.      Tf  all   the   axes    of   the    harmonie 
coincide,  we  may  conveniently  take  the  axis  for  one  of  the  coonliiiate 
axes,  and  write 
97)  r„_^.+>|l(A). 

It  is  evident  that  tkis  will  contain   only  powers  of  e  and  r,  so 
tliat  the  surface  harmonic  will  be  simply  a  polynomial  in 

—  =  cos  (rs). 

The  equation  7„{Bos(rz))  =  0  may  be  shown  to  have  n  real  roots 
lying  between  1  and  —  1,  and  hence  represents  ii  circular  cones  of 
angl.es  whose  cosines  are  these  roots,  intersecting  the  surface  of  a 
sphere  in  n  parallels  of  latitude  which  divide  the  surface  into  zones. 
The  harmonics  are  tlierefore  called  Zonal  Harmonics.  The  polynotuial 
in  oaa(rg)  which  constitutes  the  zonal  surface  harmonic,  when  the 
value  of  the  constant  A  is  determincd  in  the  manner  to  be  given 
in  106),  is  called  a  Legendre's  Polynomial,  and  denoted  by 

P.  [OM  (!■«)]  = -Af+>||;{i}- 
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145,  Harmonics  in  Spherical  Coordinates.    We  have  trans- 

formed  Laplace's  Operator  itilo  spherical  coordinates  in  §  135,  and 
zJV  =  0  becomas 

If  we  put  in  this  V„  =  r"Y„  we  obtain 

99)       sin».»(»  +  l)7.+  ^{>m»§}  +  ^^--0, 

as  the  difi'erentia.l  equation  saiisfied  bv  a  surl'ace  Iiarmouic  Y.„{#,  <j>). 
This  is  the  form  of  Laplace's  equation  originally  given  liy  Laplaee.1) 
If  Y„  ia  tlia  zonal  harnionic  P„,  which  is  independent  of  tp,  we  have 

loo)        »(„+i)p„  +  i.;)f;;,{Sm»^j_o, 

or  putting 

cos*  =  n, 

ioi)  /„{(i-e')"5}  +  >»(«  +  i)-P„  =  o. 

This  is  known  as  Legendre's  Diilereutial  Kqwrtion.  We  shall 
now,  without  considering  more  in  detail  the  general  surface  harnionic, 
find  the  general  expresaion  for  the  zonal  harnionic.  It  may  he  at 
once  shown,  by  insertiug  for  /'„(jt)  a  power-series  in  ;i  and  cleter- 
mining  the  coeffi.eients,  that  for  integral  values  of  n  the  dilfereiiti.al 
equation  is  satisfied  hy  a  polynomial  in  ft.  The  form  of  tbese 
polynomials  we  shall  find  from  one  of  their  important  properties. 

146.  Development  of  Reciprocal  Distance.  We  know 
that  —,  the  reciprocal  of  the  distance  of  the  point  x,  y,  %  from  any 
fixed  point  F,  is  a  harnionic  function  of  the  coordinates  x,y,z,  and 
although  it  is  not  a  homogeneous  funetion  except  when  the  fixed 
point  is  the  origin,  it  may  always  be  developed  in  a  series  of  homo- 
geneous funetions,  that  is,  in  a  series  of  spherical  harmonics.  We 
shall  now  nse  the  lefcter  d  for  the  distance  from  any  fixed  point, 
reserving  r  for  i.lie  distance  from  the  origin.  Let  us  for  conveniencc 
take  the  axis  of  e  as  passing  thxough  the  fixed  point  P,  which  lies 
at  a  distance  r'  from  the  origin,  and  put  cos  Crs)  =  fi.    Then  we  have 

1 02)      i  _  [,■•  +  r"  -  SrrVf  "  -  [«"  +  </ +  (■'  -  '')T  l  ■ 

1)  Laplaee,  "Thi:orin  Utk  attraetions  des  sjmtkmdfis  r;t  (Je  la  fiirure  fies 
planetes."     Mein,  de  I'Aend.  de  Pari«.     Aimee  ITS'i  (publ.  1785). 
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Considering  tliie   as    a  function  of  s  let   us  develop   by  Taylor's 
Theorem, 

103)     i -f(z - r  WM  +  (- r')  (£),_+  ± (- r?  ©,_,+  ■  ■  ■ 
and  sm«  for  r'  -  0,    '  _  i,  g  -  f-  ('-), 

Now  multiplying  and  dividing  eaeh  term  by  j,B+1,  we  find 
105)  *_l(p(,+  £p1+£p>  +  ...  +  £p,,  +  ...}, 

where 

io6)  p0  — i,  p,i  =  (:ii1!)",'"+1r«(")' 

This  is  tlie  detercnination  of  the  constant  jl,  adopted  hy  Legendre, 
for  the  reason  tiiut,  siiu;e  by  tiie  bhimuial  theorem,  for  r'<  r,  and  f*=  1, 

i-7{1-7r-M1+v-+?;+-+7+'-) 

it  makes  for  every  n, 

107)  P„(l)  =  1. 
P 

The  term  -^  is  a  splierical  Imrmonic  of  degree  —  (n  + 1),  and 

tlic  her ies  105)  is  eonvergent  for  r'  <  r.    In  like  manner  if  r'>  r  we  find 

108)  J  ■=  1 |po  +  pP,  +  ~Pa  +  ■  ■  ■  +  £p«  +  •■•)■ 

In  order  to  find  P„  as  a  polynomial  in  ji  we  may  write       as 

j-[i-»?o-i)f" 

and  develop  by  the  binomial  theorem, 

109)      t_^iij";&+-')(,ff(),_0, 

Developing  the  last  factor, 
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Picking   out   all   the   terms  for  wliich  s  + 1  =  n  we  get  for  the 
eoefficient  of  f  -1 

m)      p.l—^-'^-^li^,- 

«(»-l)(»-8)(.-3)  1 

"*■   !-4(««-l)<«n-»)    **  '"J 

The  first  polynomials  have  the  values 

P.W-ipc'-l), 

?„W  -{(V-  3.»), 
P4(fi)-{(3ö,.<-3<V+3), 
P«M  =  {(63|is-TOf.,+  15,.). 

147.  Development  in  Spherical  Harmonics.     We  imv  ose 

the  formula  (>),  §  128,  for  an  internal  point,  to  obtain  the  development 
of  a  fnnction  of  &,  (p,  on  the  surfaee  of  a  sphere  in  the  sanie  manner 
as  in  §  140a  for  the  case  of  a  circle.  Since  the  polynomials  in  the 
development  of  the  reciprocal  distanee  involve  onlj-  the  cosine  of  the 
angle  between  the  radii  to  the  frxed  and  variable  points,  we  have 
if  r>  <  r, 

105)  I-SÖ'P'W  r-eo.frV), 

and  differentiiitüig  tliis   witli   respect  to  —  r,  tHe  internal  normal, 


■=//"( 


dM-ivids, 
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a.nd  appiying  it  to  the  ease  that  V  is  a  spherical  harmonic 
Vm  =  r™Ym!      ~  =  -  Mf—'r«, 

we  obtain,  since 

dS  =  r*  sin  *Ä*dy, 

118)  F„(P)  -  ijjj--  7.2  0  +  !>  £i P-  W 

If  the  coordinates  of  P  be  r',  $■',  g>',  we  have, 

F.(P)-/-r„(»',(p'), 

while  on  the  right  we  have  an  infinite  series  in  powers  of  r',  with 
definite  integrals  as  coefficients.  Since  the  equality  must  hold  foi 
all  values  of  r'  less  than  r,  we  must  have,  collecting  in  terms  in  r'* 

ffTm(»,  <p)P,(ji) Bin» d&d?>  =  0,  s^«i, 

119)  oo  ÄSn 
Ym(&'ltf)=!^^Lff Yn(fr,ip)Pt(ji)!imfrd&ä(p,        s  =  m, 

so  that  we  have  for  the  values  of  the  integral 

120)  jJYm(&,  tp)Pm(ii)fsm&d&dtp  =  ^^j  Ym(&',  ?')■ 

In  performing  the  Integration,  we  must  put  for  ft  the  value 
obtained  by  spherical   trigonometry, 

121)  (i  =  cos  (rr')  =  cos  &  cos  #'  +  sin  &  sin  *'  cos  (q>  —  fp'). 

By  means  of  the  above  integral  espressions,  119)  and  120)  we 
may  find  the  development  of  a  function  of  fl1,  93,  a-ssuminy  ikat  the 
development  is  possibü.     Suppose  we  are  to  find  the  development 

122)  f(&,  tp)  =  T0  +  Y,  +  Ys  +  ■  ■  ■  ■ 

Multiply  botb  sides  by  PH(jL)sm&d&d<p,  and  integrate  over  the 
surface  of  the  sphere  and  since  every  term  vanishes  except  the  ntb 
we  ohtain 

123)  ffffa  >p)Pn(ii)ain&d&dtp  =  ^riY„(&',  tp'), 

124)  Yn(tf,  q>')  =  —^-fffi®,  <p)  Ph  O)  sin  *  d®  <2<P- 
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Accordingly  to  find  the  value  of  any  tenn  Yn  at  any  point  F, 
(#■',  <p')  we  find  the  zonal  suH'ace  harmoni.c  wlio.se  axi.s  juisscs  th.rovigli 
the  point  P,  multiply  its  value  at  every  point  of  the  sphere   hy  the 

value  of  /  for  that  point,  hy  the  dement  of  area,  and  hy  — j ,  and 

integrate  the  pmduet  over  the  surface.  It  remains  to  show  that  the 
development  is   oossible.  that  is  that  the  sum  of  the  series 

actuaSly  represents  the  function  f(&',  <p').  This  theorem  was  demon- 
stratio! Ijy  [.iirdace,  hut  withont  sufficieni:  rigor,  afterwards  by  Poisson, 
aud  finally  in  a  rigorous  manne  i:  by  Dirichlet.  A  proof  due  to  Darboux 
is  given  by  Jordan,   Trade  d' Analyse,  Tom.  II,  p.  249  (2™e  ed.). 

148.   Development    of  the   Potential    in    Spherical    Hai- 

monics.  In  investigating  the  aetion  of  an  attracting  hody  at  a 
distiirit  point,  and  for  many  other  purposes  connected  with  geodesy 
and  astronomy,  it  is  convenient  to  develop  the  potential  function  in 
a  series  of  spherical  harmonics.  Vix,y,z  denote  the  coordinates  of 
the  attracted  point  P,  r  its  diatance  fvom  the  origin,  a,  b,  c  the  co- 
ordinates  of  the  attracting  point  Q,  r'  its  distance  from  the  origin, 
d  the  distance  betvveen  iiiem.  </V  the  element  of  volume  fit  Q,  we  have 

jSSSi« 

and  using  the  value  of   ,-  from   105),   when  r  >  r', 

which,  on  removing  the  power«  of  r  from  under  the  integral  sign«, 
is  the  required  development  in  spherical  harmonics, 

126)  V=  5  +  5  +  £-  +  ... 

wliere  the  surface  harmonics  Y„  are  the  volume  integrals 

127)  Y„-fffgr"P,(,,)d,< 

taken  over  the  space  occupiud  by  the  attracting  body.  Since  (i  enters 
into  the  integrand,  and,  according  to  121),  it  contains  the  angular 
coordinates  %-,  <p  of  P,  the  surface  harmonics  Y„  are  functions  of  5- 
and  w. 
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If  tlie  body  is  liomogeneous,  and  is  symmetrical  about  an  axis 
of  revolution,  since  V  is  independent  of  &,  tp,  it  is  evident  that  all 
the  harmonics  are  zonal,  and  we  have 

128)  r=^  +  ^  +  ^  +  - 

where  every  P„  is  the  zonal  harmonio  in  cos*. 

If  we  know  tlie  value  of  V  for  every  point  on  the  axis  of 
revolution,  so  that  we  can  develop  it  in  powers  of        as 

129)  Fi_,-.F(iO-^  +  !f +  £+■■■ 

then   putting   cos<&  =  1  in  128)   and   comp;u\ing   wil.h    1.20),   we  find 
A„  =  B„  so  that  V  is  oompl.ele.ly  determiued  as 

130)  K-^-  +  ^£ +  -;£+■■■■ 

Tf  in  addition  the  body  has  an  equatorial  plane  of  symmetry,  so 
that  F(cos#)  =  V(—  cos^),  evidently  tlie  development  will  eontain 
only  harmonies  of  evm  order.  As  a  case  of  this  we  shall  develop 
the  potential  of  a  liomogeneous  ellipsoid  of  revolution  in  §  161. 

Whether  the  body  is  liomogeneous  or  not,  we  niay  easily  obtain 
the  physieal  t>ignifie;ini;i:  of  the  first  few  terms  in  126).  For  making 
use  of  the  values  in  111)  since   jt  = —_, — —  we  have 


131)  i-'P10t)  =  <n*  +  6/+e*), 

132)  V=^JjfQdadlde  +  ^JjJQ(ax  +  by+ce)äadbdc 

+  --^  /  /  I  &{3(ax  +  by  +  cm)*  —  ri(ai  +  b*+  c*)}  äadbdc. 
There  ocour  in  the  first  three  terms  the  volume  Integrals 
/  /  I  $dadbdc  =  31,  I  I  l  $adadbdc  =  Mä. 

I  I  I  Qbdadbdc  =  Mb,  f  f  f  Qcdadbdc  =  Mc. 

fffQasdadbdc  =  B+°~A,  j'j'fi>bsdadbdc  =  -+^~B, 


j  j  }  (>c'-dadbdc  =  - — - 

/  /  I  ()bcdadbdc  =  I),  f  j  f  pca  da  db  de  =  E, 

I  I  I  QCibdadbdc  =  F, 
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where  M  is  the  mass,  ä,  b,  c  the  coordinates  of  the  eenter  of  mass, 
A,  B,  0,  D,  E,  F,  the  moments  and  produets  of  inertia  of  the  body 
at  the  origin.  If  we  choose  for  origin  the  eenter  of  mass,  and  for 
axes  the  principal  axes  of  inertia  at  that  point,  we  have 

a  =  b  =  c  =  D  =  E  =  F  =  0, 

so  that  the  second  term  of  the  developmonl.  disappears,  und  the  tliird 
simplifies ,  so  that  we  have 


In  all  these  developments,  it  is  to  bo  borne  in  mind  that  r  is 
greater   than  the   greatest   value  of  r'  for  any  point  Q   in  the  body. 

If  the  body  is  a  homoi^'neous  splmre,  all  terms  disappear  except 
the  first.  If  the  attraeted  point  is  at  a  considft.ra.ble  disl.ance  compared 
with  the  dimensions  of  the  attracting  body,  or  if  the  body  differs 
bnt  slightly  from  a  sphere,  the  terms  decrease  very  rapidly  in 
wia.gniüide,  so  that  the  first  is  by  far  the  most  important.  Thus 
under  these  cireumstanees  bodius  attract  as  if  they  were  concentratcd 
at  their  centers  of  mass,  or  were  ccit/ruhriric  (t-  125).  The  correction 
is  in  any  case  in  which  we  are  dealing  with  the  actions  of  the  planets, 
given  with  sufficient  accuracy  by  the  second  term  in  133),  from 
which  the  moments  causing  precession  were  calculated  in  §  96.  In 
§  161  we  shall  see  how  the  terms  depend  upon  the  ellipticity  of  an 
ellipsoid  of  revolution, 

149.    Applications     to     Oreodesy.      Clairaut's     Theorem. 

Altliough,  as  has  been  stated,  the  düvelopmcnt  125)  is  not  in  general 
convergent  inside  of  a  sphere  with  eenter  at  the  origin  which  just 
encloses  the  attracting  body,  on  aecount  of  the  divergence  of  the 
series  105)  when  r'  >  r,  still  it  may  oecur  that  the  Performance  of 
the  integrations  in  125)  causes  tho  latter  series  to  converge  even 
within  this  sphere.  At  any  rate  for  a  body  having  the  properties  of 
the  earth,  it  has  been  shown  by  Clairaut1),  Stokes^),  and  Helniert'1), 
that  the  series  125)  converges  at  all  points  on  the  surface  of  the 
body,  and  also  that  for  the  earth  the  two  terms  in  133)  represent 
the  attraction  with  quite  sol'ficiftiit  approximation  for  npplieations  to 
the  figure  of  the  earth.     In   order  to   exhibit  the   surface  harmonics 

1)  Clairaut,  Theorie  tk-  la  Figure  de  In  Terra,  tiraa  il.es  l'rinaipes  de 
l'Hyärostabique.    Paris,  1743. 

2)  Stotres,  "On  tbe  Variation  of  firavitj  at  the  Surface  of  the  Earth.' 
Trwns.  Cambridge  Phil  Soc,  Vol.  VIII,  1849. 

3)  Helmert,  Geodäsie.     1884. 


/Google 


148,  149]  CLAIKAUT'S  THEOREM.  405 

in    terms    of    jdi^iiIüi;    coordijiates,    Lei    ns    iutrotluce    the     geocenfcriö 
latitude  fy  =  '—  —  %  and  Longitude  9?,  in  terms  of  which 

%  —  r  cos  tj>  cos  <p,     y  —  r  cos  tf>  sin  tp,     s  —  r  sin  ip. 

The  second  term  of  133)  thus  becomes 

g-.s  [C-B+  C—2Ä)  cosäi^cosa<p  +  (C+  J.  —  2_B)  eoss  ^  sins  <p 
■f  (_ä  +  #— 2C)uiii*^] 
which,  on  putting 

,  1+C0s2<p  .    g  l-C0S2<p  „   ,  .  .    s   , 

cosBip=   —     —  ■  '     sm^y  = >     cosa  ^  =  1  —  sm2  ij>r 


In  order  to  deal  with  the  appareut  gmvity  g,  we  have  to  add 
to  V,  tJie  potentiaL  of  the  attraction  that  of  the  centrifiigaL  force,  as 
in  §  123,  73),  putting 

135)  rv'  =  \  a%(^+  V2)  =  JwVains*, 
It  ia  to  be  noticed  that  by  writing 

8in'»  =  l-^  =  |[l-P,Wj, 

136)  /F.-ioV-ioV'i'.W, 

Fc  is  itself  exhibited  as  -■■  eyh3  pLus  a  sphericaL  harmonic. 
If  we  now  write 

we   have   the  approximate   es.pressi.on  for  the  potentiaL   of  terrestrial 
gravi  ty 

137)    [r_5{l  +  ^,(l_3BmV)  +  ig=#cos>cos2T+|^co,>j. 

with 

138)  >  —  ?%■ 

If  the  surface  of  the  earth  is  an  eLIipsoid  whose  radius  veetor 
differs  at  every  point  from  that  of  a  sphere  by  a  smaLL  quantity  of 
the  first  order,  tlie  angLe  hetween  the  normal   and  the  radius  veetor 
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will  be  amall,  its    cosine  will  differ  from    unity  by  a    small    quantity 
of  the  second  order,  neglecting  whicli  we  may  put 

139)    s--r^-'?{i+8v(i-3»»'« 


Determinations  witb  the  pendulum  show  that  g  varies  very  slightly 
witli  the  iongitude,  we  may  therefore  put  B  =  A,  so  that 

HO)  U=  f  {n-~(l-3Bin8^)  +  -^coaV}' 

141)  5=^jl-f-^(l-3SinV)-;iBco8v}- 

On  a  level  surfaee,  such  as  the  surfaee  of  the  oeean  will  be  shown 
in  §  179  to  be, 

U  =  const.  =  U0 . 

For  such  a  surfaee,  eqoatioii  140)  gives,  putting  a  =  "  and  in  the 
parenthesis  svibstihiting  a  for  r,  we  obtain  the  equation  of  the  surfaee, 

142)  r  =  a[l+  -*,(1  -  3ßins«0  +  ^mb"*}  =  »(1  +^)- 

The  Substitution  of  a  for  r  is  permitted  in  the  higher  powere  because 
of  the  assumption  that  differs  from  unity  only  by  a  small  quantity  >q, 
where  Square  is  neglected,  and  thus  rm  =  am(l  +mi)).  Inserting  the 
value  of  r  from  142)  in  141),  and  approximating  in  like  manner. 

143)     !/  =  ^{l_^(l-3sinV)-S8«=o8v){l  +  U(l-3sinV) 


144)    <,  =  ^  (i  +  jp -  -k-  +  (  -jr  -  ni) «mV)' 


.  yitf 

145)  jf  =  £0  (1  +  tt  sina  #>), 

an'«'        3  7f 
=     yM    _  2a"' 


Ml:' 


The  equation   142)  is  easily  seen  to  he  that   of  an  ellipsoid    of  revo- 
lntion,  and  putting  ^  =  0,  ty  =    -  its  eemi-ases  are  found  to  he 

147,  ,._„{!+*,  +  !£},    ,,-.{l-£}- 
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Aceordiug'ly  the  ellipticity,  oe  flatteuing  {opUttiascmmt,  Abplattung), 
defined  as   the  ratio   of  the   difference   of  axes  to   tlie   greater,   is 

148>    e=\--lf-  +  £iii-l'w-n  =  lc-n- 

The  quantity  C  = — ^  is  equal  to  tlie  ratio  of  the  centrifugat  accel- 
eration  tu*«  at  the  equator  to  the  aceeleration  of  gravi  ty  --s  at  the 
same  place,  white  n  is  equal  to  the  ratio  of  the  excess  of  polar  over 

äquatorial  ü'ravity  to  the  latter.  Tims  equation  143)  gives  us  (Tairaut's 
celebrated  theo  rem, 

149)  «  +  «=/■ 


KUipUcity  of  Bea-leeel  -\- 


Talar  arai:i!y  ■  -  equalorhtt  ijmn'ty 

Equatorial  yru-cily 
ij   Ci-iilrifi'finl  'itxi'ln-aiioii  nl  equator 
2  Gravity  at  equator 


The  values  of  the  constants  in  145)  adopted  hy  Helmert  as  best 
renresenting  the  large  number  of  pendulum  observations  that  had 
been  made  up   to    1884  are  given  by 

150)  (j  =  978.00  (1  +  0.005310  sin2  <p), 

agreerng  elojjely  witli  the  fonnula  given  on  p.  33.    The  value  of  the 

centrifugal  aceeleration  is   known  from  the  lengtli  of  tlie  sidereal  iliiy- 
the  time  of  the  eartli's  rotation,  giving 


and  the   eartli's  equatorial  radius,  given  by  Be.ssel  as  0.377.397  meters. 
From  this  is  found 

e  =  0.0034672  =  ~-u 
giving  by   149) 

e  =  t  x  0.0034672  -  0.005310  =  0.0033580  =  -J^- 


remarkable  elianee  tb is  coineirtes  almost  exactly  with  the  value  given 
by  Bessel  as  tlie  result  of  measurement  of  arcs  of  meridian.  A  third 
way  of  dedueing  tlie  ollipticity  is  by  means  of  the  preeession  of  the 
(.■([iiinoxes,  which,  as  has  been  shown  in  §  96,  enables  us  to  calcnlate 
tlie  ratio  „      .         . 


from    which,    though   involving   an    assumption   as  to   the  distributiou 
of  density  in  the   earth,   the   ellipticity  may  be  derived.     Finally,  as 
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the  moon  affects  the  motion  of  the  earth,  tbe  earth  disturbs  the 
orbital  motion  of  the  moon,  which  gives  a  fourth  ineihod  o.f  olnaiiiiiig 
the  ellipticiliv,  from  which  Hclmert  gives  the  value  obtainod  froin 
the  moon's  motion  as  ■ 

150.  Potential    of  Tide-generatlng    Forces.     In   order  to 

study  the  theory  of  the  tides,  it  is  necessary  to  obtain  the  expression 
for  the  potential  of  tbe  attraction  of  a  distant  body,  such  as  the  sun 
or  moon,  considered  centrobaric,  as  a  function  of  the  geographica! 
coordinates  of  a  point  on  the  surface  of  the  eartb.  It  is  convenient 
to  consider  the  earth's  center  of  mass  reduced  to  rest  by  the  principle 
of  §  102,  according  to  which  we  impress  upon  avary  point  of  the 
earth  an  acceleration  a,  (et*,  a,j,  as)  äqual  and  opposite  to  that  im- 
pressed  upon  the  earth  by  the  distant  body.  But  this  acceleration, 
wbich  is  the  same  for  all  points  of  the  earth,  is  accovilingly  derivable 
from  a  potential 

151)  axx  +  «ii^  +  «,%  =  areoa(ar). 

But  if  m  is  the  mass  of  the  distant  body,  I)  its  distance  from  the 
rari.lv -i   center  we   have,  §  102, 


A_ceon.lingIy,  if  d  is  the  distance  of 
the  distant  body  from  the  point  P 
on  the  earth's  -surface  (Fig.  140). 
Z  the  angle  between  the  radii,  or 
the  zenitli  distance  of  the  distant 
body  at  P,  we  have  for  the  whole 
potential  at  P, 


\W1) 


'.,  cos  Z. 


Now  developing  ■  by  105)  and 
neglecting  all  but  the  first  three 
terms, 

163)     7-  £  { 1  +  §  (eos  Z)  +  '-Jf  (eos  Z) )  -  "'  cos  Z 

The  first  term  is  the  same  for  all  points  on  the  earth,  and  therefore 
may  be  neglected,  so  that  the  tide-generating  potential  is  simply 

-1) 


154) 


V  p>  (""  z~>  -~n<  — 
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On  account  of  the  third  power  Ds  iii  tlie  denominator,  the  effect  of 
the  moon  is  much  Iarger  than  that  of  the  sun,  in  spite  of  its  com- 
paratively    microscopic  mass, 

151.  Ellipaoldal   Homoeoids.    Newton'»  Theorem.     If  we 

Irausl'brn]  Lapkce's  equation  to  elliptic  coordinates  and  attempfc  to 
apply  the  methods  of  §  135  to  the  problem  of  flnding  the  potential 
of  ahomogenBoiH  nllipsoid,  we  are  at  once  confronted  with  a  d.i.i'ficulty. 
It  is  not  evident,  nor  is  it  true,  that  the  potential  is  independent  of 
twoJ  of  the  coordinates,  and 
thattheequipotential  surfaces 
are  eilipsoids. 

The  following  theorem 
was  proved  goometri  csally  by 
Newton.  A  shell  of  homo- 
geneous  matter  bounded  by 
two  similar  and  similarly 
place d  eilipsoids  eserts  no 
force  on  a  point  placed  any- 
where  within  the  cavity.  Such 
a  shell  will  he  called  an 
litl'q^'.iidid  homr.cokl 

Let  P,   Fig.  141,    he    the 
attracted  point  inside.     Since 
the  attraction  of  a  cone  of  solid 
at  its  yertex  is 


ngle  (ia>    on   a   point   of  unit  mass 


S$-S'- 


=  r<i<o 


in  one  directioj 


and 


i  have  for  an  element  of  the  homceoid  the  attraction 
rfej(BP-DP), 

äm(AP-CF) 

in  the  other,  or  in  the  direction  PP, 

äe>(BD-AG). 

Draw  a  plane  through  ABO,  and  let  ON  be  the  chord  of  the  elliptical 
section  conjugate  to  AB.    Sincc  tltu  eilipsoids  are  similar  and  simdarly 
placed,   the   same   diameter   is   conjugate   to  the   chord   CD  in  both. 
But  CD  and  AB  being  bisected  in  the  same  point, 
AC  =  BD, 

and   the   attraction   of  every  part  is   counterbalanced   by  that  of  the 
opposite  part. 
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152.    Condition    for    Infinite    Pamily    of  Equipotentials. 

Although  the  equipotentials  of  an  ellipsoid  are  not  in  general  ellipsoids, 
we  may  inqnire  whether  there  is  any  distributiou  of  mass  that  will 
have  ellipsoid*  as  eqnipoteutial  surfaees. 

Let  us  examine,  in  general,  whether   any  singly  infinite   System 
of  surfaees  depending  upon  a  parameter  q, 

F(x,y,e)q)  =  0 

ean  be  equipotcntial  surfaees.  If  so,  for  any  partieular  vahie  of  the 
Parameter  q,  V  must  be  eonstaut,  iu  otlier  words  V  is  a  functiou 
of  q  alone,  say  V—f(q).  If  x,  y,  z  are  given,  q  is  found  from 
F(x,  y,  z,  q)  =  0  and  from  that  V  from  the  preceding  equation. 

Now  in  free  space,   V  satisfies  the  equation  ^F=0.    But,  since 
V  is  a  function  of  q  only, 

7:V  _    dV   dq 

11  d"V  _  dVS'g    .    8g  g   (dV\ 

1J  dx*  ~   dq   dx°-  +  'd~xWi\dq) 


In  like  manner 


dV  c*q 


joq\°-  d"V 
Kdx)    d~q*~ 


Sy3  dq  oy*  \dy!  dq"' 
8*v  _  dVd^q  /dq\t  cPV 
Ite*  ~  ~dq  dz*  +  \di)    dg*' 


2) 

Aeeordingly 


W-o- 


n.  Aq  dq*  d   f,        dV\ 


Now   since   V  is   a  functiou  of  q  only,    the    expression   on   the 
right    must   be    a    funetion    of  q  only,   say  tp{q).      Consequently,    that 

F(x,  y,  s,  q)  =  0 

may  represent  a  set  of  equipottmtial  surfaces,  the  parameter  q  must 
be  such  that  the  ratio  of  its  second  to  the  Square  of  its  first  differ- 
ential  parameter  is  a  functiou.  on!y  of  q, 
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If  this  is  satisfied,  we  have 

'°8i,  —  /  »>(9)<iS+c> 

5)  r-Äfe-f"""dq  +  B. 

There   must   be    one    value  q   such    tliat  the  level  surface    is  a  sphere 
of  infinite  radius,  and  for  this  V  must  vanish. 

These   conditions  are  satisfied  by  the  polar  coordinate  r,   for  by 
§  141,  87) 

Ar  =  \ 

Ar        2  ,  . 

*,  — l,    ,f-,T  =  v(<), 

¥—  A  je  JT"+S 


*S*- 


n 


For  r=  oo,  we  must  have  F=0,  accordingly  we  must  put  I?=0. 
We  may  get  a  convenient  expression  for     ,,   by  transforming  Aq 
into  terms  of  thrco  orthogonal  coorclinsites,  of  which  it  is  itself  one. 
Put  q  =  qu  and  since  it  is  indepeniient  of  q%  and  §3, 

6)  ^  =  Äi^4;{M-fe}J 


_  1  Sh,  _   1   dK  _  l  8\ 

153.  Application   to   Elliptic  Coordinates.     Applying  this 
to  elliptic  coordinates  gives 
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R,        Al_d    f.        1  1/        (<.H')i»,+  '-)(=,+  ')(!— ')(,»-')(■— PK--»)         I 

;      ij      8ll    B2  K  d-rt(i-«)(«'+i>)(s*+i')(«"+c)<«,+»)<6"+»K«"+»)l 

which    is    Independeot    of   [i    and   v,    and    therefore    the   System    of 

ellipsoids  X  caii,  represont  a  family  of  eijuipotuntkl  surfaces.     We  have 

9)  ff^^-lf  {0^1  +  1^1  +  , Mdl 

=  logl/p"+i)(»,  +  l)(l!,+  l), 

e-/yi'i'"_  '     , 

10)  r-  ^  f —       *"  +  j;. 

I?  mnst  be  such  a  constant  that  when  A  =  00,  which  gives  the  infinite 
sphere,  V=0.  This  is  obtained  by  taking  the  definite  integral 
between  X  and  00, 


11)  r-A  f—       "" 

J  Vi«'  +»):»■  +  «!  (''"  +  >! 


A  being  taken  for  tlie  /y?rer  Limit,  so  that  ^  may  be  positive,  making 

V  decrease   as   X  increases.     V  is  an  elliptic  integral  in  terms  of  X, 

or  X  is  an  eihptic  function  of  V.  For 

12)  I" 


«  V(a"  +  !.)(»'  +  iMc'+l) 

13)  Ä'C^)'-{a'+X){f+X)(c'+X), 

a  difierential  equation  which  is  satisfied  by  an  elÜptie  iunetion. 
We  may  determine  the  constant  A  by  tbe  property  that 


[by  §  73,  86)] 


lim  (rV)  =  M, 

or  that 

lim  (r*-w-  )  =  —  M  cos  (rx). 

We  have 

dv 

dV  dl 
dl   dx. 

= 

A                      W8\ 

V(»i  +  1)(6»+1)(B»  +  1)  (■•+!) 

■ 

.  dV 

3.4«#X 

•■+»)V(«"+i)  (»■  +  »)  <«■+>) 
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From  the  geometnrai   deiinition  of  X, 
lim  (p)  =  1. 

Now    consider,   for   simplicity,   a   point    on   the   X-axis,    where 
!  denominator  beeoines  infinite  iE  X% ,  that  is,  r'J,  and 


6: 

=  x  = 

.  r.     The 

(1 ii 

SO 

does 

the  numerator. 

liml 

■   that 

14) 

V~ 

0(^-1    s' 


154.  Chasles's  Theorem.  We  have  now  found  the  potential 
due  to  a  mass  M  of  snch  nature  that  its  equi potential  surfaces  are 
eonfocal  ellipsoids,  but  it  remains  to  determine  the  nature  of  the 
mass.  This  may  be  varied  in  an  infinite  number  of  ways;  we  will 
attempt  to  find  an  eqnipotential  snrface  layer.  By  Green'e  theorem, 
§  129,  11),  this  will  have  the  same  mass  as  that  of  a  body  within 
it  which  would  have  the  same  potential   outside. 

If  we  find  the  requirecl  layer  on  an  äquipotential  sorface  S,  sinoe 
the  potential  is  constant  on  8,  it  mnst  be  constant  at  ail  points 
within,  or  the  layer  does  not  affect  internal  bodies. 

The  surfaee  density  must  be  given  by   10),  §  129, 

U  =  —  -  --  g    ■>  where  %i  is  the  ouiwaril.  normal  to  X, 


15)  «  —  ■tJ'-ä- 

Since  F  is  a  function  of  X  alone,  the  same  is  true  of  -=y->  which  for 
a  constant  value  of  X  is  constant.  Hence  «3  varies  on  the  ellipsoid  S 
as  dx.  Therefore  if  we  dästribute  on  the  given  ellipsoid  S  a  snrface 
layer  with  snrface  density  proportional  at  every  point  to  the  perpen- 
dicular  from  the  origin  on  the  tangent  plane  at  the  point,  this  layer 
is  equipotential,  and  all  its  equipotential  surfaces  isre  esll  i  fisoids  eonfocal 
with  it.  Consequently  if  we  distribute  on  any  one  of  a  set  of 
eonfocal  ellipsoids  a  layer  of  given  mass  whose  surfaee  density  is 
proportional    to    S     the    attraction    of   such    various    layers    at    given 
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external  points  is  the  same,  or  if  tlie  masses  differ,  is  proportional 
simuly  to  the  masses  of  the  layers.  For  it  depends  only  011  X,  which 
depends  only  ou  the  position  of  the  point  where  we  ealculate  the 
potential. 

Since  by  the  definition  of  a  homosoid,  the  normal  thickness  of 
au  infinitely  thin  homceoid  is  proportional  at  auy  point  to  the 
perpendkular  an  the  taugen  t  phme,  we  may  replace  tlie  words  mrffice 
layer,  etc.,  aboye  by  the  words  Imnof/eiie«/^  ■hfmtiettf  U/in  hom&xriä. 
The  theorem  was  given  in  this  form  by  Ohn.sles.') 

155.  Maclaurin's  Theorem.  Consider  two  confoeal  ellipsoids,  1, 
Fig.  142,  with  semi-axes  «1_}ßl>yl,  and  2,  with   semi-axes  ai;  ß2,  yv 

The  condition  of  confocality  is 

/V  =  ft*  -  7\  =  S,  say. 
If  we  now  construct  two  ellipsoids  3 
and  4  similar  respectively  to  1  and  2, 
and  whose  axes  are  in  the  same 
ratio  0  to  those  of  1  and  3,  these 
two  ellipsoids  3  and  4  are  confoeal 
(with  each  other,  though  not  with  1 
and  2).  For  the  semi-axes  of  3  are 
&a1,»ß1,&Yv  andof4  are  &%, ö#,, dy3, 
and  hence  the  condition  of  confocality, 


17)     O*«,1  -  &«{  =  4 


**&'  =  »V 


is  satiafied.  Now  if  on  3  we  di 
layer  between  3  and  another  eil; 
and  on  4  a  homceoidal  layer  gi 


stribnte  one  infinitely  thin  homceoidal 
ipsoid  for  which  #  is  increased  by  d&, 
ven  by  the  same  valnes  of  &  and  ä%. 
and  furthermore  choose  tlie  densities  such  rhat  these  two  homii'oidal 
layers  have  the  sarae  mass,  then  (ainee  tliesc  homceokls  are  eonfoinil) 
their  attractions  at  externa!  points  will  be  identical. 

Now   the   volume    of  an   ellipsoid   with  axes  a,  b,  c,  is    -%abc, 
that  of  the  inner  ellipsoid  of  the  shell  3  is  accordingly 

and  that  of  the  shell  is  the  increment  of  this  on  increasing  i>  by  <W;  or 

(vol.  %)  =  ±%%sä&alß1yl. 

(vol.  4)  =  4ad-'-d»a2ßsrs. 


Siniilarly 


I)  Chasles,  "Nouvcllc   Solution  du  prohl^mn  de   ['a.rtriwt.ioii    d'un  ellipso 
nr  im  point  exterieur.     Journal  an   IJouvillc,  t.  V.  1840. 
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Uonseqiiently,  if  we  suppose  the  ellipsoids  1  und  2  iilled  with  matter 
of  uniform  density  qx  and  pä,  the  condition  of  equal  masses  of  the 
thin  layers  3  and  4, 

4«p1d,<Z#«l/S1j'1  =  ix  fcd'nfd  ßj/Sjj-»» 

is  simply 

18)  ^«0i«Lßi?i  =  ■jfl;&«*Aj'j) 

tliat  is,  equality  of  masses  of  the  two  ellipsoids.  And  since  for  any 
two  corresponding  homieoids  such  as  3  and  4  (&  and  &  +  d&)  the 
attraction  on  outside  points  is  the  same,  the  attraction  of  the  entire 
ellipsoids  oti   externa!   points  is  the  Same. 

This  is  Maclaurin's  celehrated  theorem:  Confoeal  homogeneous 
solid  ellipsoids  of  equal  masses  attract  external  points  identically,  or 
the  attractions  of  confoeal  homogeneous  ellipsoids  at  external  points 
are  proportional  to  their  masses. ') 

156.  Potential  of  Ellipsoid.  The  potential  due  to  any 
homceoidal  layer  of  semi-axes  a,  ß,  y  is  found  to  he  from  our  preced- 
ing  expression  for  V,  14), 


where  X  is  the  greatest  root  of 
19) 


Xow  if  the  semi-axes  of  the  solid  ellipsoid  are  a,b,c,  those  of 
the  shell  a  =  da,  ß  =  &h,  y  =  9c,  we  have  M=  4x&sdfrahc,  if  the 
density  is  unity,  and 

20)      d9V=2x&1dfrabc  f-~-  ds  -=, 

where  X  is  defined  by 

211  — — 1 ■'.- 1 — —  =  i 

To  get  the  potential  of  the  whole  ellipsoid,  we  must  integrate 
for  all  the  shells     and 


22  ■■ 


V=2nabc  f&*d&  C  ds  


,  A   Treaüse  an  l'luxians. 
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Eor  every  value  of  &  there  is  one  value  of  X,  given  by  the 
cubic  21). 

Let  us  now  chauge  the  variable  s  to  t,  where,  #  being  constant; 
s  =  9st,  ds  =  93dt;  and  put  i  =  d%. 

Theu 

23)  V=  2xahc  f»d»  f  ,  d* 

where  n  is  defined  by 

241  -----  +     —     +  — -'■ =  &2 

Since  &ä  is  thus  given  as  a  uniform  funetion  of  M,  we  will  now 
cliange  the  variable  from  &  to  «. 
Differentiating  24)   by  fr, 

When  &  =  0,  u  =  so,  and  when  ■&  =  1,  u  has  a  value  which  we 
will  call  G,  defined  by 

26>  -Jl.  +  i'h  +  ^r.-1- 

Aw.ordingly.  chariging  the  variable, 

The  tliree  double  integrals  above  are  of  the  form 

28)  .J-f^ffffidt, 

where 

f(f)  -  ' 

VV  +  ')(»'  +  ')(«"  +  ') 

This  may  be  integrated  by  parts. 

Call 
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Now 


<P  (°°)  -ff<f>  <"  ~  °>    [smoe  ft»)  -  0], 


Inserting  tliese  values  in  29), 

3°)  J-Är.ffVW-f'-gg: 

or  the  variable  of  Integration  l>eing  indifferent,  we  may  put  u  for  t 
in  the  first  integral. 

Applying    tbis    to    our    integral    27),    by    putting    C   i 
equal  to  <r,  lr,  c~,   muli.iplying  by  x1,  ij-,  xl,  and  i 


3i)   r-Micfl^+^+^-J^-^-^fWd«. 

Now   the   first   three   terms   of  tbe  integrand   are,   by  definition, 
equal  to  1,  so  thai 

32)  V=*ahc  /"{l— £ -£■ -£-l  —         dV 

J    1         a»+w      ö'+«      "H«J  y(a.+«)(&'+„)  («.+„) 

Tbis  form  was  given  by  Dirichlet.1) 

If  tbe  point  #,  ?/,  2  lies  on  tbe  snrface  of  the  ellipsoid, 

then  6  =  0  and 

33)  V  =  vn.hr.  f\\— £--->*  —   X-\~        ■— ! '"- 

We  find  for  tbe  derivatives  of  P", 

5    =  —  yjtaoca:  /  _-.-__ — 


1)  Dii'iclili't,  "ClbKr  eine  neue  Mechcnlo  zur  Bestimmung  vielfacher  TtilyHi-iilt.'' 
ji&ft.  rfej-   'Berliner   Al;ad.,  1.8159.     Translated    in    Jour-n.  de  Liomiille,   t,  iv.,   18ä'J. 
WEBSTER,  Dynamics.  37 
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ßy  definitiou  of  6,  the  parenthesis  in  the  last  term  vaniahea,  and 


•■x  i  

J  CM 


i»+«)V(«,  +  «)(6M«){e8  +  «) 

■tt-  =  —  iTcabcz  I  ; — 

0  «  J   (c'  +  «)  y(a!  +  »)  (&s  +  «}  (c!  +  m) 

157.  Internal  Point.  In  the  case  of  an  internal  point,  we 
pass  through  it  an  ellipsoid  similar  to  the  given  ellipaoid,  then  by 
Newton'a  theorem  it  is  unattracted  hy  the  homceoidal  shell  without, 
and  we  may  uae  the  above  formulae  for  the  attraction,  putting  für 
a,  b,  c,  the  vahies  for  the  ellipsoid  through  x,  y,  s,  say  &a,  &b,  &c. 
Since  the  point  is  on  the  surfaee  of  this,  ö  =  0. 

35)  '^-  =  -2%&*alcx  f _      d*  

J        3s  J   (#'.H«')f(»!a'+")(W+<'){9V+11) 

Now  let  us  inaert  a  variable  u'  proportional  to  u,  u  =  fl1'»', 

36)  ^—  =  —  2x&3ahc%  /  , 

The  -91  divides  out,  and  writing  u  for  the  variable  of  iiitegriuion 

3V=_.2      j        f du         

dx  ~  %a   CXJ  (a.  +  w)y(o»+wj  (6»+«)(c«  +  «)' 

So   that  for  «ray   internal  point,   we   put  ö  =  0  in  the 
formula.     Integrating  with  reapect  to  x,  y,  s,  we  have 


3i 


r-^/ji-^ 


'1+«iy(fl,+»)(ft,+«;"(öä-i «) 


The  eonatant  term  must  be  taken  as  above  in  order  that  at  the 
surfaee  V  may  be  continuous. 

In  the  case  of  an  internal  point  the  above  four  integrals  may 
be  made  to  depend  upon  the  first.     Calling 
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881 


vV+«)iSH  »><»*+») 


«)(&»  + «>(<*'  +  «) 
and  accordingly 

The  integral  <&  is  an  elliptic  integral  independent  of  x,  y,  s,  and 

so  are  its  derivatives  witli  respeet  to  a\  'A  c*.  Calling  thuse  respec- 
,.     ,     L    M    N  , 

tiTely   ■  -i  ■■-  >  ■  :■>    ive   have 

40)  F=3iraiie|*  +  y(i^B  +  iü/y  +  .ZW) }  > 

a  sy mmetrical  function  of  tlie  second  order,  and  since  L,  M,  N  are 
of  tlie  same  sign,  the  equipotential  surfacus  are  ellipsoids,  similar  to 
each  other.  Their  relation  to  tlie  given  ellipsoid  is  however  fcrans- 
cendental,  their  semi-axes  being 

r     aw>       '     *m       v     *m 

We  have  for  the  force, 

dV  dV  SV 

Therefore,  since  for  two  poinfcs  on  the  same  radius  vector, 

^  =  ^  =  *f  ~  rf>  we  ^Ye  x~=Y~  =  ~z=rf' 

The  forces  are  parallel  and  proportional  to  the  distanee  from  the 
center,  though  not  directed  toward  the  center. 

158.  Verification  by  Differentiation.     For  an  outsido  point 
we  have,  differentiating  34) 

43)  |=? 3«»«/"- ,         ■" 

-f-  2aabcx  t—  I ,_  -I, 
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Now  by  §  73,  86), 


Forming  ^— 4-  and  -„— B-  and  adding, 


y(«-+«)(»'+»)  («■+«) 
+  ; 


)/(<■■+.)  (S-+«)(«*+«) 
The  integration  may  be  at  once  effected. 
Since 

d(M*>w)  =  Maw|  —  +  —  +— rj 


we  have 

45)     dl-  '  1 


>'«'+« 


>';..'  -i.)«."-i  »i»'  !  »M      av("'-l  '"" 


i  )..'+..Ts'+«T<+«(y(;'+»)(i'+;)V+i5 

The  integral  becomes  tiien 

ixabc 

which  cancels  the  second  term,  and  z!V=0. 
For  an  internal  point 

z/F=-4ä. 

At  infinity  ff=oo,  and  Fand  its  derivatives  aeeordingly  vanish. 
Therefore  the  value  of  V  found  satisfies  all  the  conditions. 

150.  Ivory'B  Theorem.    If  x,  y,  B  is  a  point  on  the  ellipsoid  (1) 

47)  $  +  $  +  $=1> 

the  point 

a.  6,  c, 

hes  on  the   ellipsoid  (2) 

48)  '  £  +  £  +  £_!. 
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These  wi]]    be  called  «orresponcling  points.    We  shall  now  assume 
tliat  these  two  ellipsoids  are  confocal,  and  (2)  the  smaller.     Then 

49)  a,*  =  o,'  +  X,     bf  =  V  +  X,     ct2  =  cf  4-  X. 

The  aetion  of  (2)  on  the  externa!  point  x,  y,  s  is 

50)  X.  ■ 2yxaibic.x  f r-       du     _—  ., 

where 

VT^  +  V  +  ^  +  VT^  =  *' 
and  since 

we  miist  have  fl  =  A. 

If  now  we  Substitute 


51)     Xa  =  —  ty%aJi,,c..,x 


fw 


)l/(«1ä+V)(61*+«')(c,9+«') 
Now   the   attraction   of  the   ellipsoid  (1)    on   the   interior   point 

52)     X1  =  -2y%alb1c.xa^-  f ^        du 

The  definite   Integrals   heilig  the  same  in  hoth  cases,  we  have 
X1  _  b,c, 

This  is  Ivory's  theorem:  Two  confocal  ellipsoids  of  equal  density 
each  aet  on  corresponding  points  on  the  other  with  forces  whose 
components  are  proportional  to  the  areas  of  their  principal  seetions 
normal  to  the  components.1) 

160.  Ellipsoids  of  Revolution.  For  an  ellipsoid  of  re^olution, 
the  elliptic  Integrals  reduce  to  inverse  circular  functions. 

1)  Ivory,  "On  the  attractions  of  liOTiioseiifmis  Kllipsoids."  Phil.  Trans.,  1809. 
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Put  b  =  e,  a  being  the  axis  of  revolufcion, 

54)  V-  mab'  f **" -  i  (Xx  +  Tu), 


66) 

wliere 


X-2xab'x  f — j-, 

T=-2xaVy  /" d" , 

V  (»•+»),y«'+» 


„*  +  „  _  (S>_  „>)  (J  -  l)  -  (b'-a^^fl 


du  = 


.  »P'—^ 


Wlien  u  =  oo,  s  =  0;  when  m  =  e,  s  =V ~-----,  so  that 


59)    X='l*aVx  f 'C'—')''     ;  _i! 


(6 
Now 


/'    sa<Zg      _  _    s f'_^_ 
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so  that 

61)  r=2«ö6av  /  — -.- —     ■ — 


■i^oJßy 


syu 


for  if 

fhcn 


that 

62)    y.j^^y^.yE^Hj. 

For  sin-1  1/  v3-r—  we  may  write  tan--1    1/    a  ,     ' 

tan#=]/^^- 

These  fornmlae  all  serve  for  an  oblate  spheroid,  where  a  <  6. 
For  a  prolate  spheroid,  b>  a,  they  introduce  imaginaries,  from  which 
they  may  he  cleared  as  follows. 

Call 

sin-1  (in)  =  -9-, 

then  

*«  =  sin  *,     YT+  «a  =  cos  d, 
e~ i?__  cos§-  _  (sinö'  =  -|/l  4.  j^  -|-  ■u! 
therefore 

—  j#  =  log  \y  1  +  «a  +  w}, 


Put 


-!(»«)  =  #  =  ilog{/l-|-«S  +  «}■ 

'■  \       ?/-'-;     «' 

in-1  IZ-j-j-.—  =  slog    -^ — ^-Z=^= 
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Therefc 
63) 

64) 

■re 

V  — 

X- 
Y- 

«ii  t: 

2s. 

yy 

SLi 

(log* 

y»'+«      1 

yi>=i>+l 

i, 

<«' 

-6V 

i' 

65) 

In 

IvV- 

61  (»!+«)      l0 

/..+.i 

hese 

formulae,  ff 

■+« 

is  the  larger 

root  of  the 

«     i 

quadratic 

66)  S^  +  PT-.-1- 

for  an  outside  point,  and  6  =  0  for  an  inside  point.  In  the  latter 
case,  we  have  functions  only  of  the  ratio    , -1) 

161.  Development  of  Potential  of  Ellipsoid  of  Revolution. 

We  may  develop  the  expression  58)  for  the  potential  of  an  oblate 
ellipsoid  of  revolution  in  a  series  of  spherieul  lisinrionios.  Considering 
first  a  point  on  the  axis  of  revolution,  let  ns  put 

x  =  r  >  a,    y  =  0, 

so  that  we  have  by  66),  61), 

and  using  the  tan-1  inetead  of  sin-1  in  58)  and  60),  we  obtain 
68)     F1=^erh  +  ,/-ijtan-I^^-^=l. 

Remarking   tliat  M   the   mass    of  the    ellipsoid   is  —  itab*,    and 
developing  the  antitangent,   we  have,   if  r  >  a  >  Ybs—  a1,  b1  <  2aB, 

69)  r.-ry-    '"    rii+piUv^^prf-.  rj\ 

8 Jf  [  -yi  (-  !)•   (6'-<iT       ^(-1)*  (6'-«y) 
2     (^J2,,  +  l     !*"+'  ^2»  +  «     ,.'-  +  '     I 

-g+3«-V— '-'n-°'i\1 

-ii(2»  +  l)(2«  +  3)r!"  +  ' 
1)  Thomson  and  Tait,  Nah/ti/I  J'lirlomphir,  Part  II,  §  627. 
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from  which,  by  §  148,  130),  we  obtain  finally, 

70)  V=-  +  3itf  V-^-^ ^^ 

and  tili s  series  is  convergent  for  poiuts  on  the  surface  of  the  ellipsoid 
itself,  if  b2  <  2  a2.  The  series  converges  extremely  rapidly  if  y-  differs 
Iittle  from  unity. 

162.   Energy    of   Distributions.     G-auss's   theorem.     If  a 

particle  of  unit  mass  be  at  P,  (x,  y,  e)  at  a  diatance  r  from  a  particle 
of  mass  mq,  the  work  neeessary  to  bring  the  unit  particle  from  an 
infinite  distanee  against  the  repulsion  of  the  particle  m,t  will  be 

71)  W  =  ■y"-^=YV(xl  y,  s)  =  yVp. 

If,  instead  of  a  particle  of  unit  mass,  we  have  one  of  mass  mp 
the  work  neeessary  will  be  mp  times  as  great, 

72)  Wfi  =  yn^mp  =  ympVp  =  ym,Vq, 
where  -y.       mp 

In  other  words,  tliis  is  the  amount  of  loss  of  the  potential  energy 
of  the  System  on  being  allowed  to  disperse  to  an  infinite  distanee  from 
a  distanee  apart  r.     Similarly,  for  any  two  Systems  of  particles  m-p,  mq, 

73)  Wi,«^5"?  =  r^pmfrp!  =  y^mqVq, 

Vp  being  the  potential  at  any  point  p  due  to  all  the  particles  q 
and  Vq  beiug  the  potential  at  any  point  q  due  to  all  the  particles  p. 
This  snm  is  ealled  the  mutual  potential  mergy  of  the  Systems  p  and  q, 
If  however  we  consider  all  the  particles  to  belong  to  one  System, 
we  must  write 

where  every  particle  appears  both  as  p  and  q,  the  being  put  in 
because  every  pair  would  thus  appear  twiee.  This  expression  has 
been  given  in  §  28,  36). 

If  the  Systems  are  continuously  distributed  over  volumes  r,  r' 
we  have 

75)    w„ - rffffff %*,*<. -  rfff»V *'> 


rßJo,y,ä 


/Google 


426  VIII.  NEWTONIAN  POTENTIAL  PUKCTION. 

The  theorem  expressed  by  the  equality  of  the  two  integrals  is 
known  as  Gauss's  theorem  on  mutual  energy,  where  Vp'  represents 
the  potential  at  p  due  to  the  whole  mass  Mqi  Vq,  that  at  q  due  to 
the  whole  mass  Mp}) 

The  above  equality  may  be  also  proved  as  follows.     Since 


Bild 


<,  —  ±jv„ 


the  triple  integrale  in  75)  become  respectively, 


and 


'Jff 


Vs4V,t'ärg. 


Now  since  outside  of  t,  /IV—Q  and  outside  of  t',  dV  =  0  the 
integrals  may  be  extended  to  all  Space.  But  by  Green's  theorem, 
both  tliese  integrals  are  equal  to 

irrrwir     wir     *v>r\ 

since  the  surface  integrals 

vanish  at  infinity.    Gauss's  theorem  aceordingly  follows  from  Green's 
theorem  and  Poisson's  equation. 

163.  Energy  in  terms  of  Fielet.  For  the  energy  of  any 
distribution  consisting  of  both  volume  and  surface  distributions,  the 
sum  74)  beeomes  the  integrals 

78)  w-lßr^a  +  ljjjy^. 

Now  at  a  surface  distribution  Poisson's  equation  is 


1)  Gauss,  "Allgemeine  Lehrsätze  in  Beziehung  auf  die  im  verkehrten  Yi-ir- 
hiilhiisäe  der  Entfernung  wirkenden  An^ioLungs-  und  AMüäsimfskräfte."  Werke, 
Bd.  V,  p.  197. 
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If,  as  in  §  131,  we  draw  surfaces  close  to  the  surface  distribu- 
tiona,  and  exclude  the  spaee  between  them,  we  may,  as  above,  exfcend 
the  integrals  to  all  other  space,  so  that 


79) 


*—kSSr%**-hSSS™** 


the  normals  being  from  the  surfaces  8  toward  the  space  r.     But  by 
Green's  theorem,  äs  before,  this  is  equal  to  the  integral 

80) 


w=hjfj{0'<hm'y*- 

le  energy  is  expressed  in  terms  of  the  strength  of  the  field 

"-*[®>'+®!+£f\ 

at   all    points    in    space.     This    integral  is  of  fundamental    iinportance 
in  the  modern  theory  of  electricity  and  magnetism. 

Tt  is  at  once  seen  that  this  ahvays  Lias  the  sign  of  y,  so  that  it  is 
positive   for    electrical    or   magnetic,    negative    for    gravitational   dis- 

mbarions. 


OHÄPTEß  IX. 

DYNAMICS  OF  DEFORMABLE  BODIES. 

164.  Kinematics.  Homogeiieous  Strain.  We  have  now 
to  consider  the  kinematics  of  a  body  that  is  not  rigid,  that  is,  one 
whose  various  points  are  capable  of  displaccment*  relatively  to  eaeh 
other.  In  the  general  displacement  of  such  a  body  every  point  x,  y,  z 
moves  to  a  new  position  x',  y',  z',  so  that  x',  y',  z'  are  uniform  func- 
tions  of  x,  y,  s.  The  functions  must  also  be  continuous,  that  is,  two 
points  infinitely  near  together  remain  infinitoly  noar  toyether,  unless 
rnptnres  occur  in  the  body. 

The  assemblage  of  relative  displacements  of  all  the  points  is 
called  a  strain.  The  sioiplest  »ort  of  strain  is  given  when  the  func- 
tions are  linear,  that  is, 

x'  =  atx  +  a^y  +  a^z, 
1)  y'  =  hyX  4-  b$y  4-  2>3s, 

z'  =  e^x  +  c^y  +  csz, 
where  the  a's,  b's  and  c's  are  nine  constants. 
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No  constant  terms  are  mclurled  he  cause  a  displacement  r 
by  x'  =  a,  y'  =  &,  #'  =  c,  would  denote  a  translation  of  the  body  as 
if  rigid,   which   is  unaccompanied  by  relative  displacement   or  strain. 

Let  the  solutions  of  the  equations  1),   which  we  shall  term  the 
direct  Substitution,  he 

x  =  Älx'  +Ssy'  +  Cxz', 
2)  y^A.x'  +  B.y'  +  C^',      . 

z  =  Ä^x'  +  Bty'  +  Gte\ 


wllfi'P 


A  =  \ 


K  V 


H--^r,     etc. 


\  C,,  Cs  | 

ai!     a2>      a'i  |  "4t  7     -Aj     Cl  ' 

^= k,  &s,  6* L    <*'  =  A,  Ä,  Cs  ■ 
|  clf   %,  e,\  Ä3,  B3,  C?i 

A  strain  represented  by  the  equations  1)  is  said  to  he  komogen&ms. 
If  the  acmited  letters  denote  initial  positions,  and  the  unaccented 
letters  final  positions,  the  strain  represented  by  equations  2)  is  said 
to  be  inverse  to  the  first  strain. 

In  virtue  of  equations  I)  or  2)  a  linear  relation  between  x,  y,  e 
beeomes  a  linear  relation  between  x',  y',  z'.  Accordingly  in  a  homo- 
geneous  strain  a  plane  remains  a  plane,  and  a  straight  line,  being 
the  intersection  of  two  planes,  remains  a  straight  line.  Finite  points 
remain  finite,  sinee  the  eoefficients  are  finite,  accordingly  parallel 
lines,  intersecting  at  infinity  remain  parallel.  Parallelograms  remain 
parallelograms  (Iheir  angles  heilig  in  gen  er  a]  changed),  and  therefore 
the  changes  of  length  eiiperienced  by  equal  parallel  lines  are  equal, 
and  for  unequal  parallel  lines  proportional  to  their  lengths.  Thus 
any  portion  of  the  body  experiences  the  same  change  of  size  and 
sbape  as  any  equal  and  sim.ilarly  placed  portion  at  any  other  parfc 
of  the  body.  This  is  the  meaning  of  the  term  homogeneous,  which 
signifies  alike  all  over. 

When  two  vectors  OP  of  length  r  and  OP'  of  length  r'  drawn 
from  the  same  origin  are  so  related  that  their  respective  components 
X,  y,  Z,  x',  y',  s'  are  connected  hy  the  equations  1)  or  their  equi- 
valents  2)  either  vector  is  said  to  be  a  linear  rixior  fanetion  of  the 
other.  The  properties  of  such  linear  fimetions  are  pf  great  importance 
in  mathemati  cal  pliysics,  and  will  now  be  taken  up  before  their 
application  to  strain. 
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Let  us  examine  tlie  conditions  that  the  two  Yeetors  OP  and  Ol" 
shall  have  the  same  direetion.     The  condition  for  this  is 

3)  -  =  ^  =  -  =  X, 

where  X  is  to  be  determined.  Introducing  the  vnlues  x'  =  Xx,  y'  =  Xy, 
0'  =  Xz  into  eqoations  1)  we  obtain 

(«!  —  l)x  -f  asy  +  «3  s  =  0, 

4)  bLx+(ba-X)y  +  lsz  =  0! 
c1x  +  ciy  +  (ca~X)0  =  O, 

a  aet  of  linear  equations  to  determine  x,  y,  s.  The  condition  that 
these  shall  he  compatible  is  that  the  determinant  of  the  eoei'ti.eients 
vanishes. 

«j  —  X,       ffls     ,      ft,      j 

5)  fc,     ,   b2  -  ).,      b%      |  =  0. 


This  is  a  cnbic  in  X.  Let  its  roots  be  klt  Xs,  Xs.  Inserting  any 
one  of  these  in  4)  we  may  find  the  ratios  of  x,  y,  z  giving  the 
direetion  of  the  vectors  in  question. 

Supposing  that  Xu  Xit  X&  are  real,  let  us  find  the  condition  that 
the  three  directions  are  mutually  perpendicular, 

Substituting  first  l .==  Xt  and  then  X  =  X-.s  in  1)  and  3),  we  have, 
denotiug  the  values  of  x,  y,  z  by  corresponding  subscripts, 

alx1  -\-  a2yx  +  ais1  =  Xlxl, 

c^  +  ciy1  +  cisl  =  X1s1, 

a^x2  +  <-hVz  +  aA  —X*x2, 
htx2  +  l)2y2  +  btz2  =  Xiiji, 
CLX2  -f  CgJ/j  +  c3z2  =  X*z2. 

Hultiplying  the  first  three  rcspectively  by  ;/:,.  ■)/.,,  ,i\2  and  addiug,  and 
subtracting  the  sum  of  the  last  three  multiplied  respectively  by 
xt,  yu  s±,  we  obtain 

=  C-*i  -  *a)  (#1 "h  +  yiVi  +  Zi 3i\ 
The  condition  for  perpendicularity  of  ri}  rs  is 
x,x,  +  yly2  +  81so  =  0. 
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Accordingly  the  left-hand  member  of  7)  must  vanish.  If  r3  is 
perpendicular  to  r%rs  its  coordinates  must  be  proportional  to  their 
vector-product.     Thus  we  may  write  7)  as 

8)  (e,  -  bs)  x,  ■+  (a,  -  c,)  y,  +  (h  -  <h)  g,  =  0. 
Inasmuch   as   the   order   of  suffixes  1,  2,  3   is  indifferent,   if  the 

three  vectors  rj,  r2,rs  are  to  be  mutually  perpendicular,  equation  8J 
must  be  Batisfied  by  the  components  of  all  three.  This  ean  be  true 
only  if  we  have 

c3  =  ba,    a,s  =  clt     b%  =  Of, 

that  is,  the  detevminants  of  the  snbstitutions  1)  and  2)  are  symmetrical. 
In  this  case  the  linear  vector- function  is  said  to  be  seif-  conjugate, 
and  a  strain  represented  by  such  a  function  is  called   a  pure  strahl. 

165.    Seif- conjugate   Functions.     Pure    Strain.     We    will 

consider    this    important    case    in    detail.     Adopting    a    symmetrical 

notation,  let  us  write  ,  ,   , 

x'  =  ax-\-  hy  +  gut, 

9)  y'  =  hx  +  by  +  fz, 
B<  =  gx  +  fy+  es. 

If  by  95  we  denote  the  homogeneons  qnadratic  function 

10)  (p  =  axs  +  by2  +  css  +  2fys  +  2ysx  +  2hxy, 
equations  9)  may  be  written 


!., 


*    =»TSZ>      V    =«^T.' 


so  that  the  vector  OP'  (Fig.  143)  is  parallel 
to  the  normal  at  the  point  P,  whose  eo- 
ordinates  are  x,  y,  B,  lying  on  the  quadric 
(p  =  +  Ba,  whore  R  is  a  constant  introilucecf 
merely  for  the  sake  of  homogeneity.  In 
like  manner  calling 

11)     y'  =  Ax'a  +  By"  +  Ce'* 

+  2Fy's'  +  2Gx'z'  +  2Hx<y\ 
equations  2)  are 
Äx'  +  Ey'  +  G-s'  =^  Yrf' 


12) 


y  =  Hx'  +  By'  4-  Fe' 


1  dtf 


-Gx'+  Fy'  +  C*'-jSf-. 


so  that  OP  is  parallel  to  the  normal 
x',  y',  g',  a  point  on  the  quadric  y'  =  ± 


at  P',   wliufcf   coor'liiüih^  f 
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By  means  of  either  of  the  quadrics  tp  and  <p'  we  may  thus 
obtain  the  mutual  directional  relations  of  eveiy  pair  of  vectors 
OP,  OP'  drawn  from  tlie  origin,  the  relation  being  that  of  radius 
veetor  and  normal  at  a  given  point,  and  reciprocal  with  respeet  to 
the  two  quadrics. 

We  see  that  in  the  application  to  strain  any  point  P  lying  on 
the  quadric  tp  =  +  B?  is  displaced  to  a  point  P'  on  the  quadric 
<p'  =  ±  R2. 

If  we  call  the  feet  of  the  perpendieulars  from  the  origin  on  the 
tangent  planes  at  P  and  P1  respectively  Q  and  Q'  and  write  p  and  p' 
for  the  lengths  OQ  and  OQ'  we  have 

p  =  rco»K)=(a:iC,+y/  +  g^ 

p  =  r  cos  (rr  )  =  '       '      -- '-     '> 
so  that 

14)  pr'  =p'r  =  xx'  +  yy'  +  ssss' 

l  /    dtp   .      Sw   ,      d<v\ 

-*(x  W  +  »   df  +  *    Z)  -<P'-±B'. 

The  quadrics  q>  and  tp'  are  then  said  to  be  reciprocal  to  each 
other  with  respeet  to  a  sphere  of  radius  B.  Since  for  the  axes  of 
the  quadrie  p  =  r  and  #'  =  »*',  we  have  the  relation  between  the  axes, 

15)  rr'  =  ±  Es, 

so  that  the  axes  of  reciprocal  quadrics  are  inversely  proportional. 

Since  all  lines  in  the  same  direetion  are  stretehed  in  the  same 
ratio  a  line  OS  of  length  p  =  S  in  the  direetion  of  OP  is  strained 
into  a  line  OS'  of  length  y'  in  the  direetion  OP',  so  that 

Now  if  ti,  ßt  y  and  a',  ß!,  y!  are  the  direetion  cosines  of  OP  and 
OP'  respectively,  equations  9)  and  12)  may  be  written,  when  divided 
tlirough  by  r  and  r'  respectively, 

'^a'-aa  +  kß  +  gy, 

17)  ^ß<  -  ft«  +-  iß  +  fr, 

-r'—g«+  fß  +  n, 
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j«-  Aa'  +  Hß'  +<?/, 

18)  pjj  — i/«'+ -B/)'  +  -Fr', 

^r-ff«' +  f/i' +  0-/'. 

S'iniiivug  and  adding  18)  we  have 

19)  (7)*-  |i  -  IA"'  +  -EfC  +  <V)'  +  (#«'  +  -B0'  +  *V')' 

+  (<?«'  +  2?/S'  +  Cy)». 
If  now  the  coordinates  ot'  S  and  $'  are  |,  T;,  £  and  §',  ij',  £', 

.  £  =  e«  ,     y  =  eß  ,    £  =  pr  . 

£'  =  yV,    r/  =  i>'ß',   £'  =  t>Y. 

and  the  equation  19)  beeomes  on  mnltiplication  by  o'3 
21)     1/  =  (AV  +  Hn>  +  G{'f  +  (Hf  +  Br,<  +  Ft'f 

+  (er  +  *y  +  Cij  -  s>. 

Consequently  points  originally  situated  on  the  sphore, 

e2  =  i3  +  i?8  +  S2  =  Sa, 
lie  after  the  displacement  on  the  stra in -ellipsoid  ^'  =  SB.  The  quadric  t/' 
must  he  an  ellipsoid  because  every  j>oint  on  it  is  iinite. 

In  like  manner  if  we  find  the  locus  of  points  on  OP  at  such 
rlistauees  from  the  origin  that  after  the  strain  they  lie  on  a  sphere, 
p's  =  I'*  -j-  £'s  =  S\  we  have  corresponding  to  16), 

22)  l-'r 

and   from   the  equations  17)   we   find   in  like  manner  that  the  I 
on  which  the  points  lay  before  the  strain  is  the  inverse  strain-el 

23)  1>  =  (a£  +  hv  +  gg)3  +  (H  +  hii  +  ft)*  +  (gt  +  fr)  +  c$y  =  S>. 

It  is  evident  that  the  axes  of  the  four  quadrics  <p,  <p',  tp,  ip'  coineide 
in  direction. 

Multiplying  together  16)  and  22)  we  obtain 

24)  qq'^S*, 

and,  sinee  the  directions  of  p  and  q'  coineide  for  the  axes  of  either 
ellipsoid,  we  see  that  the  ellipsoids  are  reeiprocal  with  respect  to  a 
sphere  of  radius  S.  Multiplying  15)  by  16)  and  22)  respectively  we 
get  for  the  axial  directions, 

2fii  "'-—  r-.     1  =  — , 
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that  ia,  the  axes  of  tlie  ellipsoids  ip,  if>'  are  proportional  to  tlie  Squares 
of  the  axes  of  the  quadrics  q>  and  <p'.  By  means  of  either  pair  of 
quadrics  (p,  i^,  or  <p',  ijj'7  we  get  a  complete  representation  of  the  linear 
vector  function,  the  riireef.ional  relations  being  given  by  <p  or  q>'  as 
above  described,  the  quantitative   relatlon*  by  p  or   0'  (Fig.  144). 

Either  quadric  has  three  principal  axes  given  by  tlie  three  real 
roots  of  the  determinantal  cuhic.  These  are  called  the  principal  axes 
of  the  strain.  Conjugiite  diameters  remain  conjugate,  since  parallel 
lines  remain  parallel  and  bisected  by  corresponding  lines.  Accordingly 
the  principal  axes  of  the  strain- eliipsoid  must  have  been  before  the 
strain  conjngiit.fi  ilianiüters  of  a  sphere,  and  therefore  mutually 
perpendicular.  As  fche  axes  of  the  ellipsoid  are  the  only  set  of 
mutually  perpendicular  conjugate  diameters,  there  is  no  other  set  of 
mutually  perpendicular  liues  which  remain  so  after  the  strain. 


The  equation  5)  to  determine  the  direetion  of  lines  which 
maintain  their  direetion  after  the  strain  becomes  for  pure  strain, 
represunted  by  equations  9),  the  duterininaittiil  equation  for  the  axes 
of  the  quadric  tp.  We  have  shown  in  Note  IV  that  fchis  equation 
always  has  three  real  roots  and  that  the  coiTcsponding  directions  are 
mutually  perpendicular.  Thus  tlie  axes  of  a  pure  strain  have  their 
directions  unaltered  by  the  strain.  A  pure  strain  is  therefore  called 
irrotaUonal.  (1t  is  to  be  noted  that  the  axes  are  the  only  lines  which 
are  not  rotated.) 

If  the  quadrics  are  referred  to  their  principal  axes  the  equations 
assume  the  following  simple  forms  from  which  the  geometrical  rela- 
tions  are  easily  seen, 

Webstee,  Dynu&ita.  28 
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11») 

9.) 


12  a) 
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tp  =  a3?  +  bya  +  es2, 
/-V  +  f  +  f' 


ai' 

- 

-||   = 

=  OiCj 

»' 

~- 

~Ty~ 

=  &*/> 

«' 

-- 

-|f  = 

-«, 

£E 

-- 

~äF  = 

■V 

» 

-- 

8j/  " 

6 

, 

=   _ 

_<w  = 

_*. 

23  a) 

t-a't'-H'v'  +  o't', 

21a)                              ^- £  +  £  +  £■ 

In  the  cubic  for  the  axes  of  cp, 

a  —  l,       h    ,      g 

26) 

h    ,1  —  1,      f      —  0, 

g   ,     f  ,  o  — 1| 

the  three  roots  are  proportional  to  the  Squares  of  the 

tlie  semi-axes  (Note  IV), 

27)               i,-J,  i,-%.  ;,-*■ 

Now  by  25),  and  24) 

nn\                       M               S              Q1               JX                jS               Q»              Jl                S 

and  theröfore 

29)              1,1,1,- 

p,'  ps'  p3'        r.uhime.   of  ,<lrain  -e'iiiiHuid 
S'                       vohime  of  stoliere 

But  the  product  of  the  roots  X^i^i^  is  equal  to  the  constant  term  in 

1.1  ju  eultit:  ~3(j).  that  is, 

a,  h,  <j 

30)  Mi*a  —    h,1)>f' 

9,    f,  " 

The  determiuant  of  tlie  coefficients  of  the  Substitution  9)  accordingly 
represents  the  ratio  of  expausion,  and  since  parallel  lines  are  stretched 
in  the  same  ratio,  the  ratio  of  expausion  of  volume  -~  is  everywhere 
the  same. 
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166.  Rotation.  Let  us  return  to  the  case  of  the  gener al 
homogeneous  strain  given  by  equations  1)  and  let  us  find  the  condi- 
tion  that  all  points  situated  before  the  strain  on  a  sphere  with  center 
at  the  origin  remain  on  the  sarae  sphere  after  the  strain. 

The  condition 

x<2    _|_    y<t    _|_    gH    =    X2    _|_    y*    _j_    gl 

giyes 

31)  (atx  +  a,y  +  a^zf  +  (i±x  +  \y  +  bzsf 

+  (c,*  +  c.2y  +  c^f  =  x*  +  yä  +  ü', 

which  being  true  for  all  values  of  x,  y,  s  necessitates  the  equality  of 
the  coefficients  of  corresponding  sqares  and  products  on  both  sides 
of  the  equation,  that  is, 

V  +  V  +  Ci*  =  1» 

32)  as2  +  V  -f  V  =  1, 

V  +  V  +  V  =  1, 
«ja2  +  &a  &2  +  c±c%  =  0, 

33)  «3  aB  +  b-i  63  +  Cg  Cj  ==  0, 
»3«!  +  &3&1  +  c$ci  =  0. 

Equations  32)  show  that  a,  b,  c  with  the  same  suffix  are  direction- 
cosines  of  a  line,  equations  33)  show  that  the  three  lines  are  mutually 
perpendieular,  in  other  words,  the  equations  of  strain  are  merely 
those  of  transformation  of  coordinates,  and  the  result  of  the  strain 
is  merely  a  rotation  of  the  body  as  if  rigid. 

Let  ns  obfcain  the  analytical  espression  for  an  infinitesimal 
rotation  about  an  asis.  Let  the  direction-cosinea  of  the  axis  be 
X,li,v  and  the  angle  of  rotation  be  dei.  Since  we  have  proved  in 
§  57  that  infinitesimal  rotations  raay  be  resolved  like  vectors  and 
treated  like  angular  velocities,   we  liave  "the   components  of  rotation, 

from    which   by    equations  119),  §  76,   we    obtain    the    infinitesimal 


$'  —  x=-  dx  =  smv  —  ym1=(gfi  —  yv)6tai 

35)  y'  —  y  =  Sy  =  xto,  —  gcax  =  (xv  —  sX)  dm. 
a'  —  s  =  Ss  =  ymx  —  #»„  =  (j/A  —  %ii)dm. 

From  this  we  obtain  the  Substitution  for  the  rotation  considered 

as  a  strain,  ,       ,  ,  B 

'  x  =  1  -  x  —  wo)  •  y  +  ftooj  -  e, 

36)  y'  =  vom  ■  X  +  1  ■  y  —  Um  ■  8, 
g'  =-  (td'm  ■$+  Xdo  -y+l-g. 
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The  determinant  of  the  Substitution,  is  skew  symmetrical. 
The  ratio  of  expansion  is 


which  is  equal  to  1  plus  terms  iuvolving  tJwa  which  are  negli^ible. 
agreeing  witb  Ihn  re*ult  rLat  rutsuum  a~  a  ri^id  i»h!v  is  uiiiicrujutiaiiied 
by  change  of  volume. 

167.  General  Small  Strain.  We  sliall  now  consider  small 
strains  in  general,  that  is,  strains  in  which  the  displacements  of  all 
points  are  small  quantities  whose  Squares  and  produets  may  be 
neglected. 

Let  the  eomponents  of  the  displacenumts  or  slvifts  be 

38)  x'  —  x  =  u,     y'  —  y  =  v,     3'  —  s  =  w, 

so  that  if  we  now  write  the  coefficients  of  the  strain  as 
t1  =  (1  4  o,^)x  4-  a„y  -\-  as&, 

39)  y'  =  blx  +  (l  +  ls)y  +  l3z, 
«'  =  e1z  4-  Ca«/  4-  (1  4-  c3)z, 

we  have  the  shifts  given  by  the  Substitution 

m  =  atx  +  a^y  4-  «3s, 

40)  v  =  \x  +  \y  4-  bzs, 
w  =  ctx  +  cäj/  4-  egg, 

and  if  the  a's,  b's  and  e's  are  small,  «,  v,  tv  will  be  small  quantities 
of  the  same  order.     The  ratio  of  dilatation  is  by  30) 

1 1  4-  «„      fflg    ,      as 

41)  Vv=\      Jh     ,1  +  b,,      \     !  =  (l4-r-0(l+^)(l  +  C3) 

cs     ,       c,j    ,  1  4-  Cg  I 
4-  terms  of  higher  order, 
=  14-a14-6a4-ca4-  terms  of  higher  order. 
The  quantity 

42)  z^z_«,1  +  6,  +  c, 

is  the  increment  of  volume  per  unit  volume,  and  will  be  referred  to 
simply  as  the  dilatation  and  denoted  by  6. 
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Suppose   two   small   strains  take  place   suceessively  according  to 
the  equations  39)  for  the  first-,  and 

sc"  =  (1  +  O  »'  +  «aV'  +  «8»', 

43)  y"-ft*'  +  (i +  &)*'  +  &*'» 

*"  =  n*'  +  yay'  +  (i  +  r3)  s'> 

for  the  second. 

Substituting   the   values  of  x',  y',  z'  from  39)  in  48)   «e  obtain 

■  a+  (1  +  bO^  ?  +  (l  +  «i)ö»]ß 
+  «,(1  +  6,)      +  «,&, 
+  «sCa  +  «s  (1  +  c3)  | 


s'-Ci  +  .OCi+oO 
+  «2  fr, 


.Nf^'li.'cting  terms  of  the  second  order  we  obtain  the  equations  of  the 
resnltant  strain 

*"_  (14  «,  +  «,>+(»,  +  «,)>/        +(o,  +  «,)2       , 

44)  j,"_(6,  +  ft)a:        +  (1  +  6,  +  ft,)  y  +  (6,  +  ft)  >       , 

»"-(«,  +  )•,>      +fe  +  ra1»       +(i  +  «, +)-.)», 

and  for  the  resultant  sliifts 

«-(«,  +  «,)  .1  +  («;  +  «,)?/  +  (o,  +  «,)  0, 

45)  »-(&,+  ft)  I  +  (!.,  +  A) »  +  (6,  +  ft)  f , 

«■"  -  fe  +  rO  *  +  ('*  +n)s  +  («.  +  r.) «. 

that  is,  suecessive  unatt  strains  are  compounded  by  addfng  their 
shifts.  This  important  proposition  enables  ns  eonveniently  to  resolve 
small  strains  into  Ivpes  alveady  stndied.  l'lverv  small  strain  represented 
by  equations  40)  cau  be  writteu  by  addition  and  subtraction  of 
equal  terms 

«  -  a,n  +  i(a,  +  bt)y  +  i(o,  +  c,)s 

+  |("l-»i)ü  +  |("j-«i)». 

v-j(h  +  a,)x  +  h,,j  +  i(S,  +«,)» 
46) 

+  8(5,-».)*  +|(i,~«.)«, 

«  -  {fe  +  <■>)*  +  Ife  +  W»  +  =i* 
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Accordicgly  we  may  write  the  strain  as  the  resultant  of  two, 

U  =  Uy  +  Mg,       V  =  Vi-\-  Vit      W  =  %  +  Ws, 

where 

«j  =  «!»  +  g  (a,  +  60  y  +  -g  K  +  ci)  #> 

47)  >h  =  ^  fo  +  bl)(E  +  bay  +  j(bs-h  e,)  s, 
wx  =  j(as  +  c1)x+^ (63  +  cs)  */  +  e3s, 

denoting  a  pure  strain,  and 

48)  «3  =  ^  &-«*)* -!&-&>, 

Wa  =  |  (<!,  -  &g)  y  -  ä  (»8  -  *1>I 

denoting  a  rotation  o  whose  components  are 

49)  «»-1(1,-0. 

Thus   every   smalt   strain   may  be  resolved  into    a  pure  strain  and  a 
rotation. 

In  order  to  bring  ont  the  symmetry  let  us  write  the  pure  strain 

ut  =  sxx  4-  g.y  +  M» 

50)  vY  =  #,#  +  s,,»/  +  <fe£, 

where 

öl)       S.-ife+W,     »»-{(«a  +  O,     ,?.-|(«>  +  i>i), 

Thus  the  sin  cpiantities  g  and  co  are  respectively  the  half  sums 
and  half  differences  of  shift-coefficients  symmetrical  about  the  main 
diagonal.1) 

1)  In  the  usual  uotation  the  g's  are  defined  an  the  aboye  sums  without  the 
uocfficiont  -Q  -  as  stated  bj  Todhunter  and  Pearson,  A  Hütary  of  Elasticity  and 
Sfrciit/th   of  Mnferinh.,  Vol.  1,  p.  »83.   "The   Lidvantage   lvhich   would    arise   from 
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The  general  small  strain  is  accordingly  completely  defined  by 
the  nine  small  coefficients, 

sx,  sv,  8„  g«,  g,j,  g„  cox,  <n„  at,. 

168.  Simple  Strains.  Stretches  and  Shears.  The  pure 
strain  50)  may  "be  resolved  into  two  parts 

(a)  (b) 

V  =  sxx,  «,"  =  0  +  g.y  +  gyz, 

52)  «t'— «fVj  v1"=g,x  +   0    +gm§, 
ivi  =■  s,  s,                   eu,"  =  gvx  +  gxy  +   0  . 

A  strain  whose  equations  contain  but  a  single  constant  is  called  a 
simple  strain.  Thus  we  may  resolve  the  strain  (a)  into  three  simple 
strains  of  which  the  first  is  given  by 

u  =  Sxx,  i)  =  0,  w  =  0. 
This  represents  a  displacement  in  which  each  point  is  shifted  parallel 
to  the  #-axis  through  a  distauce  proportional  to  its  x  coordinate. 
Such  a  displacement  is  called  a  streich.  The  constant  Sx  represents 
the  distance  moved  by  a  plane  at  unit  distance  from  the  y^f- plane 
and  measures  the  magnitude  of  the  stretch  or  the  linear  expansion 
per  unit  length.     If  s  is  negative  the  stretch  becomes  a  squeeze. 

The  strain  (a)  accordingly  represents  the  resultant  of  three 
simple  strains,  namely  stretches,  of  different  amounts  in  fche  directions 
of  the  coordinate  axes,  which  are  evidently  the  ax.es  of  the  strain. 
The  semi-axes  of  the  strain- ellipsoid  are  1  +  sx,  1  +  s„,  1  +  s,  and 
its  equation 

(rf^'  +  trtgä  +  frr^jä-1. 

or  neglecting  Squares  of  small  quantities, 

(1  -  2sx)x*  +  (1  -  2^)2,*  +  (1  -  8«.)f«  -  1. 
The  dilatation  is  by  42) 

53)  a  =  8x  +  ss  +  st. 

Obviously  we  can  have  ff  =  0  if  at  least  one  of  the  stretches  is 
replaced  by  a  squeeze.     If  the  three  s's  are  equal  we  have  a  simple 


intvoiiueing  the  —  into  the  slides  in  tlms  obvious",  and  we  have  thcvel'oce  so 
intrüiluced  it,  altlioiigh  lo  tlicm  "it  seetued  too  gveat  an  inteiTerence  with  the 
ncai'h-  ffenurül  unätom."  Wo  have  also  inlrodnoiul  a  single  suinx,  gv,  instoart 
of  the   more    usual    double    suftix    notation.   ya,.   fecling   tliat    the    hrevity    and 

iii:u.loi;-y   wH'ii   ar  thus   pirim:d  j  r.stil:  (S  th.:    chaiifru. 
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strahl  knowii  as  a  uniform  Expansion  for  which  tue  strain  DÜipsoid 
h  a  sphere  and  the  dilatation  <?  =  3s. 

The  part  (b)  of  the  pure  strain  represents  a  strahl  which,  Sike 
a  rotation,  is  unaccompanied  by  a  dilatation,  but  which  differs  from 
a  rotation  in  that  it  involves  a  change  of  form.  We  shall  consider 
it,  as  we  have  the  part  (a)  in  three  parts. 

In  the  first, 


m9*V, 


=  0, 


every  point  is  shifted  in  the  X  direetion  through  a  distance  pro- 
portional to  its  distance  from  the  X^-plane,  while  it  is  shifted 
in  the  Y  direetion  through  a  distance  proportional  to  its  distance 
from  the  Z".Z-plane.  Points  at 
unit  distance  from  the  two 
mimed  planes  are  shifted  both 
ways  hy  the  same  amount  g„ 
so  that  the  new  positions  of 
the  planes  XZ,  YZ  make 
with  the  old  angles  whose 
tangents  or  sines  are  equal 
to  g,. 

The  square  OAOB  (Fig.  145) 
becoines  tbe  rhombus  OA'C'B', 
which  is  symmetrical  ahout 
the  diagonal  OC  bisecting  the 
angle  XOY.  The  diagonals 
AB  and  OC  maintain  their 
directions  unehanged,  and  are 
of  the  strahl,  the  axis  OZ  heing  the 
OC  is 


m — ff' 

Gkr-~"~~~ 

IM 

$~~ 

D                 E 

n'.'(:()i\liiigly   two   of  tbe   t 
third.     The  streich  -  ratio   i 


00' -OC       CC 


C"C 


OB  ' 


The  streich   along   the 


-  =  -?.- 


00  OC  —  BC  ' 

as  may  be  seen  by  inspection  of  the  fig 
perpendicular  axis  OE  is  negative, 

OB'  -  OB  =  __  EE'  = 
OE        ~       '  OB  ~ 

The  stretch  along  the  -£-axis  is  zero.  Accordingly  the  sum  of  the 
three  Stretches  along  the  axes  of  the  strain  is  zero.  Such  a  strain, 
involving  a  distortion  but  no  expansion  and  dcpeiuhng  upuii  a  cuustant//. 
is  called  a  simple  shear.  The  plane  of  the  shear  is  the  plane  parallel 
to  which  all  points  are  displaced,  in  this  case  the  XF-plane, 

A   shear   may   be   defined  as  a  stretch  along   one  axis  combiued 
with  a  squeeze  of  equal   magnitude   aloug  a  perpendicular    axis,    and 
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zero  stretch  along  the  axis  perpendicukir  to  botli.  Tue  shear  just 
liunsklered  is  a  pure  shear,  that  is,  without  rotation.  It  is  easily 
seen  that  tlie  above  shear  might  have  been  obtained  if  all  planes 
parallel  to  XOZ  liad  been  moved  parallel  to  tkemselves  a  distance 
in  the  X-  direction  equal  to  2gly,  giving  tlie  rotational  shear 

m'  =  2g ,y,     v'  =  0,     w'  =  0 
and  then  rotating  about  the  y^-asis  through  an  angle  mi=^g„  accord- 
ing  to  the  equations 

The  lines  0A',  OB',  which  before  the  strain  were  perpendicular, 
have  respeetively  the  direction- co  sin  es  1,  g,,  0  and  gs,  1,  0  and  the 
cosine  of  thcir  ineluded  angle  is  nccnrdingly  2;/..  This  ehange  of  cosine 
which,  as  we  have  just  seen,  is  equal  to  the  amount  of  sliding  of 
the  plane  at  unit  distance  from  XOZ  is  common  ly  ualk'd  the  amoimt 
of  shear,  so  that  the  stretch  and  squeeze  of  the  axes  are  each  one 
half  of  the  amount  of  the  shear. 

We  raay  now  dehne  the  strain  (b)  as  a  combination  of  three 
simple  shears  of  araounts  2g.r.  '2g,,,  2g,,  wich  planes  mutually  perpen- 
dicular and  equivalent  to  Stretches  of  amonnts  gtf  gr  and  g9  along 
the  bisectors  of  the  angles  XOY,  YOZ,  and  ZOX  respeetively,  which 
malte  angles  of  60°  with  each  other,  together  with  squeezes  of  the 
same  amounts  along  the  bisectors  of  the  other  angles.  We  have 
thus  the  final  positions  of  six  points  on  these  lines,  or  just  sufficicnt 
to  determine  an  ellipsoid  whose  eenter  is  given.  This  is  the  strain- 
ellipsoid. 

The  strain  (b)  will  be  called  a  gmeral  shear.     The  quadric  <p  is 

54)         y  =  x*  +  y*  +  t*  +  2gxys  +  2g,et  +  2g,xy  =  11% 

and  the  shears  are  the  coefficients  of  the  product  terms.  If  the 
equation  of  the  quadric  is  transformed  to  its  principal  axes  the 
product  terms  vanish.  Accordingly  we  may  always  find  Uiroe  mutually 
perpendicular  axes  with  respect  to  which  the  shear  components  vanish. 
These  are  the  axes  of  the  shear.  (It  may  be  remarked  that  the 
equations  of  the  general  rotational  shear  are  obtained  from  1)  by 
putting  «j  =  6S  =  c3  =  1.) 

In  order  to  distinguish  between  the  geometrical  term  shear  and 
the  dynamical  sheariiig  stress,  to  be  presently  considered,  it  will  be 
convenient  to  eharacterize  tlie  coefficienU  g  as  the  didcs  (con-esponding 
to  the  French  f/lissement,  German  Gleitung). 

168a.  Elongation  and  Compression  Quadric.  Since  the 
equations  50)  for  the  shifts,  the  components  of  the  Teetor  dis- 
placement  g,    as    a   function    of  r   are    of  precisely  the    same  form  as 
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equations  9)  for  r  we  have  the  complete  geometrical  representation 
.here  applicable.  Of  the  four  quadrics  the  first  is  the  most  important. 
The  length  r  of  the  line  OP  is  changed  by  the  strahl  to  r'  which, 
when  the  strain  is  small,  differs  from  it  by  a  small  quantity,  so  that 
the  streteh 

55)  s,  =  *~ 

is  a  small  quantity  of  the  first  order.  But,  since  the  angle  between  r 
and  r'  is  infinitesimal,  we  have  to  the  first  order,  if  q  is  the  dis- 
placement  PP', 

56)  r'  =r  +  q  cos  (qr), 


57) 


iBi'5n_ 


Now  if  u,  v,  w  are  given  by  equations  50)  the  numerator  becomes 

58)  r>sF  =  sx3?  +  Bvy*  +  s,e*  +  2gxyg  +  g^/ea;  +  2g,scy  =  %. 
If  we  put  this  equal  to  unity  we  have 

59)  sr  =  1  i 
where  r  is  the  radins  vector  of  the  quadric 

60)  %-l. 

This  is  callßd  the  ehußation  anit  cnnii/rcmon  quadric,  and  it  is  to  be 
noticed  that  the  displacement  of  any  of  its  points  is  in  the  direction 
of  fche  normal,  for 


611 


idy  2  ds 


Since  any  one  of  the  six  coefficients  may  be  positive  or  negative, 
the  quadric  may  be  an  ellipsoid  or  an  hyperboloid.  In  the  latter 
case  not  all  the  lines  drawn  from  the  origin  will  meet  the  surfaee, 
and  for  those  which  do  not  r  is  imaginary  and  nr  is  negative. 

If  we  constract  the  conjngate  hyperboloid,  #  =  —  1,  those  rays 
which  do  not  meet  the  first  hyperboloid  meet  this,  and  the  magnitnde 
of  the  compression  is  given  by 

62)  s,  =  -  -■ 

Lines  that  meet  both  liyperholoids  at  infinity  and  therefore  have  a 
zero  streteh  or  compression  lie  on  the  cone  %  =  0,  asymptotie  to  the 
two  hyperboloids,  and  known  as  the  cone  of  no  elongation. 

All  lines  which  are  equally  elongated  witli  the  streteh  8,  where 

63)  S  =-,  {sxx2  +  svtf  +  s_,z2  +  2gxys  +  2gsex  +  2g,zy], 
lie  on  the   cone 
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64)     ($,-S)a*+  {a,-8)tf+  (8s~S)et  +  2g,yg  +  2gtze  +  2g,xy  =  Ot 

which  may  be  called  a  cone  of  equal-  elongation  S,  ol'  which  the  cone 
of  no  elongation  is  a  partienlar  case, 

Let  us  form  the  elongation    (juadrics    for  expansions    and  shears. 
If  the  slides  vanish  we  have 

65)  x  =  «rf"  +  ssy2  +  s,e?  =  l, 
and  for  a  simple  stretch  in  the  .X-direction 

66)  8„%s  =  1, 

the  elongation  quadric  breaks  up  into  the  two  parallel  planes, 

y~js~xx  -1  =  0     and     Yslx  +1=0, 
at  distances  +  —  from  the  origin. 

Sinee  for  any  line  making  the  angle  &  with  the  X-axis  we  have 


the  stretch  is  given  hy 

67)  Sr=-p  =  Sx  hob' fr. 

The  cone  of  no  elongation  is  therefore  the  plane  0  =  ~  parallel  to 
fche  above  pair  of  planes.  In  equation  65)  if  s*,  Sy,  s,  are  of  the  same 
sign  the  quadric  is  an  ellipsoid  and  the  cone  of  no  expansion  is 
ittiaL^.uitry.  If  one  S  has  a  sign  different  from  that  of  the  others  we 
have  two  hyperboloids  and  the  cone  of  no  expansion  is  real  and 
separates  the  stretched  from  the  squeezed  lines. 
In  the  general  shear  sx  =  s^  =  S,  =  0  we  have 

68)  x  -  2  <M»  +  Ä«  +  9**V)  =  *» 

and  the  cone  of  no  elongation 

69)  gxye  4  g,e$  +  g,xy  =  0, 

contains  the  three  coordinate-axes  as  generators.  These  are  therefore 
uustrutched.     In  a  simple  shear  parallel  to  the  X!F-plane  we  have 

70)  x  =  2g,xy  =  ±l 

which  represents  equilateral  hyperbolic  cylinders  with  axes  bisecting 
the  angles  between  the  x  and  y  axes.  The  cone  of  no  elongation, 
xy  =  0,  breaks  up  into  two  coordinate-planes,  x  =  0  and  y  =  0. 
These  two  planes  are  undistorted,  and  are  the  planes  of  circular 
section  of  the  strain-ellipsoid. 
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A   combinatkm   of  two   simple   shears   in  planes   at  right  angles 
obtained  from  52b)  by  puttmg  <j:  =  0,  bas  tbe  elongation  quadrie 


71] 


gxy*  4-  gyxz  =  0, 


wbicb  breaks  up  into  the  two  planes 


f-'j 


2  =  0     and     gxy  +  gvä 


,  0, 


at  riglit  angles  to  eacb  other.  It  is  to  be  noticed  that  the  cone  o£ 
the  resulteint  of  three  simple  shears  in  mutually  perpendi  ciliar  planes 
does  not  so  break  up. 

We  have  seen  that  we  require  nine  constants  to  speeify  the 
general  homogeneous  strain,  of  which  tliree  belong  to  the  rotation, 
six  to  the  pure  strain.  Let  us  oonsider  the  number  of  data  required 
to  speeify  a  simple  pure  strain.  To  speeify  a  uniform  dilatation  we 
require  only  the  constant  of  dilatation  6;  for  a  simple  stretch,  the 
direction  of  the  axis,  involving  two  data,  and  the  magnitude  of  the 
stretch,  making  three  in  all;  for  a  simple  shear,  four  data,  the 
magnitude  of  the  shear,  two  to  fix  the  plane  of  the  shear  and  one 
addifional  for  an  axis.  Consequently  we  may  ahvays  represent  a 
general  strain  as  the  resultant  of  three  simple  expansions,  or  of  two 
simple  shears  and  a  uniform  dilatation. 

169.  Heterogeneous  Strain.  If  tbe  displacements  are  not 
given  by  linear  funetions  of  the  coordinates,  the  strain  is  said  to  be 

heterogeneous,  fn  ihis  case  we  may  examine  the  relative  displacemeuls 
of  two  nuigliljoriug  points.  Let  the  coordinates  of  the  first  point  P 
be  before  the  strain  x,  y,  S,  and  after  it  X  +  «,  V  +  *>,  S  +.«,  and 
those  of  the  second,  Q,  be  before  %  +  f,  y  +  ff,  s-\-h,  and  after 
x  4-  f  +  «',  y  4-  g  4-  v',  2  4-  A  4-  iv'.  If  the  point  Q  be  referred  to  P 
as  an  origin  botli  before  and  after  the  strain,  it  has  as  relative  co- 
ordinates before  f,  g,  h,  and  after  f  4-  »'  —  U,  g  +  v'  —  v,  li  -\-  w'  —  w, 
so  that  the  relative  displacements  are  u'  —  n,  v'  —  v,  w'  —  w.  Now 
W,  V,  iv  may  be  any  funetions  of  the  coordinates  x,  y,  S  of  P,  but 
they  must  be  eontinuous,  otherwise  the  body  would  be  split  at 
surfaces  of  discontimiity.  Accordingly  u',  v1,  w'  being  the  values  of 
u,  v,  w  for  x  +  f,  y  4-  g,  a  4-  h  may  be  developed  by  Taylor' s  theorem, 
so  that,  neglectiug  terms  of  Order  higher  than  the  first  in  f,  ff,  h 

u'  —  u  —  f~-  4-  q  -,-■  '  4-  h  -,  -i 
'  da:       "  cy  dz 

-„•.  ,  .  dv    .       dv       -,   dt 

tS>  '  -"-f'öl.  +  llT^^W 

...      „_,8.  ,..««,  ,,»•' 
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Thus  the  relative  displacements  are  given  as  linear  functions  of  tlie 
relative  eoordinates  f,  <j,  h  whose  coeffieients  are  the  values  of  tlie 
nine  flrst  derivatives  at  the  point  P,  that  is  to  say,  constants  for  all 
points  Q  in  tlie  neighborhood  of  P,  consequently  the  relative  strain 
of  the  portion  of  the  body  in  the  neighborhood  of  P  is  homogeneous. 
Tlius  we  say  that  any  conti rra ous  hetemgenfous  strain  is  homogeneous 
in  its  smallest  parts. 

Comparing   with   equations   49)   and  Öl)   we   find  the   Stretches, 
dilatation,  slides  and  rotations  at  any  point  to  be  respectively 

.4)  ««=&*'     s*-'dy'     "•-&' 

_„,  1  /Suj   .    9v\  1  (du  ,  8w\  1  jdv  .    dw\ 

77)     . 


3jo  _  0u\  _  1  /0w  _  <^\  _  l  /3j>  _  e«^ 


Thns   the   volume   dilatation   is   eqnal   to   the   divergenee   of  the  dis- 
plaernient,  while  the  rotation  is  eqnal  to  one  half  its  cnrl. 

We  might  have  obtained  the  value  of  ö  by  the  divergenee 
theorem.  Consider  any  closed  surface  £  fixed  in  space  so  that  por- 
tions  of  the  deformable  body  flow  through  it  during  the  strain,  and 
let  us  find  the  volume  of  the  matter  which  passes  outward  through  S. 
Through  an  element  dS  at  which  the  displacement  is  </  there  passes 
out  a  quantity  Alling  a  prism  of  sinnt- height  q  and  base  d'S  whose 
volume  is  therefore  qcoa(nq)dS,  where  n  is  the  outward  normal 
to  S.  Through  the  whole  surface  there  accordingly  issues  an  amount 
whose  volume  is 

78)        Q  =  I  f  q  cos  {nq)dS 

{u  cos  (tue)  -\-  v  cos  (ny)  -f  w  cos  («#)}  dS 


Sy~ 


by  the  divergenee  theorem.  This  is  accordingly  the  inerease  in  volume 
of  the  portion  of  substanee  originally  ineluded  by  the  surface  S. 
The  ratio  of  this  to  the  original  volume  is  accordingly  the  mean 
value  of  the  divergenee  in  the  volume  in  question,  and  making  the 
volume  infinitesimal,  this  becomes  the  dilatation  T. 

In  Order  that  a  strain  shall  be  everywhere   irrotational  we  must 
have    the    curl   components    of  the  displacement   vanish   everywhere. 
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But  by  §  31  this  is  tlie  coudition  that  tli.e  displacement  is  a  lamellar 
vector  and 

id>  u      da'  dy'     w       de 

Then   9   is   called   bhe   strain-potential.     Only  when  tlie   strain  is  ir- 
rotational  can  a  strain- potent ial   exist. 

The   line   integral    along   auy   curve  AB  of  the  tangential  coni- 
ponent  of  the  displacement 


s()j 


/  q  cos  (q,  ds)äs  =  f  (udx  +  vdy  +  ivds) 


is  called  the  circuktion  along  tlie  path,  and  i'or  irrotational  strain  is 
independent  of  the  path,  equal  to  <pB  —  <pA,  and  vanishea  for  a  closed 
path. 

Surfaces  for  which  <p  is  constant  are  called  equipotential  suri'aces, 
and  the  displacement- lines,  or  lines  drawn  so  that  their  tangunts  are 
everywhere  in  the  direction  of  the  displacements,  are  normal  to  the 
equipotential  surfaces. 

The  dilatation 

81)  "■&  +  $  + TT."  <"r- 

Accordingly  in  a  non-dilatational,  irrolaüon.il  strain  tlie  displacement 
is  a  solenoidal  vector  and  the  displacement- potential  a  harmonic 
funetion. .  Since  for  a  solenoidal  vector  the  magnitude  oi'  the  vector 
is  inversely  proportional  to  the  oross-section  of  an  intinitesimal  tnbe, 
tlie  displacement  cannot  vanisli  except  at  infinity.  By  the  proporncs 
of  harmonic  functions  <p  cannot  have  a  maximum  or  minimum  unless 
G  is  different  from  zero. 

If  (p  he  a  homogeneous  quadvatn;  fnnction  of  the  coordinates, 
the  strain  is  homogeneous  throughout  and  not  merely  in  its  sinailest 
parte.  The  equipotential  surfaces  are  concentric  quadric  surfaces 
and  since 

QC1\  1  /    dtp    .       dcp  dq>\ 

82)  v  =  -i\xdl  +  yjy  +  sw 

the  equipotential  surfaces,  <p  =  const.,  are  similar  to  the  elongation 
quadric. 

170.  Stress.  When  a  body  is  strained  a  System  of  forces  is 
generativ  calted  into  play  tending  to  resist  the  strain.  Tlie  system 
of  forces  is  called  a  stress.  In  order  to  specify  the  stress  at  any 
point  in  the  body,  we  draw  a  plane  through  the  point  separating 
the  body  into  two  parts.     The  parts   on  one   side  of  this   plane  will 
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3TKESS. 


■  KT 


exert  certain  forces  on  tbose  on  the  other  side,  and  the  resultant  of 
the  forces  which  pass  through  an  element  dS  of  the  plane  will  be 
a  single  force,  proportional  to  the  area  dS,  which  we  will  write 
F„äS.  The  stress  at  a  point  P  is  completely  determined  when  we 
know  the  direction  and  magnitude  of  the  force  F,„  for  every  possible 
direction  of  the  normal  to  the  element  dS  constructed  at  P.  The 
stress-vector  Fn,  which  is  in  general  not  normal  to  dS,  may  be 
rcsolved   into  its  components,  X.,,,  Y„,  Zn>  so  that  its  direction- cosines 


F.    Fj  F„ 


The  normal  eomponent 


in   terms    of 
elements  at   the 


83)  FM  =  I'n  cos  (F„n)  =  X„  cos  (nx)  +  Y„  cos  (ny)  +  Zn  cos  (nd). 

If  we  draw  the  normal  in  either  direction  from  the  element  dS,  und 
if  we  understand  by  Fn  the  force  exerted  through  dS  by  the  portion 
of  the  body  lying  on  the  side  toward  which  n  is  drawn  on  the 
portion  lying  on  the  other  side,  then  if  the  normal  eomponent 
F„„~  F„  cos  (Fnn)  is  positive  it  is  called  a  fradion,  if  negative,  a 
pressure.  In  other  words  it  is  a  fraction  if  its  effect  is  to  cause  the 
portions  of  the  body  to  approach  each  other,  a  pressure  if  it  is  to 
make  tbem  recede. 

The  force  upon  any  element  dS  can  be  ex 
the  forces  npon  three  mutnally  perpendicular  pli 
same  point.  Construct,  enclosing  the 
point  P,  an  infinitesimal  tetrahedron 
bounded  hy  the  element  dS  and  three 
planes  parallel  to  the  coordinate  planes 
(Fig.  146).  Let  the  areas  of  the  four 
triangulär  faces  be  i/S.  dS,-,  rfiSs,  dSs,  the 
Suffix  in  each  case  deuoting  the  direc- 
tion of  the  normal  to  the  face.  Further 
denote  the  stress-vector  for  any  face  by 
a  suffix  giving  the  normal  to  that  face, 
and  let  the  stress -ve et ors  be  those  for 
the  portion  of  the  body  within  the 
tetrahedron.  Suppose  that  forces  are 
applied  to  every  portion  of  matter  in 
proportion  to  its  mass,  such,  for  instance, 
as  gravity,  the  components  being  X,  Y,  Z  per  unit  mass.  If  dt 
denote  the  volmne  of  the  tetrahedron  the  X-  eomponent  of  these 
exterual  forces  is  accordingly  Xgdr. 

Let  us  now  form  the  equations  for  equilibrium  of  the  matter 
contained  in  the  tetrahedron  und  er  the  influence  of  the  exterual 
forces  and  the  atresses  developed.     The  first  of  these  is 

84)  XQdx  +  XndS  -  XxdSx  -  Xgd8v  ~  X,dS,  =  0. 
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But  since  the  three  other  sides    are  the   projections  of  dS,    we    have 

85)  dSx  =  dS  cos  (nx),     d8y  =  ÄS  cos  (;»/),     dS,  =  dS  cos  (»#). 
Inserting    these    in    the    equation  84),    dividing   tliroagh    by  i2S, 

and  taking  the  limit,  as  the  edges  of  the  tetrahedron  becorae  intinitely 
small  the  ratio  of  the  volume  to  the  surface  disappears,  so  that  we 
have  finally 

86)  X„  =  Xt  cos  (;;,■>•)  --|- J£yeoä (■«■;/)  -|  X.cos(ng). 
and  similarly 

Y»  =  TB  cos  (nx)  +  Fj  cos  («y)  +  Y,  cos  (ras), 
'  Z„  =  Zx  cos  (»&)  +  2„  cos  (ny)  +  2^  cos  (nz). 

Let  us  now  consider  the  equilibrium  of  any  portion  of  the  hody 
hounded  by  a  closed  surface  >S'.  liesolving  in  the  X-direction,  we 
have  as  the  condition  for  equilibrium,  considering  both  the  stresses 
on  the  surface  and  the  volume-forces, 

87)  ffX"  dS  +  fffQ  Xdt  =  °' 
Making  use  of  equations  86)  for  X„, 

88)  /  I  {Xx  cos  (nx)  -f  X,  cos  (ny)  +  Xs  cos  (««)}  dS 

+fffixä,-o, 

and  by  the  divergence  theorem,  n  being  the  outward  normal, 
f  f  ridX,       dX         dX  ] 

89)       JJJ  h?  +  w  +  ^  +  pXl dr  =  a 

Since  this  must  hold  for  every  portion  of  the  substance  which  is  in 
equilibrium,  the  integnind  must  vanish,  and  we  have  consequeutiy 
together  with  the  result  of  resolving  in  the  two  other  .directions, 

eX,       dX         dXs 

dY         dY         dY 

dz„      dZ„      dz, 
»z+  81  +W  +  Tf-°- 
These  are  but  three  of  the  six  equations  for  equilibriuin.    The  other 
three  are  obtained  by  taking  moinents,  the  nrst  being 


91) 


I   f(t/Zn-tY„)dS+  jl  I  g(yZ-zY)dz  =  0. 
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Introdueing    the   values   of  $X,  qY}  qZ  from   equationa   90)   and    of 
Y.„,   'An  from  86)  this  becomes 

92)     f  f  b  \ßx  cos  (nie)  +  Zv  cos  (ny)  +  Zs  cos  (nsj] 

-#[r.ooa(fia!)  +  YrCM(w)  +  Y,coa(ng)]}dS 

f  C  f'\     /5Yr      SYn      SY\  fdZr      GZ,,      cZ_\\ 

+JJJ  {*{Ti  +  Tt  +  Ti)-»{lK  +  l>t+  8,)l'"-a 

YY'ritmg  tlie  term 

ff /•%*- ff «■*"'  -fffY-'u 
ffftfr-ffw-fff*-** 

nncl  applying  the  dn-ergeiiee  tliuorem,  all  the  surface   integrals  cancel 
each  otlier  and  tkere  remaiuH  only  tlie  Tolnme  integral 


93) 


fff 


(Zs-Y,)dt  =  0. 


As  before,  the  field  of  Integration  being  arbitrary,  tlie  integrand 
mast  vanish,  and  we  obtain,  after  applying  tlie  sinne  process   to  the 
remaining  two  equations, 
94)  y,  =  Z,,    Z,  -  X!:     Xy  =  Yx. 

Wo  may  also  obtaiu  tbese  equations  by  considering  the  stresses 
on  the  faces    of   an    infinitesimal 


eube  (Fig.  147).    We  shall  denote 

the     tangential     components     or 

\Z 

shearing  stresses  94)  by  Tx)  Ty ,  T,, 

the  normal    components    or   trac- 

_^ — 

-^^^ 

tions  by  Px,  Pv,  Pa.     The   stress 
at   any   point    is    determined    in 

¥» 

torms   of  these  -six   components, 

1 ' 

X— 

for  wo  may  find  the  stress  -  vector 

1 . 

< 

F„,    whose    direction-cosines    are 

s^~ — % 

'S; 

u',  ß',  y'    for    any    stress    plane 

x* 

^^ 

whose    normal  has    tlie    directio» 

/^ 

cosines  a,  ß,  y   by   equations  86), 

which   in    onr    present    notation 

Flg.  14 

beeome 

X„  =  F„a'^Pxi 

+  T,ß  +  T,r, 

95)                        Tn  =  F„ß,  =  T„o 

+  P,ß  +  T,y, 

Z„  =  F„y'  =  Tyr> 

+  T.ß  +  P,y. 
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These  are  the  exact  analogues  of  equations  17).     In  other  words,  the 
stress-vector  is  a  seif  -  conjugate  linear  vector-function  of  the  normal 
to    the   stress-plane.     Tke   stress-vector  F„   occupies   the  place  of 
in  17).     Accordingly  the   whole   »'fiometry  of  the  linear  veetor  func- 
tion  may   be  applied  lo  the  cimsideration  of  stress  as  follows, 

171.  Geometrical  Representation  of  Stress.  If  we  constmct 
the  quadric 

96)  tp  =  PxX*  4-  JPfjf  +  PJ'  +  2Txyn  +  2Tyex  +  2Ttxy  =  ±  R* 
any  stress-vector  F„  is  perpendieular  to  the  tangent  plane  drawn  at 
the  point  where  the  normal  to  the  stress- 
plane cuts  the  quadric  tp  (Fig.  148).  Tkis 
is  known  as  Cauchy's  stress-quadric.  Let 
its  equation,  referred  to  its  prinzipal  fixes, 
wliich  are  known  as  the axes  of  the  stress,  be 

97)     <p  =  P.x"-  +  Rif  +  P3H*  =  ±  R\ 

P1,  Ps,  P:i  ni'o  called  the  prinzipal  tractions, 
heilig  the  normal  stresses  on  the  planes 
perpendieular  to  the  axes,  these  planes 
being  subjeet  to  no  tangential  stresse*. 
Tims,  fis  for  any  strain  we  may  find  three 
planes  for  which  the  slides  vanish,  so  for 
"lB-  "°  stress  we  may  find  three  planes  for  which 

the  shearing  stress  vanishes. 
In  the  reciprocal   quadric, 

98)  t'^Ft+t.  +  i;-±B'- 

the  stress-vector  is  conjugate  to  its  stress-plane,  for  the  normal  to 
the  stress-plane  is  parallel  to  the  normal  to  tp'  where  it  is  cut  hy 
the  stress-vector.  The  quadric  tp'  is  known  as  Lame's  stress-director 
quadric.     In  equations  17)  and  14)  putting  Fn  for  —  we  ohtain 


09; 


100) 


Fn=A 


F„coa(fr')  =  F„n  =  ± 


m  (riO 


E* 


-  =  B* 


8o  that  the  traction  or  component  of  the  stress-vector  normal  to  its 
stress -plane  is  inversely  proportional  to  the  sqnare  of  the  radius- 
vector  of  the  quadric  tp  in  the  directum  of  that  normal,  or  is  directly 
proportional  to  the  sqnare  of  the  perpendicnlar  upon  the  tangent. 
plane  to  the  quadric  tp'  parallel  to  the  stress-plane. 
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If  Pj,  P2,  P3  are  all  of  tlie  snme  sign  the  quadries  ip  and  <p' 
are  ellipsoids.  If  tliey  are  positive  we  must  take  tlie  positive  sign 
with  IV,  and  tlie  normal  stress  011  every  plane  is  a  traction.  If  they 
tire  negative,  we  must  take  the  negative  sign,  and  tlie  normal  stress 
is  always  a  pressure.  If  one  of  the  P's  has  a  different  sign  from 
tlie  two  others,  we  ose  both  signs  and  have  pairs  of  coujngato 
hyperboloids.  In  this  case  for  dii'ecthms  parallel  to  tlie  generators 
of  the  asymptotic  cone  (p  =  0  to  the  stress  quadric,  we  have  r  infinite 
and  Fnn  =  0.  Accordingly  for  stress-phmes  perpendiculav  to  these 
generators,  the  normal  stress  vanishes  or  the  stress  is  a  shearing 
stress.  These  planes  envelop  a  cone  called  Lame's  shear-cone,  which 
divides  the  directions  for  which  tlie  normal  stress  is  a  traction  from 
those  for  which  it  is  a  pressure. 

In  the  reciproeal  quadric  tp',  when  the  radius  vector  is  infinite, 
it  lies  in  its  conjngate  plane,  tlie  stress-plane.  But  tlie  radius  vector 
to  this  quadric  has  the  direction  of  the  stress-vector,  so  that  the 
shear-cone  is  the  asymptotic  cone  to  this  quadric  cp'  =  0.  If  we 
construct  the  ellipsoid 

101)  0  =  jvi»  +  p,v  +  p3n2  =  s*, 

we  have  hy  22) 

102)  Fn  =  ~  =  |, 

or  the  strain  on  a  plane  perpendicular  to  any  radius  vector  is  inversely 
proportional  to  that  radius  vector  (it  does  not  he  in  the  direction 
of  the  radius  vector).  This  ellipsoid  is  called  Cauchy's  stress -ellipsoid 
and  its  axes  are  proportional  to  the  Squares  of  the  stress  quadric 
tp  =  ±  Ra.     The  reciprocal  ellipsoid 

103)  4.'  =  j£  +  j£  +  |^  =  SB, 

has  the  property,  since  by  16)  F„  =  £■;  that  the  stress-vector  for  any 
plane  is  directly  proportional  to  the  radius  vector  in  its  own  direction. 
This  ellipsoid  is  called  .Lame's  sti-ess-ellipsoid,  or  ellipsoid  of  elnst.ic.ily. 

171a.  Simple  Stresses.     Ä  simple  stress  is  one  that  contains 
but  a  single  constant  in  its  specification.     These  are: 
1°.  Uniform  traction  or  pressure. 

P   =p,  =  p   =  p 

104)  T.-T,  =  X.-0. 

All  the  quadries  are  spheres  and  every  stress  is  normal  to  its  plane 
and  of  invariable  amount  P.  Such  a  stress  is  physically  real.i'/ed  by 
a  body  subjeeted   to   liydrostatic  pressure. 
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2n.  Simple  traction, 

Px  =  P,     P„  =  P.  =  0. 

105)  ra  =  ry  =  r,  =  o. 

The  stress  quadric  is 

106)  oj  ~  Px2  =  ±  1, 

a  pair  of  phiiie.-:  porpeudicula!'  to  tlio  X-;t?;is  at  a  distance    ----—  froni 

the  origin.     The  streBH  OH  any  plane  is  parallel  to  the  X-axis.     The 
stress -direct'or  quadric  and  the  shear-cone  reduce  to   tlie   axis  of  X, 
all  planes  tangent  to  whieh  experience  only  shear. 
Canchy's  ellipsoid, 

107)  PV  +  0  ■  y1  +  0  •  sa  =  1, 

with  axes,  >  oo,  cv>>  is  a  pair  of  planes  perpendioular  to  tlie  X-axis, 
and  Laine's  ellipsoid  -with  axes,  P,  0,  0,  becontes  simply  tliat  part  of 
the  axis  of  X  from  x  =  —  P  to  x  =  P.  From  the  property  of  this 
ellipsoid  the  stress-vector  is  proportional  to  the  perpendicular  on  the 
tangent  plane  parallel  to  the  siress  plane.  Since  the  (aagent  plane 
liere  always  passos   through  one  of  the  extremities  we  have 

108)  F„  =  Paos(nx) 
as  is  indeed  evident  from  equations  95). 

5°.   Simple  sliearmg  stress. 

Px  =  Pf  =  p:  =  0, 

109)  Ts  =  T,     7.\  =  Iv  =  0. 
Equations  95)   Ijcconie 

X.  —  E.rx'  —  Tß, 

110)  T.  —  r.ß'—Tn, 
Z,-F,f'  -    0 

Tlie  stress  quadric  is 

111)  9>  -  <2Tx,J  -  ±  1, 

wliich  represents  a  pair  of  reciau^ular  liyperljolie  cylindcrs    with  tlie 


112)  j?  =  ±l. 

Tlie  shear  eone  xy  =  0  represents  tlie  eoordinate  planes   of  XZ 
and  TZ. 
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A  shearing  stress  mn,y  also  be  written,  referred  to  its  principal  axes, 
P, ps  =  p,    p:  =  0, 


113) 

ivlicil    Uli 

114) 


TX=TV=  T.-O, 

;  ((iia,(lri(!  Ijeiiomes 

the  pah*  of  hyperbali.c  cylinders  rolerretl  to  their  axes  and 
Xa=F„a'=       Pa, 
115)  yfl  =  _/''„/?'  =  -  P,S, 

2„  =  _F„;/=         0  . 

a'ß  +  ß'a  =  0,     or 
*?'  _  _  P' 


We  aecordingly  have 


that  is,  all  stresses  are  parallel  to  the  XF-plane,  and  the  atress- 
vector  and  the  projeetion  on  the  X!F-plane  of  the  normal  to  the 
stress  plane  make  equal  angles  with 
the  X-axis  on  opposite  sides  (Fig.  149). 
Squariug    equations  115)    and    adding, 

116)  _F/i2  =  Pa(KM-j32)=Pa(l-^). 
If  j>  =  0,  that  is,  if  the  plane  is  tangent 
to  the  Z-axis 

F„  =  ±  P, 

the  normal  stress  benig  a  traction  if 
the  normal  to  the  stress-plane  falls 
nearer  to  the  X-axis,  a  pressure  if  nearer    to  the    F-axis. 

The  shear  cone  -j?  —  y*  =  0  is  composed  of  the  two  planes 
bisecting  the  ilitunlva!   angle   between  the  XZ-  and  KJ-planes. 

From  this  manner  of  n-pruscntmg  tlie  stress  it  is  evident  that  a 
simple  shearing  stress  is  eqaivalent  to  an  equal  traction  and  pressure 
in  two  directions  perpendicular  to  each  other.  Compare  the  repre- 
aentation  of  a  shearing  strain  as  an  equal  stretch  and  squeeze.  For 
this  case  Lame's  ellipsoid  (a*34-  yB)  +  -^  =  1  has  the  axes  P,  P,  0 
and  redueos  to  a  eircvilav  tlisc  normal  to  the  if-n-xis.  Since  all  tangent 
planes  pass  through  its  edge, 

11.7)  Fn  =  Psin(ns)  =  Py!  - ~f 

as  above  in  116). 
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172.  Work  of  Stress  in  producing  Strahl.  If  every  point 
in  a  body  move  a  distance  Sq,  whose  components  are  Su,  Sv,  Sw, 
and  if  there  act  upon  every  unit  of  mass  of  flie  body  the  external 
forces  X,Y,Z,  and  upon  each  unit  of  surface  tlie  f'orces  X„,  Y„,  Z„, 
the  work  done  by  all  tlie  forces  in  the  displacement  is 

U8)  8W  =  I  I {Xn8u  +  Y„8v  +  Z„8iv\dS 

+  11  I  f\X8u  +  T8v  +  Z8w}dz, 

which  becomea  by  equations  86), 

119)     SW=  I    I  {[Xx cos  (nx)  +  X„  cos  (ny)  +  X, cos («*)] 8n 

+  [Yx  cos  (nx)  +  Yv  cos  (ny)  +  Y,  cos  (ng)\  8v 
+  [Zx  cos  (nx)  +  Zv  cos  (ny)  +  Zs  cos  (nz)]  8w)  dS 


+fffQ  (XS%1  +  T8V  +  ZSW)  dT' 


and  transformin^  surfacu  integral*  iiito  voJunie  iiitugrals  by  di.ftVnmtia- 
tion  in  the  manner  of  the  divergence  theorem  and  making  use  of 
ü<[uatk>iis  94), 

SW=  III  [£x  (Xxäu  +  YJv  +  Zs8w) 

+  £y(Xs8u  +  YIJ8»  +  Zv8w) 

+  ji(Xa9u +  Y.8v+Z.8v) 

+  Q(X8u  +  Ydv+Z3w)}dt 

C  C  CUVX-        cX„      3X,  \ 

m         =JJJ  \tä  +  W  +  i?  +  qX)  öu 

/0Y.r        dY„        9F  \ 
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By  equations  90)  the  coefficients  of  du,  dv,  dw  vanish  identically,  so 
that,  interchanging  the   Order  of  differentiation  and  Variation, 

121)  sw=fff{x,s£  +  y,s %  +  z.»*£  +  r.»(£  +  |g 

+*-»&+ 13 +*■»(£ +13}**. 

or  in  our  later  terminology, 

122)  äW^  f  f  f\PxÖsx  +  PvSsv  +  P.ds,  +  2TxSga 

+  2TsSgy  +  2F,SgI}äT. 

Thus  each  of  the  six  components  of  the  stress  does  work  on  the 
corresponding  component  of  the  strahl,  and  the  work  per  unit  volume 
in  any  infinitesimal  strain  is  the  sum  of  each  stress  eomponent  by 
the  corresponding  strain  produced,  except  that  with  our  terminology 
the  shearing  stresses  are  mnltiplied  by  hvice  the  shearing  strains  or 
slides. 

173.  Relations  between  Stress  and  Strain.  If  a  body  is 
perfectly  elaatic  the  streases  at  any  point  at  any  tiine  depend  simply 
upon  the  strain  at  the  point  at  the  time  in  question,  so  that  if  the 
elastic  properties  of  the  hody  are  known  at  every  point  the  stress 
components  will  he  known  funetions  of  the  strain  components,  which 
may  difl'er  from  one  point  of  the  hody  to  another.  The  stresses  will 
be  uniform  and  eontinuous  funetions  of  the  strains  and  may  he 
developed  hy  Taylor's  theorem.  If  then  the  strains  are  small,  the 
terms  of  the  lowesi  Orders  will  he  the  most  important.  The  strains 
dealt  with  by  the  ordinary  theory  of  elastieity  are  so  small  that  it 
is  customary  to  negleet  all  terms  above  those  of  the  first  order.  The 
results  thus  ohtained  are  in  good  aeeordance  with  those  ohtained  hy 
experiment  nnder  the  proper  limitations.  The  law  that  for  small 
strains  the  stresses  are  linear  funetions  of  the  strains  may  he  regarded 
as  an  extension  of  the  law  annonneed  in  1676  by  Hooke  in  the  form 

of  au  anagram , 

ceittnosft/itciut 

Ut  Ten-sio  sie  Vis. 
The   force   varies    as    the   stretch,   or   in  our  terminology  the   stress 
varies  as  the  strain.     Making  this  assumption  we  accordingly  have 

X»  =  9m.  +  P11S*  +  <P-2i$m  +  9-ns=  +  9"«?*  +  9a9v  +  9tn9*, 
Yy  ==  9m  +  0>«s*  +  9i3ss  +  q>säs:  +  ifVigx  +  <p:^gs  +  cpM£„ 

xv  =  9>os  +  Vis3*  +  fzsh  +  *FB3sä  +  9>46^  +  f&sffp  +  9m9*- 
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The  cp's  will  in  general  be  function  s  of  tlie  coordiuates  oi'  tlie  point, 
but  if  tlie  body  is  hoiuogeneous,  that  is  alike  at  all  points,  they  will 
be  constants.  We  sball  assunie  this  to  be  true.  If  there  be  a  natural 
state  of  tlie  body  ov  one  in  wbich  the  body  is  in  equilibriuni  under 
the  action  of  external  forces,  so  tliat  tbe  strcsses  vanisli  for  this 
state,  it  is  convenient  to  measure  tlie  stvams  from  tbe  natural  state. 
Tben  tbe  Stresses  and  strains  vanish  togetber,  so  that,  tbe  terms 
fön  •  ■  •  IPog  Tanish.  Kor  sucb  a  body  tbere  are  accordingly  thirty-six 
constants  (/,  tlie  so-called  cooincient.s  od"  e.lasticity.  In  tbe  ease  of  a 
gas  tbere  is  no  natural  state,  for  a  gas  is  never  in  equilibriuni, 
unless  kept  so  by  an  envelope,  so  tliat  every  portion  of  tbe  gas 
always  experiences  pressure,  consequently  we  cannot  measure  the 
strains  from  any  natural  state. 

We  have  now  tbe  tbeory  of  elasticity  as  it  was  left  by  its 
l'ounders,  Nävi  er  and  Cauehv.  The  idea  is  due  to  Green1)  of  supposing 
tlie  elastic  forces  to  be  conservative  and  accordingly  due  to  an  energy 
function  of  tbe  strains.  If  we  call  the  function  &(sx,  s,„  S,,  ff.,-,  g,j.  gt) 
we  have  for  the  total  potential  energy  due  to  any  strain 

124)  W=  (ff  <J>i/r. 

The  work  done  in  changing  tlie  strain  is  tben 

iä5)    sw=  f  f  f  so(/t=  I  f  /{Ij^  +  gf  '»»  +  jj**< 

4-  5     Sgx  -f  ö     S'/„  +  „■--  Sg:   är. 
Ooiiiparing  this  with  equations   121— -122)  we  find 


126) 


'  J       2  dg'J 


If  tben  the  stresses  are  to  be  linear  t'unctions  of  tbe  strains, 
3>  must  be  a  quadratie  function,  and,  if  we  measure  from  tbe  natural 
state,  a  homogeneows  quadratie  function.  A  homogeneous  quadratie 
function  of  six  variables  eontains  twenty-one  terms,  so  tbat  instead 
of  thirty-six  elastic  constants  Ibr  tlie  genend  homogeneous  body  we 
have  only  twenty-one,  that  is,  the  determinant  of  tbe  <p's  in  equa- 
tions 123)    is    symmetrica!,    fifteen    coefficients    on   one    side    of  the 

1)  Green,  Mathematical  Paters,  p.  243. 
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prineipa!  diagonal  being  equal  to  tlie  correspoiicüng  iii'teen  on  the 
other  aide. 

If  the  "body  besides  being  homogeneous  is  isotropic,  that  is,  at 
any  point  it-s  properties  are  the  same  with  respect  to  all-  äinrtiom. 
there  are  many  relations  between  the  eoeffieieiit*,  so  that  the  number 
of  in  dopen  de  11t  aonstiuits  is  inncli  redviced.  Tu  an  anisolropic  or  eolo- 
tropic  body  there  are  generally  certain  directious  (the  same  for  all 
parts  of  the  body)  with  refevence  to  which  there  is  a  certain  symmetry, 
so  that  there  are  varions  relations  iiiYolving  a  reduction  in  the  number 
of  coustants.  Such  bodies  are  known  as  crystals.  We  shall  deal 
here  only  with  isotropic  bodies. 

174.  Energy  Function   for  Isotropic  Bodies.     Tu  isotropic 

bodies  the  stresses  developed  depe.ud  only  od  the  magnitude  of  the 
Stratos,  not  on  their  absolute  directions  with  respect  to  the  body. 
Acconlingly  if  wo  ehange  the  axes  of  coordinates  the  expression  for 
the  energy  raust  remain  unchanged,  or  the  energy  function  is  an 
invariant  for  a  change  of  axes.  The  cubic  for  the  axes  of  the 
elo.ngitiion  quadric  58)  helonging  to  the  shift-equations  50)  is  the 
determinant 

Is*-*,       (h     >       9v 

127)  g.    ,  b,-X,     g.      =  0, 
I      <j,j    ,      gx    ,  s,  -  X 

or  expanding  the  determinant, 

1 28)  ):■  -  (s,  +  3,  4-  s.)  X*  +  (s,8t  +  s^  +  sxsy-e>l  -  g^-gl)  l 

4  sxgl  +  svg%  -(-  stgl  -  sx8y8l  -  2gxgvgB  =  0. 
If  the  roots  are  Xi;  X3,  X3,  the  equation  is 

129)  Xä  -  (X,  +  K  +  Xs)  ^  +  (X1X1  +  X,Xs-\-?.sXL)  X  -  X.X^X,  =  0. 

If  we  trän  s  form  to  anofher  set  of  axes  X'Y'Z!  with  the  same  origin, 
so  that  the  strain  coraponents  are  sy,  S,/,  Ss;  ffx;  gy;  ff,;  since  the 
cd  on  gii.it  011  quadric  is  a  defimte  surface,  the  equation  for  its  axes 
must  have  the  same  roots  as  before.  Accordingly  its  eoefficients  are 
invariants.  The  roots  llr  X2>  X%  are  the  Stretches  for  the  directions 
of  the  prhicipal  axes  of  the  strain.  Therefore  we  have  the  three 
strain  invariants,  symmetrica!  fuuetions  of  the  roots, 
I1  =  Xl  +  Xi  +  Xs  =  s,  +  s,,  +  st, 

130)  I%  =  X,X,  4-  *,*,  4-  hk  =  V«  +  «»«-  +  s-*s*  -  9%  ~  ffl-sl 
Is  =  X^Xg  =  2gaff,g.  4-  sxsys,  -  sxgl  -  syg\  -  s,g\. 

The  invariant  It  represents  the  cubical  dilatation  6,  which  by  its 
»'oornetrical  defmition  is  evidently   indepeiident  of  the  choiee  of  axes. 
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The  euergy  function  for  an  isotropic  body,  being  unchanged  when 
»p  change  the  axes,  cau  contain  the  strains  ouly  in  the  comhinat-Jons 
Il}  Iis  J3I  but  these  are  of  the  first,  second  and  third  degrees 
respeetively,  and  since  <Z>  is  of  ouly  tlie  second  degree  it  cannot 
contain  J3. 

Since    it   is   homoguneous    (except   for  a   gas)   it  can  contain  Z, 
ouly  tbrough.  ita  Square.     We  therefore  have 

131)  <& PJL  +  AI*  +  BIi: 

where  P,  A,  B  are  constants.  P  is  zero,  except  For  gaaes,  and  is  tlien 
positive,  for  if  tlie  gas  uxpands  it  loses  euergy.  The  coustant  A 
refers  to  a  property  common  to  all  bodies,  namely,  resistance  to 
compression,  and  is  positive,  for  work  must  be  done  to  compress  a 
body.     The  coustant  B  is  peculiar  to  solids. 

All  symmetrica]   Functions  of  the  roots  may  be  expressed  in  terms 
of  the  invariants,  for  example: 

132)  (x,  -  x,y  +  (?.s  -  i3y-  +  (i,  -  y» 

=  2Qn-\-X.2  +  lzf    -  6  (i,  Ag  +  JU 1,  +  Aa  It) 
=  2J1*-6Ig. 
Also 

2(A1AB  +  lBA8-i-AB;i1)  =  (A1  +  Aa  +  Aa)s-  (V  + V  + V)>    or 
2J,  =  /,'  -  (V+  V  +  V)- 
We  may  accordiügly  write  AI^  -\-  BJ2    as    a  linear   function,    of  Jxs 
and  of  either  (^  -  Aä)a  +  (A„  -  A3)ä  +  (Ag  -  A,)a,  or  of  V  +  V  +  V- 
Suppose  we  write  tlie  quadratie  terms 

134)  A  Jj3  +  £is  =  |  H(Xt  +  X2+  As)2 

+  \  C{(XL  -  X,y  +  (As  -  A3)a  +  (A3  -  J,)*}, 

which  is  the  form  given  "by  Helmlioltz.  The  coustant  H,  being 
multiplied  by  ff5,  refers  to  changes  of  volume  witliout  changes  ol 
form,  representiug  io  tliis  case  the  whole  euergy,  for  if  there  is  no 
change  of  form  the  sfcretches  of  tlie  principal  axes,  A,,  X1!  X:i  are  equal. 
Tlie  term  iu  0  on  the  other  band  refers  to  changes  of  form  witliout 
change  in  volume,  for  it  vanishes  when  Aj  =  Aä  =  A3,  and  represents 
the  whole  euergy  if  ö  =  0.  A  perfect  fluid  is  defined  as  a  hody  in 
which  changes  of  form  produce  no  stress,  so  that  for  such  bodies 
0  =  0. 

We  may  also  write 

135)  A 2,"  +  BIS  —  K(X*  +  X22 +  1/)  +  K& (Xt  +  X,+  l^f, 


i  ;i;r 
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which  is  the  form  used  by  Kirchhoff.     We   have   then  for  the   rela- 
tions  between  the  eonstants, 

136)  H-G=2K®     and     3C=2K 


A.eeording.ly    for    liquids    in    Order    to    have    C  =  0   but   H  finifce,    we 
inust  put  ^=0  and  &  =  <x>,  so  that  2K&  =  H. 
Now  since 
137)     Xii  +  l22  +  Xs2  =  1^-21, 

=  (s*  +  s, 4- s:f  -  2 (s.s,  +  s,ss  +  s,ss -gl- gl- gl) 
=  sl  +  8l  +  8*  +  2(g%  +  gl  +  g*), 
we  have  for  solids,  liquids  and  gases, 

138)  0-Kae'  +  K{(ü  +  si  +  g)+2(gl  +  g',  +  gi)}~P(s,  +  s,  +  s,). 
We  sliall   make  use  of  tlie  more  common  iiotatJoM 

139)  2K&^1,    K=*[t, 

('Thomson  and  Tait  make  use  of  the  eonstants  h  for  H  and  n  for  /i.) 
We  have  aceordingly 

140)  0^~l(sx  +  s,  +  ssf  +  ^  {sl  +  s»  +  s*  +  2  (p»  +  pS  +  5?)} 

-P  («.  +  *  +  «.). 

The  constant  fi  like  C  refers  to  changes  of  form  and  vanislies  Cor 
perfeot    fluids.     In    the    präsent    notation    by  equations    13(3)    ive  have 

141)  R-jp  +  l, 

so  that  both  1  and  fi  are  involved  in  changes  of  volnme.  We  thus 
see  that  isotropie  bodies  pOf<sess  h.<:<>  elastie  eonstants.  By  means  of 
eertain  assumptions  as  to  the  natnre  of  elastie  stresses,  makhig  them 
depend  npon  actions  between  moleeules,  Cauchy  and  the  earlier 
writers  011  elasticity  redneed  the  energy  Function  to  a  form  depemling 
on  a  single  elastie  constant,  the  same  theory  reducing  the  number 
of  eonstants  for  an  eolotropic  body  from  twenty-one  to  fifteen.  For 
this  theory  the  reader  may  consult  Neumann,  Theorie  der  Elastizität, 
Todhunter  and  Pearson.  lliuhnj  of  //».-  Tl/rori/  of  ll}nsl>ci!ii.  Experiments 
have  not  bowever  confirmed  this  theory,  and  it  is  no  longer  generally 
hehl  to  be  sound.  Thomson  and  Tait  kiveigli  agitinst  il  wit.b  parti  ciliar 
empbasis.  We  shall  aceordingly  assume  that  an  isotropie  body  has 
two  independent  eonstants  of  elasticity  X  and  jt. 
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175.  Stresses  in  Isotropie  Bodies.     We  may  now  calcnlate 
tlie    stresses    by    means    of    eqnations    126),    insertmg    the    values    of 


142) 


Tlie  Jirst  eqnatioii  of  equilibriuni    90)    becomes 

143)  „X  +  1 H  +  2„g  +  „  (^  +  g)  +  „  (§5  +  S)  -  0, 

or,    considering  the   valu«  of  e,    we  may  write   the  etiiiation  with  its 
two  companions, 

,oX  +  (A  +  (t)  |^  +  M«  =  0, 

144)  pr+(i  +  /o|J  +  M»-ö, 

pZ+^  +  ^ll  +  Mw-O. 

The  equations  at  the  surfaee  of  the  body  are  by  86),  using  the 
above  values  of  the  s 


145) 


Xa  =  hß+  2ji':^-  I')  cos  (nx) 

F"  -  "  (Ji  +  S)  cos  <'")  +  ("  +  2C  j£  -  F)  »™  («9) 

+  ',(s'°  +  ||)<!0.(«), 
2,  -  C  (|f  4-  8|)  cos  (nx)  +  p  (|!  +  £  J)  cos  (»») 

+  (lu+  S/^-Pjcosf»«). 
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176.  Physical  Meaning  of  the  Constants.  Let  us  consider 
a  few  simple  casea  of  equilibriiiiu  with  homogeneous  atrain  under 
stress,  there  being  no  impressed  bodilv  forces  X,  Y,  Z,  and  pntting 
P  =  0. 

1°.  A  simple  dilatation. 

u  =  ax,     v  =  ay,     w  =  as, 

1 46)  X,  =  Y,  =  Z,  =  (fiX  +  2(0  ff  =  p, 

y,  =  Xy  =  Zx  =  0. 

The  surface  forces   becotne  simplv 

147)  rn=_poos  (««/), 
Z„  =  £)COS  (n,e); 

or  the  snrfaee  force  is  normal  fco  the  surface,  and 

148)  F„=p  =  (3A  +  2p)a  =  ^T^  '  6~ 

Tlie   ratio    of   normal   traction   to    cubical   dilatatiou,    or   of  normal 
pressure  to  oubical  compression, 


is    called   the    bulk-modtiliis    of   elastieity,    the    term    modulus    being 
applied   in   general   to   the   ratio   of  the  stress   to  the  stram  fchereby 


2".  A  simple  ahear. 

m  =  ay,     v  =  w  =  0, 

50)  ^  =  V     X.t  =  Y,  =  Z!^0, 

X¥  =  Yx  =  [ia^T, 
Y1  =  ZIJ  =  Zx  =  Xi  =  0, 
X„  =  T  cos  (ny),     Y„  =  2*  cos  (nas),     2„  = 


151)     F„  =  TYcoa2  (nx)-\- cos*  (ny)  =  Tsm(nz),   as  in  117). 
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The  ratio  of  the  tangential    strcsses    on  the   XZ  and    YZ  planes 
to  the  amouiit  of  the  shear  produced, 

152)  £-,., 

is  called  the  shear  maäithts  ol'  eiasticity,  or  the  simple  rigidity.1) 
3°.  A  stretch-squeeze. 

m  =  oa:,     b  =  —  by,    iv  =  —  ts, 

153)  sx  =  a,    sy  =  s,  =  —  1,     G  =>  a  —  26, 

ZI  =  Ä(a-  26)  +  2/.a, 

F„  =  Z3  =  ;.(a-2&)-2^6, 

r,  =  2;  =  z,  =  0, 

XH  =  {A  (a-  86)  +  2f<.«}eos  («»), 
1 ' "  :  r„  =  {iL  (a  -  26)  -  2 ft 6 }  cos  (ny), 

Zn  =  {X(a  —  2b)  —  2tib}ooB  («*). 
If  we  choose  a  and  6  so  that 

1M)  »-„rui". 


156)         X,  -  9p  (»  +  S)  cos  (»«)  _  ?^±^  ■  «  co.  (.«). 

If  the  body  is  a  cylinder,  with  generators  parallel  to  the  X-axis, 
bonnded  by  perpendicular  ends,  experiencing  a  normal  traction  p, 
there  is  no  force  on  the  cylindric-al  snrface,  for  whieb  cos(k:c)  =  0, 
and  on  the  ends 

The  ratio  of  the  tractive  foree  to  the  atretch  a, 

158)  i  =  ä  =      i  +  p      =31+^ 

raay  be  called  the  stratch  or  elongation  modulus,  and  is  generally 
known  as  Young's  moduhts. 

The  ratio  of  the  lateral  contraction  to  the  longitudinal  extension 


1.510 


""*(l  +  <0 


1)  Thomson  und  Tait  uso  the  Dotation:  bulk-modulBH  =k  =  \J\-    --■,  simple 
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is  called  Paisson's  ratio.  Accordiug  to  Poisson  and  tlie  older  writers 
X  =  p,  so  that  -q  =     -     We  nmst  certainly  have 

-i<i<r 

for  if  tj  >  --j  ,u  <  0,  making  tlie  rigidity  negative.     If  t?  <  —  1, 

makiiig  tlie  bnlk- modulns  negative.  No  known  bodies  liave  tj  <  0, 
and  in  experiments  on  isotropie  bodies  tj  hau  s*eiieraliy  been  found 
nearly  equal  to  ->  the  value  aseumed  by  Poisson,  the  value  being 
found  to  approach  more  nearly  to  Poisson'a  value  the  niore  pains 
were  taken  tlie  secure  isotropic  speeimens. 

Tlie  bnlk-,  shear-  and  streich -moduli  and  l.'oisson's  ratio  are  the 
impurtant  elasl.ic  constitnts  for  an  isotropic  body,  any  two  of  which 
being  known,  all  are  known. 


CHAPTER  X. 

STATICS  OF  DEFOBMABLE  BODIES. 

177.  Hydrostatics.    Let  us  now  consider  the  statics  of  a  perfect 
fluid,  that  is,  a  body  for  which  ji  —  0.    If  each  element  of  the  fluid 

is  subjected  t,o  f'orues   wliosc  Komponente  are  X,  1',  Z  per  unil,  mass, 
equations  144),  §  175  reduce  to 

pZ+  X  r  =  o, 


&Z  +  X  4^  =  0, 
while  tlie  equations  for  tlie  aurface  forces   145)  beeome 
X„=(;.ö-P)cos(«a:), 

2)  Yn=  (ko-F)  eoa  (ny), 
Z„  =  (XG-P)coB(ng). 

The  surface  force  is  accordingly  normal  and  equal  to 

3)  XG-P^-p. 
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Thus  we  have  the  fundamental  property  of  fluids,  tbe  force  between 

any  two  elements  of  a  perf'eci  ilt'id  is  a  pressure  normal  to  the  elenient 
of  surface   separatiiig  th<>m   and   mdcpendeirt  of  it*  diroction. 

DifFerentiating  equation  3)  and  replacing  X  times  the  derivative 
of  e  by  tlie  corresponding  derivative  of  (—  p)}  out  equations  of 
equilibrium   1)    are 

4>  eA'-fr   <>Y-%-   oz-\r 

Tbus  the  fluid  ean  be  in  equilibrium  only  uiider  the  actiou  of  bodily 
forces  of  such  a  nature  that  ß  times  the  rcsultant  force  per  unit 
mass,  that  is  to  say,  the  force  per  unit  voIume,  is  a  laniellar  vecfcor. 
If   the    pressure    at    any   poiut    depends    only    on    tbe    density,    and 

coiiyoiwIy,  and  we  put    -  = -,—  '> 
■"  >-        Q        dp 


"=[**■ 


dp  _ 

dP  dp  __ 

1   dp 
i  dx 

dP 
d,~ 

dP  dp 

dp   dy 

,  ',•,' 

dP  _ 

dP  dp  _ 

1  dp 

4)  are 

X  -  --■ 

'y=—, 

z- 

5) 


Our  equatio 

71  X  =  --     'Y=—,     -'-dr 

8x!       '        dy ' 

A.ccordi.tigly  in  this  case  the  bodily  forces  per  unit  mass  must  be 
eonservative,  If  V  is  their  potential,  multiplying  eijuidions  4)  by 
dx,  dy,  ds  respectively  and  adding,  we  bave 

8)  q  {Xäx  +  Ydy  +  Zdz)  =  -  9d  V 

dy 

If  we  have  two  iiviids  of  different  de.nsities  in  contaet  we  bave  at 
their  common  surface 

9)  -  $idV=  dp,    -  Q%äV=äp, 
so  that 

10)  (Ql~Q3)dV  =  0, 

therefore    dV  and    dp    are    each    equal    to    zero    and    the    surface    of 
tion    is    a    surface    of  constatvt.    potential   and   constant  pressure. 

1)  Not  the  constant  P  iu  3). 


'T&d*+  -£d3  =  dP- 
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Also,  since,  by  8)  V  differs  from  —  P  only  by  a  constant,  the  sur- 
faces  of  equal  pressure  are  equipotentkl  or  leyel  surfaces.  If  the 
fluid  is  incompressible '  y  is  oonstemt,  so  that  we  have 

11)  —Y=comt.  +  ?- 

For  gravity  we  have,  if  the  axis  of  Z  is  measured  vertically  upward 

X^Y=0,     Z=-g, 

V=gs, 

so  that 

12)  P-!(0-gi). 

If,  neglecting  the  atmospherie  pressure,  we  measure  *  from  the  level 
surface  of  no  pressure 

13)  P'=-9<?e, 

whieh  is  the  fundamental  thertrem  for  liquids,  naniely,  that  the  pressure 
is  proportional  to  the  depth. 

178.  Hei  gilt  of  the  Atmosphäre.    If  we  consider  a  gas  whose 

temperature  is  constant  {.hronghont,  the  relation  between  the  pressure 
and  yolunie  is  given  by  the  law  of  Boyle  and  Mariotte 


■/?-/" 


accordingly 
14) 

15)  V=gz  =  c  —  et  log  p, 

16)  P  =  P0ß     ", 
where  o0  is  the  density  when  s  =  0. 

Thus  as  we  ascend  to  heights  whieh  are  iu  arithtiietieal  pro- 
gression,  the  density  deereases  in  geometrieal  progression,  vanishing 
only  for  e  =  oo.  Tf  on  the  other  hand,  we  consider  the  relation 
between  pressure  and  density  to  be  that  pertaining  to  adiabatic 
eompression,  that  is  eompression  in  such  a  manner  that  the  heat 
generated  remahis  in  the  portion  of  the  gas  where  it  is  generated, 
we  shall  obtain  a  law  of  eqnilibrium  corresponding  to  what  is  known 
as  convective  eqnilibrium.  The  temperature  then  varies  as  we  go 
tipward  in  such  a  way  that,  if  a  portion  of  air  is  hotter  than  the 
Stratum  in  wliich  it  lies,  it  will  rise  expanding  and  eooling  at  the 
same  time  until  its  temperature  and  density  are  the  same  as  those 
of  a  higlier  layer.  When  there  is  no  tendeney  for  any  portion  of 
Webstee,  Djnamics.  SO 
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air  to  change  its  place  couveetive  equilibrium  is  estahlished.  The 
principles  of  thermodynamics  give  us  the  relation  for  adiabatie  com- 
pression 

17)  P-l?', 

where  x  is  the  ratio  of  the  specific  heat  at  constant  pressure  to  that 
at  eoiistiuit  volume,  whose  iminericiil  valne  is  itbout  1.4.    'We  tbeu  ha  vi; 


18)     v-a^-ßf—ß 


Since  x  >  1,  p  diminishes  as  .s  increases  and  is  equal  to  zero  when 
gs  =  C,  so  tliat  on  this  hypothesis  the  atm.osphere  lias  an  upper  limit, 
whieh  may  he  calculated  wlien  the  value  of  y  for  a  Single  value  of  s 
is  known. 

It  is  obviously  improper  to  consider  the  equilibrium.  of  the 
atmosphere  to  an  infinite  distance  without  taking  account  of  the 
Variation  üf  gravity  as  the  distance  above  the  surface  of  the  earth 
increases.  Considering  the  earth  to  he  a  sphere  with  a  density  that 
is  a  funetion  only  of  the  distance  (Vom  the  ceuter,  we  have,  with  y 
positive1),  as  in  §§  l'J3.    l.-.tO.  instead   of  equation  8), 

Xdx  +  Ydy  +  Zds  =  yd  (y). 

so  that  on  the  hypothesis  of  equal  temperature 

19)  —  —  =  const.  —  alogp. 

20)  &  =  &ae'a'-. 

On  this  hypothesis  the  density  decreases  as  we  leave  the  earth,  hut 
not  so  fast  on  account  of  the  diminution  of  gravity,  so  that  at  infinity 
the  density  is  not  zero  but  equal  to  the  constant  p0, 

In  this  example  we  have  neglected  the  attraction  on  the  gas  of 
those  layers  Iyiug  below,  From  equation  20)  the  barometrie  formula 
is  obtained. 

Proceeding  in  the  same  manner  for  couveetive  equilibrium,  we  have 


21) 


.VE—r—   bnQ> 


llere  again  q  deereases  an  r  increases,  givhig  an  upper  limit  to  the 
atmosphere  for  @  =  0  for  a  finite  value  of  r. 

1)    It   is   to   be   observed   that   in   equation  8)   the  forces  aie  taken  aa  the 

negutire  derivatives  oi'  the  polential,  bnt  as  in  the  fi>]]owLU<j  exLimples  involvim; 
the  earth 's  atiraction  t.hey  are  obt.aiiied  lj_y  nn  iiitiply  Lilla'  1.1  so  p<>*il!r<i  derivative  hy  y. 
we  muHt  in  the  inii.'«Tul   iTfaation.  t'iaii.M  t-iri c,  ni«n  of  V  and   niiilt.ipiy  by  y. 
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179.  Rotatiug  Mass  of  Fluid.  If  a  mass  of  fluid  rotates 
abtrat  au  axis  with  a  constant  angulax  velocity  &,  we  may  by  the 
principle  of  §  104  treat  the  problom  of  motion  like  a  statical  problem, 
provided  we  apply  to  eacli  particle  a  force  equal  to  the  centriCugal 
foree.  If  we  take  the  axis  of  rotatlon  for  the  z?-axis  the  centrifugal 
force  may  be  derived  from  the  potential, 

22)  r,--^(x'+,/). 

If  an  incompress.i.ble  liquid  rotalus  about  a  vertical  axis  and  is  under 
the  influence  of  gravity,  we  have  by    11), 

23)  7-s»-^(«'+s'), 

24)  !)-?(»- <7*  +  "2"  (*" +  </*)). 

C'onsequently  the  surfaces  of  eijual  pressure  are  parabnloid*  of  revolution. 
Meaauring  z  from  the  Vertex  the  equation  of  the  free  surface,  for 
which  p  =  0,  is 

The  latus  rectum  is  '{■  On  this  principle  centrifngal  spoed  indicsitors 
are  construeted. 

An  important  case  which  we  have  already  treated  by  this  method 
in  §  149  is  the  shape  of  the  surface  of  the  ocean.  If  we  seek  an 
approximation,  assuming  the  eartli  to  be  eentrobaric,  the  potential 
due  to  the  attraction  of  the  earth  and  centrifngal  force  will  be,  as 
we  find  either  directly,  or  by  putting  K—0  in  §  149,   140). 

26)  f7=-Jfjl  +  -^Jcos^} 

and  the  equation  to  the  surface  of  the  sea  will  be,  U =  const.,  which 

may  be  written.  writing  ■'      for  the  constant, 

where  $  is  the  geocentxic  latitude,  and  a  is  the  polar  radius.    In  the 

(rase  of  the  earth   — ,-=-  =  — r„— -  which  is  so    sniall    that    the     second 
yM  288.41 

fcerm  may  be  consirtered  siuall.  with  respeet  to  the  first,  and  its  square 

negleeted.  Aceordinglv  putting  in  this  terni  r  —  a  tlie  equation  of 
the   surface  is 


28)  r-o{l  +  fj£oM>,»} 
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which  is  the  equation  of  an  oblate  ellipsoid  of  revolution.  The 
ellipticity  is 

The  difference  between  this  and  the  value  -  given  in  §  149  is  due 
to  the  fact  that  we  have  neglected  the  attraetiou  of  the  water  for 
itself  and  that  the  nucleus  is  not  exactJy  controbaric. 

180.  Qravitating ,  rotating  Fluid.  A  problem  of  great 
importance  in  eonnection  with  the  figure  of  the  earth  and  other 
planets  is  the  form  of  the  bounding  surfue-ü  of  a  mass  of  lioriiogeucous 
rotating  liquid,  under  the  action  of  its  own  gravitation. 

If  V  is  the  potential  of  the  mass  of  fluid  at  any  internal  point, 
and  we  take  the  X-axis  for  the  axis  of  rotation,  we  have 

29)  Ü=V  +—&*+  «■)■ 

The  form  of  the  function  V  depends  lipon  the  shape  of  the  hounding 
surfaee  of  the  liquid,  which  is  to  be  determined  by  the  problem 
itself.  The  complete  problem  is  thus  one  of  very  great  difficulty 
and  has  been  only  partially  solved.1) 

We  will  examine  whether  au  ellipsoid  is  a  possible  figure  of 
eqnilibrium. 

We  have  found  in  §  157,  37)  for  the  potential  of  a  homogeiieous 
clLij^oiil 

sm    r-xcabcfli- -£—.&-  -^-}^=du 

=  consi.  -^{La?  +  My*  +  fle>}, 

where  K 

r      n        j     {'  du 

L  =  2x uabc  I —  > 

J  («H«)V<«'+»>  (*■+•)  («■  +  «) 

31)  M-2xoabe  f — — * 

J   (S'  +  ..)l/(»'  +  »)(S'  +  «)<o'+») 


N-  2xoal>c  C d"        — 

J  («■  +  <  OjV  +  ■)(»"  +  »)< 


1)  Poineave,  "Sm-  Fe<-|i:ii!il.>i-t'  d'une  nuisse  fluide  [Winnie  cl'un  mouvement 
ttü  lutiLtiüii."  Acta  Math.,  t.  VII;  1886.  Also,  Figure*  ä'cqniJ.ibre  tl'ttnc  müsse 
fluide.    Paris,  1903. 
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lijserting   in  the  integral   equaiion    11.)  (see  foobiote  p.  466), 

32)  £  +  |  \La?  -f  ili"/  +  TW  -  —  (y2  +  «*)}  =  CHirt, 
the   surfaces   of  equal  pressure  are   similar  to  the  ellipsoid 

if  »0c 

33)  La>  =  (M~f)V=(N-^)c>, 

frorii  whieli  we  obtain 


Equating  tlie  firat  and  third   values   of  — 

35)  (b2  -  cs)  (MW  -  L<ß)  =  b2  (Mb2  -  Nc3), 
or  otherwise 

36)  a2  (ca  -  b2)  L  =  öV  (M-  N). 

Since  L,  M  and  N  are  transcendental  functions  of  a,  b,  c,  this  is  a 
r.nmsceudental  equation  for  the  ratios  of  the  ases.  Since  M  is  the 
same  function  of  b  that  N  is  of  c  obviously  the  equation  is  satisfied 
if  b  —  c  and  31=  N,  givijig  an  ellipsoid  of  revolntion  as  a  posslble  form 
of  equilibrium.  This  is  tlie  ctlel.iral.ed  Solution  given  by  Maelaurin  inl738. 
If  we  put  ,,,_    8  , s 

the  formuke  60),  62),  §  160  give 

37)  L  =  4x(>  -}/-  (iL  -  tan-1 1), 
M=N  =  2%  p  --|/S  (tau-J  i  —  j*    V 

Introdncing  these  vahies  the  first  value  of  —  in  equation  34)  becomes 

ai  =  M f,,5  =  2Kpj1-4^-7tan-1;.  -— ^)  -  ~(l-  tan-U))) 

y  1  +  1*  l     7.       \  1  +  *V        *  I 

38>  s"Ji-!TiL't«1,~,J-p-*(l> 

By  the  development  of  tan-1 2  in  a  series  we  find 


3!i: 


and 

for  "which  vali 


ij>(X)  =  Q  for  X  =  0  and  A  = 
^'(i)  =  0  for  2  =  2.5293, 

#(*)-  0.22467. 
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The  course  of  the  function  f{X)   is    shown  in  Fig.  150,  from   which 
it  is  evident  that  if 

_?!_  <  0.22467 
'ixyq 

there  are  two  values  of  l  satisl'ymg 
^___^  equation  38)  and  accordingly  two 

— —~:       possible  cllipsoids  of  rotation.    If 

Fig.  iso.  on  the   contraTy 

-^-  >  0.22467 

2ti7q 

jio  possible  ellipsoid   of  roiaiion  is   a  figure   of  eqtiililn'ium. 

When  ra  is  very  small  one  of  the  values  of  X  tends  to  zero  and 
the  other  to  infinity,  that  is,  one  of  the  ellipsoids  is  a  sphere,  the 
other  a  thin  disc  of  infinite  radius. 

In   the    case    of  the   earth  using  the  value  of  yp  of  §  123    and 

of  0)   of  §  149, =  .00230.    and    the    smaller    of   the    two    values 

of  X  coincides   most  neariy   with  the  actual  facts1),   giving 

l'=  0.008688,    «_~L- 
The  actual  ellipticity  being  however  —   we   ean  only  conclude   that 
the  earth  when  in  its  fluid  state  was  not  homogeneous. 

The   transzendental  equation  36)  written  out  is 


4°)  (6*-o/  „.:„+ 


f{^ 


(b*-c*)(b*  +  u) 


or  otherwise       m  <6'-«}(«*+«)J y(a*  +  u)(b*  +  u){c>  +  u) 

41)     (1/  -  <*)J*{a*u*+  [a»(ft»+e»)  -  6ac»  - 


1  ]/(«»4-«)B(6'+«)8Cc'+«)' 

the  Solution  b  =  c  there  is  another  given  by  putting  the 
integral  equal  to  zero.  When  a  =  0,  the  integrand  and  consequently 
the  definite   integral  is    negative,    when    <(.  =  -——  the    integral    is 

positive.  There  is  accordingly  a  real  value  of  a  wliich  satisfiss  the 
eqnation  and  there  is  an  ellipsoid  with  three  unequal  axes  which  is 
a  possible  figure  of  equilibrium,  if  a>  lies  below  a  certain  limit. 
This    result    was    given   by   Jacob i  in   1834.      Kor   further  Information 

on  this  subject  ihe  reader  is  referred  to  Thomson  and  Tait,  Natural 
Philosophy,  §§  771—778. 

1)  Tissei-ancl ,   Tvaihi  de  3fccuniqv.e  ütilcxt?..  Tom.  II,  p.  Ol. 
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181.  Equilibrium  of  Floating  Body.    Let  us  apply  the  equa- 
tions  of  equilibrium   to   a  solid   body  imraersed   in  a  fluid  under  the 

action  of  any  forces.  Let  us  find  the  resultant  force  and  moment 
of  the  pressure  exerted  by  the  liquid  on  the  surface  of  the  body, 
If  we  call  the  components  of  the  resultant  3,  H,  Z,  and  of  the 
moment  L,  M,  N;  we  have 

£  =  /  /  P  cos  (wa0  d&t 

42)  H  =  I  I  pcos(ny)dS, 
Z=  j  Jpcoa(ns)d8, 

L=  f   f  {y-p  cos  (nd)  —  zp  cos  (»«/)}  dS, 

43)  ilf=  /    /  {gpcos(nx)  —  xp cos (»..:■';}: dS, 
'  [xp  cos  (ny)  —  yp  cos  (nx))  dS. 


x-ffi 


If  the  body  is  in  equilibrium  it  is  evident  that  we  may  replace  it  by 
the  fluid  which  it  displaces,  which  would  then  be  in  equilibrium 
according  to  equations  4),  and  inight  then  be  solidified  without  disturb- 
ing  the  equilibrium. 

If  the  body  is  only  partly  immersed  we  must,  apply  the  Integration 
to  the  volume  bounded  by  the  wet  surface  and  a  horizontal  plane 
forming  a  continuation  of  the  free  surface  of  the  liquid  and  called 
the  plane  of  flotation.  Over  tliis  plane  p  =  0,  consequently  the  surface 
integral  is  taken  only  over  the  wet  surface,  while  the  volume  integral 
is  as  before  taken  over  the  volume  of  the  fluid  displaced.  "With  tliis 
under sfanding  we  may  couvert  the  surface  integrals  into  volume 
integrals  takeu  throughout  the  space  occupied  by  the  displaced  liquid, 
that  is,  within  the  surface  of  the  solid  body  below  the  plane  of 
flotation.     We  thus  have 

'"f/fi*.*—///***- 

'—SSP^—fff^ 
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L  -  -SSM-  •%)  *—f ff **-**. 

45)       M--  fff['fi-*-£ )di—  j  I  I \{iX-xZ)ii, 

s—fffWy-  »£}*<— fffrt'T-W'- 

If  the  force  acting  on  the  Liquid  ho  gravity  we  have 

X  =  Y=0,     Z=-g, 
accordingly 

S-H-O,    Z-gfffdr-mg, 

where  m  is  the  mass  of  the  fluid  displaeed  by  the  body.    This  is  the 
Priaciple  of  Arehimedes:  A  body  immersed  in  a  liquid  has  ita  weight 
diminished  by  the  weight  o.f  the  displaeed  liquid. 
For  tbe  moments  we  have 

L=      9  j  I  f  eydt=      gmy, 

"—'fff-*—™ 

N=      0, 

where  x,  y  denote  the  coordinates  of  the  Center  of  niass  of  the 
displaeed  liquid.  If  the  body  is  in  equilibrium,  by  Arcrimiedos' 
Priuciple  the  weight  and  therefore  the  mass  of  the  body  is  equal  to 
that  of  the  displaeed  liquid.  Oonsequciitlv  the  rosultant  of  the  Forces 
acting  on  the  body  is  equivalent  to  a  couple  whose  members  are 
forces  mg  exerted  clownward  at  the  center  of  mass  of  the  body  and 
upward  at  the  center  of  the  mass  of  the  displaeed  liquid.  If  the 
couple  is  to  vanish  one  of  these  must  he  yertically  above  the  other. 
The  center  of  mass  of  the  displaeed  liquid  is  called  fche  center  of 
buoyancy  of  the  body. 

If  the  floating  body  is  slightly  displaeed  through  a  small  angle 
öta  from  the  position  of  equilibrium  by  the  application  of  a  couple, 
the  mass  of  the  displaeed  fluid  must  reoiain  unchanged,  but  the 
position  of  the  center  of  buoyancy  is  slightly  altered.  Let  us  take 
the  origin  in  the  interseetion  of  the  old  and  new  planes  of  Dotation 
(Fig.  151).  For  the  new  position  the  figure  is  to  he  tilted  in  the  directiou 
of  the  arrow  until  the  new  position  of  the  ivater  line  W'L'  is  horizontal. 
The  old  center  of  buoyancy  B  is  now  no  longer  under  the  center 
of  mass    G    and    consequently,    if  the    same    portion    were    immerBed, 
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FLOATING  BODY. 


fche   body  would  be   acted   upon   by  a  conple   equal  to  mg  times  the 

bori/onla]  disUnce  behveen  tlie  vertieals  tlirough  (}  und  B,  and  teuding 
the  angnlar  dis- 


placement.     If  b    denote    the 

length  OS  which  now  makes 

an  angle  dci  with  tlie  vertical, 

this    horizontal    distanee    is 

bdco,  and  tlie  eonple  mgbSa. 

Bat  this  is  not  the  only  cotvple, 

for  the  immersed  part  is  now 

different  froni  that   formerly  vig  151 

immersed  by  the  volume  of 

the  two  wedges   of  small  angle  da,  the   wedge   of   immersion  EOE' 

and  the  wedge  oi:'  emersion  l)OD' .    The  bnoyancy  added  by  Üie  wedge 

of  immersion  and  that  lost  by  the  wedge  of  emersion  botli    produce 

moments  in  the  directum  teiiding  to  decrease  tlie  dis[>laeeinenfc.    These 

tnoments  inust  aecordingly  be  subtraeted  from  that  previously  found, 

to  obtain  the  whole  moment  tending  to  overset  the  body. 

1t  is  evident  that  if  no  vertical  force  is  to  he  generated,  the 
volumes  of  the  wedges  of  immersion  and  emersion  mnst  be  equal. 
Hinee    the    wedges    are    infinit ely  tliiii    wu    may  take    for    Üie  elenient 

dT  =  ssdxdy  =  ydmdxäy. 


I'li.: 


mdition  for 


.  volumes  is  Uieii 


47)  /   jzdxdy  =  daj   fydxdy  =  % 

the  integral  being  taten  over  the  area  of  the  plane  of  flotation.  This 
will  be  the  case  if  the  asis  taken  through  the  Center  of  mass  of  the 
area  of  flotation.     The  moment  due  to  the  wedges  is 

48)  U  =gQ  j  j  j  ydz  =  gej  J  nydxdy 

=  9QÖio  J  I  ysdxdy  =  gpSm8xl, 

where  x^  is  the  radius  of  gyration  of  the  area  of  flotation  about  the 
X-axis. 

In  iike  manner 

49)  M'  =  —  g$  j  I  f  xdT=>-gi>  j  j  xsdxdy 

=  —  gQÖa  I  I  xydxdy. 
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If  we   take   for   the  axes   of  x  and  y  the  principal  axes   of  the  area 

of  flotation  the  integral    /    /  xydxdy  vanishes.     Accordingly  a  rota- 

tion  about  a  principal  axis  thron gh  the  center  of  mass  of  the  plane 
of  flotation  developes  a  eouple  about  that  axis  of  magnitude  'jsiSaHxi 
tending  to  right  the  body.  We  have  aceordingly  for  the  whole 
moinent  of  the  righting  eouple 

50)  L  =  g8m(Q8xl-mh). 

On  aecount  of  the  change  in  the  immersed  part  the  center  of 
bnoyancy  has  moved  from  B  to  B',  If  we  draw  a  vertical  in  the 
new  position  through  B',  the  point  M  in  which  it  euts  the  line  BG 
is  called  the  mekteenter  and  the  distance  MG=h,  the  metacentric 
height.  Sinee  the  coaple  acting  on  the  "body  is  composed  of  the  two 
forces,  mg  acting  downward  at  G  and  upward  at  B',  it  is  evident 
that  if  the  equilibrmm  is  sfcable  or  the  righting  eouple  is  positive  M 
must  be  above  G.  The  arm  of  the  eouple  heing  the  horizontal 
protection  of  MG  is  equal  to  hx-Sa,  and  L  =  mgJtxSa>.  We 
accordingly  have,  inserting  this  value  of  L  in  equation  50)  for  the 
metacentric  height 

51)  mhx  =  (eSxax-ml>), 

dividing  by  m  and  writing  —  =  V,  the  volunie  of  tho  disphiüod  liquid, 

52)  hx  =  -^--b. 

The  equilibrin  ru  is  stable  or  unstable  aecording  as  this  is  positive  or 
negative. 

For  the  displacement  about  the  F-axis  we  have  in  like  manner 
a  eouple  proportional  to  the  clisplacenient,  with  a  new  metacentric 
height  ,-'  s 

53)  hy    =       y        ~b, 

where  x,j  is  the  radius  of  gyration  of  the  plane  of  flotation  about 
the  Y-axis  It  is  evident  that  the  metacentric  height  is  greater  for 
the  displaeenient  about  the  sliuvter  principal  axi*  of  the  scetion.  Thus 
it  is  easier  to  roll  a  ship  than  to  tip  it  endwise. 

Sinee  the  rotation  about  either  axis  is  resisted  by  a  eouple 
proportional  to  the  angular  displaeenient,  the  body  will  perform 
small  harmonic  oscillations  about  the  principal  axes  with  the  periodic 

tiraeS  2*K  2*K 

Tx  =  —4    and    TV  =  -=I, 
ysK  v'Jh>j 

where  Kx  and  Kv  are  respectively  the  radii  of  gyration  of  the  solid 
about  the  priueipal  axes  in  the  plane  of  flotation. 
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1  nr.rodumng  tlie  values  of  hx  and  hy  we  niay  write 

54)  T,:  = " ,      T. "     _  ■ 

Since  for  a  body  of  tlie  shape  of  u  ship  K  and  jj  inerease  together, 
we  see-  that  the  larger  x  corresponds  to  the  shorter  time.  The 
pitching  of  a  ship  takes  place   more  rapidly  than  the  rolling. 

The  locus  of  the  center  of  buoyancy  for  all  possible  displacements 
is  called  tlie  surfaee  of  buoyaney,  and  the  two  metacenters  are  the 
centers  of  curvature  of  its  principal  sections.  llvidently  the  body 
moves  as  if  its  surfaee  of  buoyaney  rolled  without  friction  on  a 
horizontal  plane,  for  it  would  then  be  acted  011  by  the  same  conple 
as  under  the  actual  cirenmstances. 

182.  Solid  hollow  Sphäre  and  Cylinder   under  Pressure. 

We  have  dealt  in  §  176  with  a  few  cases  of  equilibrium  of  solid 
bodies  under  stress,  where  the  strain  produced  was  homogeneous. 
We  shall  now  treat  a  nnmber  of  cases  in  which  the  strain  is  not 
liomoganeous.  If  there  are  no  bodily  forces  the  equations  144),  §  175, 
become 

55)  (X  +  ü^  +  itJv^O, 

(i,  +  n)  --■  +  \tdv)=  0. 

Forming  the  divergence,  by  differentiating  respectively  by  x,  y,  e, 
and  adding,  and  interchanging  tlie  order  of  the  Operations  d  and  /}, 

56)  (l  +  &p)^0  — 0,     ^0  =  0, 

so  that  ö"  is  a  harmonic  funetion.  Let  us  put  6  —  a.  If  the  strain 
is  pure,  let  (p  be  the  strain  potential.  §  169,  so  that 

and  <p  is  equal  to  the  potential  of  a  mass  of  density  —  '  >  coincidiug 
with  the  body  under  investigation.  If  this  be  a  sphere  or  spherical 
shell,  we  find,  as  in  §§  125,  135, 

">  *-?£(•"£)-. 

59)  ,f  =  ±r*+h-, 

where  6  is  a  seeond  arbitrary  constant,  from  which  we  have 


/Google 


X.  STATIÜS  Ol'   DKb'OKJUBLB   KODTKS. 


i  +  : 


du  _  3&ay       2«  _  &bxz 


61) 


_  3fta;y        3v  _  a  __   6         3Ö;/3        2w  ____  S6ye 

r"    '      dy~  3       rs  r°    '      <?#  *•* 

9w  _  Sbzx-      Siv_Sbzy        dw_a^h    .'Abz'- 

dx~     r5"'      vy~     r"    '       du  =  3       »•»  +    r«   ' 

giving   q  =  ö.     The  values  of  the  surface  forces  are  by  145),  §  175, 

X„  =  [la  +  2M(|  -  £  +  *££)]ooB(iw) 


n-fi«  +  8^  (f-i  +  ^)]  «»(-*) 


Z. 


=  [la  4  2^  (|  -  £  +  ^*)]  cos  («3) 

6f»ÖS 


4-  -T-  [ircos  (««)  4  ycos(»y)]. 
Collecting  the  terms 

Subx  las  .      -.,»/  /      >    ,    z  ,      -A         liuöar        6116  ,      , 

-J-4— (  — eos(«,v.-)  4-  ;;  cos  (Vi;/)  4  -  cos  (»~n  =    '  iL     =    -^-cos  («■#), 

and  writing 

63)  p  =  la  +  |fi«  +  ^?-  /-/«  +  ^i 
fchese  beconie 

64)  X«  =  jpcos  (Mic),     Fn  =  p  cos  (ny),     Z„  =  p  cos  (ns), 

so    that  ji    is    a  normal   traction    or  pressure.     If  Ii±  ancl  1<S    are  the 
internal  and  externa!  radii  of  the  ahell, 

TT      ,    *(*6 

65)  Ss 

A  =  Sa  +  g,-» 

which   detenninc  «■  and  6. 


6  =  ~ 
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Iu  Oersted's  pie/oiuetev  the  internal  and  externa!  pressure;;  are  equal, 
so  that  &  =  0,  and  the  Sphäre  reoeives  a  horiioguneous  stniin,  which 
is  of  the  same  magnitude,  e  =  >  as  if  the  sphere  were  solid.  A 
seeoud  practica!  fipplicnT.ion  is  found  in  the  correetion  of  thermumeters 
due  to  the  pressure  of  the  mereury  eausing  the  halb  to  expand,  the 
amount  of  expansion  being  found  fr 0111  66). 

Iu  treating  the  case  of  a  very  long  hollow  eylinder,  we  proceed 
in  precisely  the  same  mamier,  except  that  the  prohlem  is  a  two 
dimensional  one.  We  will  number  the  equations  in  the  same  manner, 
with  the  addition  of  an  accent.  The  formulae  liave  an  appiicaürm 
in  tinding  the  pressure  able  to  be  borne  by  tubes  and  boilers. 


67) 

m-j|>    '-/-'    «-0,    a  =  Ay  =  a, 

58') 

1      d     1     (?m\ 

59') 

tp  =  j  r*  +  b  log  r, 

60') 

8<p        (a       ,    b\  x 

$x        U      ~h  r)  r' 

v       8V~\*r  +  r}r' 

du        ab         Ibx1        du             2bxy 

dx~~i  +  'rI       ">*"'      dv~          r*    ' 

'  cv 2bxp        dv        ab         2byi 

X»  =  \Xa  +  2f*l-g  -+-  -B -j-1  \ao8(nx) ■■_,-  cos  (ny), 

62  }      Yn  =  _  *^¥  cos  nx  +  [Xa  +  2[l  (1  +  *  _  ^)]  cos  (ny), 
63')                             i)  =  (^+ft)rt„^, 
64')                             X„  =  pcos(w£),      Yn  =  ^)  cos  (m y) , 
J'i  —  (1  +  |i)  o  -  |^r; 
j>,  — (1  +  1»)o-|t-, 
6  _ gif  ■         , 


65') 
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183.  Problem  of  de  Saint  -Venant.     We   shall   uow   treat  a 

problem  dealt  with  by  the  distiiigni^heil  elastician  Barre  de  Saint- 
Venant,  in  two  celebrated  memoira  ou  tbe  torsion  and  fiexion  of 
prims,  published  iti  1855  and  1856.1)  For  the  füll  treatment  of  this 
si] hj fiel,  the  reader  is  referred  to  Clebseh,  Theorie  der  TJ'tslteilät,  or 
especially  to  the  French  fcranslation  of  the  same  work,  edited  with 
notes  by  de  Saint -Venanfc  himself.  The  problem  is  thus  defined  by 
Clebseh,  whose  analysis  is  here  followed. 

What  are  the  circvmistances  of  eqnilibvimn  of  a  cylindrical  body, 
on  whose  cylindrical  surface  no  forces.  act.  and  whose  interior  is  not 
subjeeted.  to  externa]  forces,  under  which  the  longitudinal  fibree 
ctmiposiiig  tlie  body  oxperience  no  sklewise  pressure?3)  What  forces 
must  act  on  the  free  end  snrfaces,  in  order  to  bring  about  such 
eircumstances? 

We  have  already  treat ed  a  special  case  of  this  problem  in  3°. 
§  176.  If  the  Z-&sis  be  taken  parallel  to  the  generators  of  the 
cylindrical  surface  of  the  body,  the  conditions  that  adjaesnt  fibres 
exercise  no  stress  on  each  other  perpendicular  to  their  length  are 

67)  X*  =  Yy  =  Xy  -  0. 

The  eonditioiis  at  the  cylindrical  surface  are 

Xn  =  Xx  cos  (na)  +  X,  cos  (ny)  +  X,  cos  (ne)  =  0, 

68)  Y„  =  Yx  cos  (nx)  +  Yy  cos  (ny)  +  Y,  cos  (ne)  =  0, 
Z„  =  Zs  cob  (ms)  +  Z„cos(ny)  +  2:cos(ws)  =  0, 

of  which  the  first  two  are  satisfied  klenfieallv,  siuee  cos»r  =  0,  and 
the  last  is  simply, 

69)  Zx  cos  (nx)  -f  Zv  cos  (ny)  =  0. 

In  order  to  remove  the  possibility  of  a  displacement  of  the 
cylinder  like  a  rigid  body  involving  six  freedoms  we  will  suppose 
fixed:  a  point,  a  line,  and  an  infinitesimal  element  of  surface  of  one 
orthogonal  end  or  cross-section.  Take  the  fixed  point  as  origin,  so 
that  M0  =  V0  =  Wa  =  0.  Take  the  fixed  element  of  surface  for  the 
XY"-plane,  and  the  fixed  line  for  the  X-axis.  For  a  point  near  the 
origin,  the  shifts  are 

1)  Memoire  sur  la  torsion  des  priaui.es,  avee  des  cotisidorationa  snr  lern 
fiexion.     Memoire*  <te*  Snt-tnilx.  t-trtingm-s,   1855. 

Memoire  sur  In.  fiexion  des  prismes.  Juum.  de  Mi.dk.  de  LiomnlU,  2™e  Serie, 
T. I,  1863. 

2}  That  is,  the  stress  (in  a,  plane  parallel  ro  a  generator  is  only  tangential, 
and  in  the  direetion  of  tliu  g-enerator. 
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—  *+(£).'•+(&'«» +(£).*•. 

™)       ■  =  »• + ©„<** + (S)/» + (ff)/2. 

If  the  point  is  in  the  XF-plane,  ds  =  0,   and  as  this  plane  is  fixed, 
w  must  be  0,  necessitating 

£>.-©.-* 

If  the  point  is  on  the  X-axis,  ily  =  <?s  =  0,   and  as  it  must  remain 
on  the  X-axis,  v  and  w  must  vanisli,  nocessibiting 

The  six  conditions  at  the  origin  are  accordingly, 


ii  1 


\ah= 


while  the  comlitioes  67)  everywhere   satisfied  are 
72)  r,  _  13  +  2f»|-  —  0, 

2. -*(!;+ HD-0' 


Of  these  the  first  two  give 

,          du         dv 
ft'          dx  —  Jy  ~ 

- 

with  the  third 

~  2(l  +  ft)  3a  =  ~  ^Tz' 

b) 

du        8.  _  Q 

The  equations 

144)  of  equilihrmm  are 

(J  +  c)j|  +  c^»- 

0, 

73) 

(*  +  f)äJ  +  M«  - 

0, 

(l  +  e)J; +  (•■<»"- 

0. 
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Frora  tlie  tirst  of  a)  and  b),  by  differentiation, 

Au  =  ä^  +  ^  +  3F  =  Bi* 

74J  .  8»«    .    3'«    .    d*v       d*v 

^K!     '     (?)/s  US2  C£! 

From  a), 

Tlie  üifnatiojis   TB)  becoiue 

The  equationa  a),  b);  c),  d),  e),  together   with   the  surface  condi- 
tion  at  the  cylindrical  surface 

™)       (w  +  ») c™  ("*)  +  (Ji  +  S) 0OB  ("">  -  °> 

and   the    conditions  71)    at   the    origin,    constitute  the   mathematical 
statement  of  tlie  problem. 

Differentiating  e)  by  a,  and  subtracting  the  derivative  of  c)  by  x 
and  of  d)  bv  y, 

77)  2 £?-  JÜ--  JS--0. 

Inserting  the  vahies  of  V    and  -'-  in  terms  of   —  from  a)  gives 

s  dx  oy  oz  '   " 

Addiug  the  derivative  of  c)  by  y  and  of  d)  by  x, 

which,  by  use  of  b),  gives 

80)  ir^rV  =  0. 
1  dtcdydz 

Differentiating  e)  by  z,  and  using  78), 

81)  JJjU  +  Ä-  =  0. 
Differentiating  c)  by  x,  d)  by  y,   and  comparing  with  a), 

821  — —  =  „8'w  ■ 
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C tun] la ring  ivith  81).  we  lind  that  botli  of  tlicso  derivativos  must  be 
zero.     Accordingly  we  have 

Hence  ^-  camiot  coiitain  any  power  of  x,  y  or  z  above  the  first, 
nor  xy,  so  that  we  may  put 

84)  tw  =  a;  +  a±x  +  aäj/  +  g  (b  +  hxx  +  6sy). 
Hence  from  a), 

85)  !;-Jj l(«  +  o1i  +  o1|l  +  »t»  +  M  +  Sl»})- 

Differentiating  84),  equations  c)  and  d)  become 

86)  pi=-{<h  +  h1!),     jp C«a  +  M> 

Accordingly  «  and  u  contain  powers  of  £  not  above  #3,  m  contains 
powers  of  a:  not  above  ;/.,i!,  v  contains  powers  of  y  not  above  y'1  and  ep. 
powers  of  g  not  above  s2. 

Integrating  85)  and  86), 

u ij  j  ax  +  ^~  +  a3  xy  +  e  {bx  +    '-*■  +  \xy}  j 

-  irf  +  ¥)  +  '*(3f)  +  %d>)> 

87) 

« =  -  fl  j«»  +  «1^2/  +  -*  +  *  {h  +  My  +  -*£)] 
-{-f  +  bf-)  +  M*)  +  f(*)- 

Putting  these  ia  b), 

—  5  (<V»  + *!*»)  +  »+W  +  *'(»). 

-  i(«,»  + »,»«)  +  «»'W  +  /" W  - o, 

so  that  i/>,  Xj  <p,  /'are  of  the  second  degree,  in  Wie  variables  indieai.ed.  Ray, 

x(y)  =  «r  +  »i' »  +  <h'  >/, 
*G0-*  +  V  y  +  h'  s/*> 

'  f(x)  =  a"  +  «j"a;  +  «3"ar2, 

<p  (sc)  =  6"  -j-  V'  *  +  h"  x*> 
in  which 

<V'  =  ir1?"^     V  =  2'^ai'    ö'i'  +  ai"  =  ®> 
90)  " 

&,»  =  |i?fts,      V  =  j-^,      6/  +  &i"  =  0. 

Djnnmica.  31 
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Put 

V  -  -  6,"  -  ß, 
and  we  kave 

~  *T  ~  V  +  ('''  +  M'  +  "'  +  "'> 

91)  ,_   .  ,_   ,  -, 
«  -  -  i, [«./  4-  «,*!/  +  B, *-^-  +  s(hy  +  \xy  +  h ,—^L)\ 

-  "-•£  -  's6--*  +  (6"  -ßx)i  +  «"  -  «*. 
Integrating  84), 

92)  «  -  (o  +  a,x  +  <w)<  +  |-  (S  +  S,»  +  &,»)  +  *"(<*, !/), 
which  inserted  in  e)  gives 

93>  S  +  J>  ?  +  »(*  +  *.»  +  »!  »)-»■ 

If    TO    ]int 

94)  F—  ß  -  (i^iä?  +  ZilSi/!  +  i>,a]si/)  -  S'i  -  6",9 
we  get  fiaally 

95)  '  ^fl-g  +  ^-O, 

or  ß  is  a  liarnimiic  (imctioii  of  Üic  variables  ;<■,  //.     The  conditions  71) 
at  tlie  origin  givc 

o'  =  a"  =  ß0  =  0, 

%)  V-fi£).    *"  =  (-/)'     —  0. 

VSx/u  \cy!a 

We  have  now  for  the  traction, 

97)  2,  -  16  +  2^  |^  =  E  ~ 

=  E{a  +  a1x  +  asy  +  s(b  +  \x  +  b,,y)). 

If  we   take  for  the  origin  the  eenter  of  mass  of  the  cross-section, 
so  that 

we  haTe,  integrating  over  the  croBS-Bection,  s  =  const., 

98)  /  I  Z,dS-E  I  j(a  +  tt)dS~E(a  +  he) S. 


/Google 


183,  184J  ST.  VENAST'S  PROBLEM.  483 

Now  since  the  beam  is  iu  equilibrium,  this  integral  Z-traction  must 
be  the  same  for  all  values  of  z,  hence  i  =  0.    We  have  tlieu  finally, 

u  =>  —  ri[aiB  +  aL-  ~V+  %xy  +  z (b1~-~-  +  h®y)  \ 

et,  e1       b,  zs    ,       /öil\    ,    0 

o »;[»?/  +  ik'J-rt"'  +  VJ  +  '(h'-'Y--  +  Mi/)] 

1»  -  (o  +  i:Lx  +  a,y)  1  +  f)hx  +  \tf, ~ 
-  (btxf  +  b,x'y)  +  ii-x  (J|)r  y  (S); 
From  these  we  dednee  tlie  non-Yanislimg  slress-eoiiipoiiems, 

Z,  —  IE  v     —  £  [a  +  <*i^  +  %.'/  +  (61*  +  &2«/)  s], 

100)  ' 

*-<*(£  +  £) 

=  (l  [ß,j  -  b,  (2  +  ,)  xy  -  Äi"  +  5,  (|  -  l) !,»  +  |f] , 
and  changing  x  to  ?/,  u1,  Og  to  61,  i2,  j3  to  —  /3, 
100)      ^_„[_/ja!_s1(3  +  ,)it!i-^L'  +  i,(|-l)*,+  |?]. 

The  condition  69)  at  the  cylindrical  surface  gives 

101)  ^cos(W)  +  ^-coB(»y)  =^ 

+     [^a:  +  61C2  +  ^a;j/  +  ^'  +  6a(l-|)    yos(ny)=f(x,y). 

184.  Determination  of  Function  for  Farticular  Cases. 
Torsion.  We  may  easlly  show  that  a  funetion  harmonie  within  a 
eerfcain    plane    contour,   and    on   the    contour   Batisfying   the  conditiou, 

ioi)  ü -«*,») 

is  uniquely  determined.  For  if  there  be  two  funetions  S^  and  ßa 
s.ukfviii^  II  io  condition*,  the  differenee  V—  ß1  —  Sl.2  is  harmonie. 
and  on  the  contour 
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Now  by  Green's  theorem,  §  137,  55), 

=  I  I  Vj^ds-  j  I  I  VJVäxäy, 

and   both    integrals    on   the    right   Tanish.     Aceordingly,    as    in    the 
demonatration  of  Diriehlet's  Principle, 

U=|?=0,     V  =  ß,  -  ßs  =  c<ms*. 

But  we  have  the  condition  ßu  =  0,  so  that  the  difi'erenee  F  is  zero, 
and  the  Solution  is  unique. 

If  the  contour  is  a  circle,  the  Solution  is  irnmediate,  by  the  aid 
of  circular  harmonics.  For  the  function  ß  being  developed  in  a 
series  of  such, 

103)  £1  =  V(J.r»cos»g>  -f-  B„r»sinny) 
we  have 

104)  ,',"=."  =  ^  ^.R"-  (jriM coswqo  -{- B„ ein. nq>) 

so  that  if  /'(.^,  -ij)  is  given  developed  as  a  tvigonometric  series, 

105)  /"(je,  2/)=V(<7„coB«g>+.D„Hin$>) 

we  must  have, 

C*  n 

106)  A= — ^>     B« r^ 

which  determines  ß. 

It  may  also  be  proved  hy  the  principles  of  the  conformal 
r^proseiitaiioii  of  plane  areas,  that  the  problem  can  be  solved  for  any 
contour  wliose  area  call  be   eonformally  represcnted  upon  a  circle, 

Let  us  now  put 

107)  >l  =  ßV+b1V,  +b2V2, 
so  that  if  in  the  whole  cross-section, 

108)  4V1  =  4Vi  =  z/F3  =  0 
and  on  the  contour, 

_ -  =  —  j/cos{)ia;)  +  aicosfwy), 

109)  15  -[!*'  +  (l  -  t)  •»"]  C0B  ("")  +  <2  + 1) "!'  °°"  (»»). 
j^  =  (2  +*l)xyco$(nx)  +  [| '/ +  (l  -  g)a'ä]cos(n*/), 
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V,  V1,  Fa  are  uniqnely  delermined,  uach  vanishing  at  the  origin.  The 
origin  is  any  point  on  the  ]ine  of  centers  of  mass  of  the  cross- 
sections. 

The  most  general  Solution  oi'  d<j  Saint -Venant's  problera  now 
contains  six  constants,  a,  alr  a^,  ß,  b1}  b2.  We  may  examine  separately 
the  corresponding  simple  strains,  hy  putting  in  each  case  all  the 
constants  bat  one  equal  to  zero, 

lo  +  O. 

u  =  —  iiax,     v  —  —r,ay,     w  =  ae, 

110>  Z.-B*.        Z.-Z.-0. 

This  is  a  stretcli-squcew:  of  ratio  y,  which  has  been  alveady  treated 
in  §  176. 

IL  0  +  0. 

111)  u  —  ßs>,    <i  —  ~ßxi,    w  —  ßV. 
These  er(uii[ions  represeiit  a  torsion,  whose  rotation 

°--j(l'.-7j)  —  l"- 

is  proportional  to  the  distance  from  the  origin,  or  fixed  section. 

We  have  W  =  V  =  W  =  0  for  x  =  i)  =  0  tlie  Iine  of  Centers.  For 
the  stresses  we  find 

112)  ü,=  eS.»,     Z,  =  p,p(,J  +  'g),    Z,-^ß[-x  +  dJ), 

so  that  the  stress  on  any  cross  -  section  is  cornpletely  tangential. 

If  the  contoor  of  the  bar  is  circular,  we  have 
cos  (nx)  :  cos  (ny)  =  x:y, 
so  that  §— =  0  and  V  =  ir  =  0,  and  accordingly  we  see  that  the 
plane  cross-  sections  remain  planes.  For  any  other  form  of  cross- 
seetion  than  a  circle,  V  does  not  vanish,  so  that  the  cross -sections 
buckle  into  non-plane  surfaces.  This  buckling  was  neglected  in  the 
old  Bernoulli- Euler  theory  of  beams,  and  constitutes,  as  was  shown 
by  de  Saint-Venant,  a  serious  defect  in  that  theory,  which  is  still 
largely  used  by  engineers. 

In  order  to  produce  this  torsion,  we  should  apply  at  the  end 
cross-section  the  stresses 

113)  Zx  =  X,  =  (ißij,     ZV  =  Y,=  -  ftßx, 

that  is  at  every  point  a  tangential  stress  perpendieular  to  the  i-adius 
vector  of  the  point  in  the  plane  and  proportional  to  its  distance 
from  the  line  of  centers.     As   in  practica   it   would  be  impossible  to 
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apply  strussus  varying  in  tliis  manncr,  we  make  use,  in  this  and  the 
other  caaes,  of  de  Saint -Venant's  principle  of  rquijuiUent  loaäs,  viz: 

If  the  cross-section  is  small  witli  respect  to  tlie  length,  stresses 
applied  to  a  body  near  tlie  ends  produce  appvox.imately  the  same 
effect  if  their  statical  resultants  and  moments  are  the  same. 

Consequently  we  may  apply  to  the  end  faces  or  to  the  convex 
surface  near  them  the  forcea  and  couples, 

X  =  f  I  X,dS  =      )iß  j    fyä8=0, 

Y  =  I  j  Y,  äS  =  -iiß  f  f  xdS  =  0; 

Z=  I  f  Z,äS  =  0, 

1U)     l  =ff(yz>  ~  **.)  ts  =    pßj'j'xsds  =  o, 

M=  ff(eX, -  xZ>) dS  =      pß  I  JyedS  =  0, 
X=fj{xY:-yX:)äS  =  -(ißJ'J(x*-  +  tf)äS 

liß  I  I  rsdrdtp  =  -  ^|— ■ 

The  twistiug  eouple  divided  by  tlie  rotat.ion  per  unit   of  length, 

HS)  -f-^r1' 

is  proportional  to  the  fourth  power  of  the  radius.  This  is  the  law 
announced  by  Coulomb,  in  his  work  on  the  torsion-balance.  This 
faetor  of  tlie  applied  couple  niriltiplyiii.g  tlie  twist  per  unit-  length  is 
called  the  torsional  rigidity  of  the  prism.  Thus  the  shear-modulus  u 
may  be  determined  by  experiraents  on  torsion. 

Tor  other  conto urs  than  the  circle  it  is  convenient  to  introduce 
into  the  problem  instead  of  V  its  so- called  eonjugate  funcfciou  %>, 
defined  by  the  equations. 

116)  "-XA,    fl__|3,    JW-O 

'  f.x,  r,ii         flu  rx 
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If  we   now    form   the  line-iiitegral  around  the  contour  of  the 
sfiction,  of  .■      {Vom  109), 


=  /  [-  V  cos  (na)  +  x  cos  {nyj\  äs 

j  ti»00,W  ~ f? cos(ny))ds> 

siuee  if  we  circulate  anti-clockwise  (Fig.  152). 

ds  cos  («#)  =  cty,     rfs  cos  (nij)  =  —  dx 
the  integrals  become 

118)      I-J(fjx+'i^d^ 

•  {ydy  -f  xdx), 


-/& 


and     siace    both     differentials     are    perfect, 
integrating, 

119)  W=C~  £(*■+/). 

iocordingly  if  we  can  determiiie  a  harmonic  function  V?  whieh  im 
(li.e  contoitr  shall  have  the  Yalue  119),  the  problem  is  solved.  For 
example  take  the  functions, 

W=Aix,2~if),     V=  -  2Axp, 
giving 

V  +  j  if  +  ,/)  -  (A  +  i)  x?  +  (I  -  A)  j/' 

equal  to  a  constant  ou  the  elüpse 


l  +  i)„>  =  (i-^. 
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We  thus  obtain 


The  curves  of  equal  longitmliiml 
ilisplnceine.nt,  or  eontour-Iines  of 
tlie  ljueldcd  seetions,  are  equi- 
lateral  hyperbolas  (Fig.  153).  The 
are,  by  112), 


z.« 


«pfo1 


y,    *",-- 


a'  +  b**'      *'  u'  +  b 

The  twisting  couple  is 


jaul 


N-fftxT.  -  yXJdS  =  -  J^%ff^'2f  +  h*x*)dxäy, 


-■ «nß  -  j- 


,,  -.  1/ 


In  a  similar  we  niay  deal  with  an  equilateval  triangulär  prism. 
If  a  be  tlie  radius  of  tho  insorihed  circli;,  tbe  equat.ion  of  flu;  boundavy 
may  be  written, 

(as  -  «■)  (sc  -  J//3  +  2a)  (x  +  y  V  3  +  2a)  =  0, 
0r  «3  -  3xy*  +  Sa  (xs  +  if)  -  Aaz  =  0. 

The   funotion    A(xs  —  3#?/3)    is 
a  eiroular  harmonie,  and 

A(x*~3ztf)  +  ±  &*  +  $*) 

is  constant  on  the  boundary  if 

we  taite 

A  =  ±t>     W=  -^  (x3  -  3«ya), 

F=  -^  (y*  —  3ai*j/). 

The  curves    of  equal    distortiou 
are  shown  in  Fig.  154, 

For    any   contour    we    have 
for  tlie  couple,  from  112) 

121)     N  -J'J  (xT,  -yX!)  dB  -  -  ,.ß  ff(x>  +  ,f)  dS 
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where  I  is  the  moment  of  inertia  of  the  section  about  the  Z'-axis. 
Jf  we  call 

122)  fj\^  -y^)dS=(l-q)fß^  +  f)dS; 

then 

123)  N=~-c[iißI 

and  the  moment  per  unit  twist  per  unit  length  qfil  is  called  tlie 
torsional  rigidity  of  tlie  bar,  and  q  is  de  Saint-Yrenant's  torsion-factor. 
For  tlie  circle  q  =  1,  for  the  ellipse  q  =  -  ;■£■-,,,]  sinne  l  =  ~a'b(iil-\-lr). 
If  S~%ab   is   the   area  of  the   ellipse.    the  rigidity  raay  tae  mitten, 

and  hy  a  generalization  of  this  formula,  de  Saint -Tenant  writes 
,!-?■ 

Having  solved  the  problem  for  a  great  variety  of  sections,  he  fouod 
that,  when  the  section  is  not  very  elongatecl,  and  lias  no  ro™  traut 
angles,  %  varies  only  between  .0228  and  .026,  its  vahie  for  the  ellipse 
heilig  .02533.     We  may  thus  put  in  practice 

T       1  8> 
27=4ÖT' 

obtarrdng  a  moat  valuable  engineering  formula.  Considering  the 
dimensions  of  S  and  I,  we  see  that  for  similar  cross-seetions,  the 
rigidity  varies  as  the  square  of  the  area  of  the  section,  as  stated  bv 
Coulomb,  hut  for  diiTerent  sections  tlie  results  dill'er  mucli  from  those 
of  the  old  theory,  in  which  q  was  supposed  to  he  unity. 

185.  Flexion.     For  the  third  case  we  put 
III.  «!  4=  0, 

124)  w  —  %■[*  +  n  (*■— ?■)}>   •  =  -  wv,   w  =  %**■ 

125)  Z,  =  E~  =  Ea±x,     Zx  =  Z,,  =  0. 
The  force  on  any  section, 

Z=  I  jZtäS  =  Ea,  I  I  xdxdy  =  0 

since  the  origin  is  the  center  of  mass  of  the  section.  In  this  case 
the  couples  L  and  N  vanish,  while 
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126)  M=  I  f  \eXl-xZt)dS  =  -Ea1  f  f  x*dxdy  =  -  Ea^ly 

whare  Is  is  the  moment  o£  inertia  of  the  cross-section  about  the 
Y"-axis. 

The  line  of  centers  of  mass  x  =  y  =  0  bacomea  atrained  into 
x'  =  —  ~->  a  parabola,  or,  sinee  the  displacement  is  supposed  amall, 
a  circle  of  radius  ■  This  displacement  is  called  uniform-  flexure,  for 
the  curvature  of  the  central  liue  is  constaut.  It  is  prodnced  by  the 
action  of  no  forces,  but  of  a  conple  applied  at  the  ends.  The  conple 
is  the  sarne  for  all  cross-sections,  and  is  equal  to  the  product  of 
Young's  modnlns  hy  Iy  and  the  curvature  of  the  central  line 

127)  M  =  EIs~f- 

This  is  the  theorem  of  the  btm'tiny  mnmmt.  Such  a  strahl  is  produeed 
in  a  bar  when  we  take  it  in  mir  hands  and  bend  i.t  by  turning  Uiein 
outwards.  If  the  bar  has  a  length  l  from  the  iixed  section,  the 
dellcelion  of  the  end  is 

128)  »--|«''  =  S, 

and  the  fiesnral  rigidity,  or  moment  per  imit  displaeetnent  per  unit 
of  length  is  2EI„. 

For  a  reetangular  section  of  breadth  b  and   height  h. 


i-ffi 


x-äxäy  =  -. 


For  a  cir cular  section  of  radius  M, 

id  =  I  I  x^dxdy^-  f  I  {x9  +  yi)äxäy  =  1t-i-  ■ 

For   a    circular    and    reetangulai-    beatn    of   equal  cross-sections,    since 
itRs  =  bh  the  ratio  of  stiffnesses  is 

'■rectangls  .  bh*      4      __  _/(s_ 

IQlrcls     ~    12    *R*~  3BS 

and  if  b  =  h,  , 

3ince  w  =  alx#,   a  plane  cross-section  at  a   distance  s  from  the 
origin  remains  a   plane  which    is    rotated    througb    the   angle  —  =  ate, 
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cuttmg  tlie  XF-plane  at  a  distauce  —  below  tlie  origin.  Such  a 
plane  remains  normal  to  tlie  line  of  centers,  and  tlie  rlexnre  is  circular 
(Fig.  155).  If  the  section  is  rectangular,  tlie  sides  y  =  +  --■  become, 
since  v  =  —  ya^y, 

while   the   sides  ,'t  =  +  n  become,  since 

*  ~±¥-  i{*  +1(1  -»))" 
or  since  ,:'  is  constant,  einlies,  so  that  tlie  cross-seetion    becimies  like 


In  an  experiment  by  Cornu   a  bar   of  <f!ass   \ras  tlnis  bent,  and 
points    of   equal    vertical    diaplacement    were    observed    by    Newton's 

fringes  produeed  by  ;i  parallel  plate  of  glass  placed  over  tlie  strained 
plate.     The  curves  v,  =  const.  are 

s2  —  ijj/s  =  const. 

a  set  of  hyperbolas  wbose  asymptoies  malte  an  äugle  u.  with  the 
Z-axis  given  by  ctnäa  =  tj.  By  photographing  the  fringes  and 
measuring  the  angle  Cornu  obtained  a  yalue  of  t)  very  near  to  —> 
the  value  given  by  Poisson. 

The  case  0%  =}=  0  is  precisely  like  that    just  treated,  except   that 
the  röles  of  the  X  and  Y-axes  are  iutorchaüged.     Wc  pass  therel.'ore  to: 
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IV.  b,  =f=  0. 

129)  «_-,Sia;j/«  +  v(^')ü' 

»'-^«■-M^  +  i,r1-JI.(^)-sI,®).. 

where  Ft  is  defined  by 

130)  ^  =  [|  x*  +  (l  -  |)  !/s]  cos  (nx)  +  (2  +  ,)  zy  cos  (»i/), 

If  the  eroas-section  is  symmetrical  witli  respect  to  both  a.xes 
of  X  acd  7,  evidüiitly  the  boundary  condition  is  satisfied  by  a  fnnc- 
tion  V1  even  in  y,  and  orW  in  x,  consequently  ->,--  is  odd,  and  vanishes 
at  the  origin. 

The  line  of  centers  is  deformed  into  a  plane  cwve  (since  e 
vanishes  with  %  and  ij),  having  the  equation 

*--*'■ +*(£).' 

a  cubical  parabola.     The  strahl  is  called  a  noiL- uniform  flexure.    The 
stresses  are 

z.  —  Ejfi  —  m,!*, 

131)  X.-rtf-jir'  +  Q  -l)9»+^], 

Z—  /  j  Z,dS—E\e  j   i xixiy  —  0, 

F—  /  I  Y,äS  —  f.l,\    (2+>,)  /      xyäxdy+  j  1  S±dydx\  =  Q, 

the  latter  integral  vaiiishiiig  beeaase    T'7//)  =  V(—y),  and  thu  section 
is  symmetrical. 

132)  X  -ffx,dB-^\fj  (~  J«'  +  (|  -l)!/>  +  ^}fte(i9 

-  Mi[-  1  2,  +  (5  -  l)  i  +  2  /V,  (i,  </)  ä»] 

tlie  last  integral    takitiff  tlie  abirre  form  since   J\(x)  =  —  F^f — x). 
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The  moments  are 

L  =  I  j  ($Z.-sYl)äS  =  E\e  f  f  xyäxdy  -  sY =  0, 

133)  M=  f  J(isX,-xZt)d8  =  s(X-mtIy), 

+  %«?9  -  (^-1)f-y-si\dxäy  =  Q> 

eTery  integral  in  N  vanishing  on  account  of  the  syinmetry. 

We  have  as  a  result  that  to  produce  this  strain  we  require  a 
transversa  force  X  applied  at  the  free  end,  together  with  a  eouple  M 
about  the  Y-axis.  The  transverse  AnüiioriK  are  huckled,  contrary  to 
the  old  theory  and  to  the  case  of  uniform  flexure,  while  as  there 
the  fibres  for  which  x  is  positive  are  in  longit.udinal  tension,  those 
for  which  it  is  negative  in  compression. 

It  was  showu  by  Clebsch  that  the  integral    /    /    ..  -äxily,  which 

oecurs  in  X  and  M,    could   he    calculated    without    determining   the 
fimction  V1  itself. 

Putting  in  Greens  formula,  §  137,  55),    U=x.    we   have,    since 

|^=1,      |^  =  0,     AYt=% 

Cx         '      oy         '  l         ' 

134)  f  I  ^dxdy^  f  x^ds 

and  for  this  problem,  taking  the  value  of    -  '  froni  130) 

135)  //»Lä.i.-ßx-.M  +  TnW 

where 

x=ix?  +  (i~1)zti>,   r-(a +  ,)«•». 

Converting  the  line-integral  into  a  surface- integral  by  tlio  divergenw; 
theorem, 

inserting  this  value  in  132), 

137)  X=,lil>lf?r,+2)I,  —  EbJ, 
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so  that  133)  gives,  M  =  0.  Thus  tlie  raoment  of  the  applied  foroe  X' 
and  of  the  oonple  about  the  origvn  is  zero,  wbile  the  moment  of 
the  couple  alone  due  to  the  forees  Z,  symmetrically  applied  is 
M'  =  —  EbtIyS.  It  is  to  he  noted  that  while  the  rod  is  beut  down 
by  the  couple  M'  (Fig.  157),  the 
tendeucy  of  the  force  X  is  to 
pull  the  end  up.  We  see  also 
that  -ö—  for  the  line  of  centers 
does  not  vanish  in  general  at  the 
origin,  being  equal  to  &i(a  0  ■ 
The  Solution  of  the  practieal 
problem  of  tlie  deflection  of  a 
Y  beam  by  a  transverso  force  applied 

m-.  is;.  at  one  end  is  obtained  by  a  com- 

binatioü  of  the  reanlts  for  uniform 
and  non-uniform  flexure,  as  just  investigated.  Since  the  former 
reqnirea  a  couple  which  is  the  same  for  all  sections,  the  latter  one 
which  is  proportional  to  «,  by  a  suitable  combination  of  the  two 
with  opposite  signs,  we  may  malte  tlie  couple  upon  the  end  seetion 
equal  to  zero,  so  that  we  have  to  apply  only  a  force.  Since  the 
couple  due  to  the  uniform  flexure  is  —  Ma^ly,  and  that  due  to  the 
non-uniform  flexure  —  Eb^s,  if  we  put  o1  +  \l  =  0,  wliere  l  is  the 
length  of  the  beam,  there  will  be  no  couple  to  be  applied  to  the 
end  of  the  beam,  but  only  the  force  X.  Determinäng  ö,  from  137) 
and  addiug  equations  124)  and  129),  we  obtain  the  shifts, 


138)      '!  = 


•>,+r'-!ffi).-»ffi). 


Tlie  equation  of  the  central  line  is 

189>  -'-^{('-f)-+ »•(%),) 

and  the  deflection  of  the  end  of  Hm   beam 


^+<(m] 
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The  stresses  to  be  applied  are  tlie  force 
X—  ~  EI,-," 


140) 
md  the  couple 
141) 


.  ds* 


M- 


X(l-e)  =  Ei;- 


Thus  we  still  have  the  theorem  of  the  bending  nioment.    The  meauing 

of  equation  141)  is  seen  by  considering  tlie  slrosses  across  a  sectiou 

of  the  beam  at  any  clistance  s  from 

1  ] i.e  origin,  and  iioticiiig  that  if  the 

beam   were   cut   at   this    sectiou    in 

order  to  hold   it  in   equilibrimn  we 

should   have    to    apply   to   the    two 

cut  ends  couples  asshowninl'ig.158, 

together    witli    eqnal    and    opposite 

f'orces  X.  the  lavier  beiiigit.idepenäetit 

of   the    position    of    the    cut,    the 

furnier  proportional  to  tlie  clistance 

from    the    free    end    of    the    beam,       /  x 

which  is    also    proportional   to    the 

curvature  of  the  central  line, 

We  sball  close  (bis  subjeet  by  tlie  determination  of  the  fimction 
Vi  for  the  case  of  an  elliptic  cruss-süction.  If  tlie  equation  of  the 
ellipse  is 

S  +  U-i. 

cos  (rix) :  cos  (vi/)  =  —  :  ■ 
and  the  equation  130)  becomea 

h'x TB  +  <•'»  7t  ~  [lx'-  +  (x  - 1)  »']  *>'*  +  <2  +  •')  »'*»■■ 

Ab  in  the  case  of  torsion,  a  Solution  is  given  by  a  ciroular  harmonic 
of  the  third  degree, 

YL  =  Cx  +  D(x3-3xf) 
if  we  have 

b\-c{C+  3D(a^  — j1)}  -  &Daaxtf 


-  6a{  Is?  +  (l  -  I)  xtf}  +  (2  +  v)  a*xy*. 


Dividing  through  by  x,   transposing   and    putting   the  coeffieients  of 
xi,1li  and  1  respeetivcly  proportional  to  — „>  ■    >  —1,  we  have 
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(|  -  37))  a*  =  j 3Db*  +  6.00*  +  (l  -  |)  bs  +  (2  +  17) «sj  =  6' 
which  are  satisfied  by 


9«*-f  86' 

C  =  |aä-3-Da2. 

— — — _l  We  find  the  buckling  of  the  sections 

by  129), 

In  the  case  of  a  circular  beam,  we  have 
I)  =  —  ■  >    and  the  curves  of  equal  w  are 

X  j  ^  —  j  (it3  +  J/!J  !  =  cowsi., 
the  contour  linus  of  which  are  sliown  in  Fig.  159, 


CHAPTEB  XI. 

HYDKODYNAMICS. 

186.  Equations  of  Motion.  The  equations  of  hydrostatics  4) 
8  177  being  . 

SX  -  ||  =  0, 

i)  oY  ~ir-o, 

,z_|*_o, 

where  X,  Y,  Z  are  the  componenta  of  the  applied  forces  per  unit 
raass,  we  may  obtain  the  equations  of  motion  by  d'Alembert's 
Vvu\t::.\A>-. 

Suppose  the  velocity  at  any  point  in  a  perfeet  fluid  of  density  p 
is  a  vector  q  whose  componenta  m,  v,  w  are  uniform,  continuous 
diüerentiable  Functions  of  the  point  X,y,S  »nd  the  time  t.  (The 
notation  is  now  changiul  from  that  of  Chapter  IX  where  u,  v,  w  dcnoted 
displacemeats.)  Then  if  we  consider  the  motion  of  the  fluid  con- 
tained  in  an  dement  of  vohime  dz  of  mass  dm  =  Qiit,  we  have  the 
effective  forces 
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7    d-x  ,    du 

2)  fdxjl-ndl-gg, 

..    d*z  ,    die 

"       Ä(a         "        dt' 

and  these  are  to  he  aubtracted    iVom   the  applied  forces 

qX(It,     qYÜx,     $Zdr, 

and  introduced  io  1).     Consequeatly  we  have  tlie  equations  of  motion 

NW  by  the  ordinary  derivative  ,  is  meant  the  rate  of  chatige 
of  veloeity  of  a  particlur  particle  as  it  moves  about.  If  we  have 
any  function  F  pertaming  to  a  particulnr  partiole  we  may  write  its 
derivative 

.  dF  _  dF       dF  dx       d_F  dy       8F  dz 

'  dt  ~  dt  +  dx  dt  +  By  dt  +  oz  dt' 

where  -*■-  would  be  the  rate  of  ehange  of  F  if  the  particle  were  at 
rest.  The  derivatives  '^--  '-'^  j-  are  the  veloeity  components  of  the 
particle,  u,  v,  to.     Accordingly  we  have 

..  dF  _  dF  dF         dF  dF 

a>  dt   ~  07  +  Udx  ^V'cy  +W  es" 

We  shall  call  this  mode  of  differentiation  particle  diiferentiation.1) 

Introdncing  this  terminology,  rtividü.ig  by  ()  and  transposing,  our 
equations  of  motion  3)  hecome 

dt  ±U8x~i~V3y~tWdi  —  A        g  das' 

'  dt  ex  dy  z  q  dy 

1  dP 


osed   hj  Stokea,    is   useii   fi 
pui/tkl»  (iifi'^Tiinliatioti  becanso  of  thr  vc.rj   obJL'H.iün-nim'  practica    of  muliiii"  n 
diatinetion  in  tliy  symliol.  for  ordinary   and  partial  differentiation. 
WbBSTEB,  Dynamics.  32 
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If  we  consider  any  closed  surface  fixed  iu  Space,  expressing  the 
fact  that  the  increase  of  mass  of  the  fluid  contained  therein  is 
represented  by  the  mass  of  fluid  which  ßowa  into  the  surface,  we 
shall  obtaiu  au  suldi.t.i oual  equsiiion.  TIiü  veloeity  heing  q;  the  volume 
of  fluid  entering  through  au  area  dS  iu  unit  time  is,  as  in  §  ]69, 
equation  78),  qoos(q,  n)dS,  aud  the*  mass,  p<j  cos  (g,  «)<?£.  We 
have  therefore  for  the  total  amount  entering  in  unit  time 

7)     /  I  yqcos(q,n)d.S=  I  f  q {u cos  (nx)  +  v cos(ny)  +  wcos(ns)\ä8 
But  this  is  equal  to  the  iucrease  of  mass  per  unit  of  time, 

8>        %-hSSS'—SSS%* 

for  the  volume  of  Integration  is  fixed,  tliat  is,  indepeudent  of  the 
time,  consequently  we  nmy  difTerentiat-e  under  the  integral  sign. 
Writing  this  equal  to  the  volume  integral  in  7)  and  transposing, 


im 


9M  ,   8fr«0  ,  Hq**)\ 

dx     +     dy     "•"     dz    J 


Since  this  holds  true  for  any  volume    whatever    the    integrand    must 
vanish,  so  that  we  have 

lm  &e    .    g(g«)    .    S(qv)       d(Qw)  _  n 

1U;  dt  +  ~i'x~ +  ~^r  +  ~?t~ ~~  ? 

which  is  knowu  as  the  Equation  of  Continuity. 
Performing  the   differentiations  we  haye 

or  iu  the  notation  of  particle  differentiation , 

12)  -  J|  +  |"  +  ^  +  ?--  =  0. 

'  p  dt        Sie       dy        da 

If   now    we   fix    oor  attention  upou  a  small  portion  of  the  fluid 

of  volume  Vas  ii  moves,  its  mass  will  be  eoustant,  suy,  m  =  oV~const. 

By  logarithmic  differentiation, 

so  that  the  expression 

£  du       Bv    .    dw  1  äg        1  d7 

"Sa  +  01/  +  3.5  ~        q  di~  V  dt  ' 

that  is,    the   divergence    of  che   voloeity  is  the  time  rate   of  increase 

of  volume  per   unit  volume.     This    eorresponds  with    the    üxpression 
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für  tlie  dilatation  found  in  equation  75)  §   1.09,  the  divergence,  which 
we  shall  still   call  r,,  being  now  the  Urne  ratr  of  dilatation,     Accord- 
ingly  the    equation    of    contiimity  is    purely  kinematical    in  character 
and  expresses  the  conservation  of  mass  of  every  pari  of  the  fluid. 
If  the  fluid  is   inoompressible,   y   is   constant,    and   consequenÜy 

that  is,  the  velocity  of  an  incompressible  fluid  is  a  soleuoidal  vector. 
This  is  the  property  that  give  the  name  to  such  vectors,  and  we 
see,  as  in  §  117,  that  the  flux  aeross  every  cross-section  of  a  tube 
of  flow  is  constant. 

Besides  the  three  dynamical  and  one  kinematical  equation  there 
will  he  a  p.liysica.1  ecpiation  involving  the  nature  of  the  fluid,  giving 
the  relation   conneeting  the  density  with   the  pressure, 

Q-f(p), 

making  five  equations  to  determine  the  five  functions  u,v,iv1%>!Q 
of  the  four  variables  x,y,e,t. 

We  have  here  niade  nse  of  two  distinet  methods.  In  one  we 
fix   our   attention  on  a   definite   point   in   space   and    consider    what 

takes  place  there  as  diiterent  particles  of  fluid  pass  tlirough  it.  This 
is  ealled  the  Statistical  method,  ibr  hy  the  statistics  of  all  points  we 
get  a  complete  statement  of  the  motion.  This  mefchod  is  commonly 
asaociated  with  the  name  of  Euler  and  the  equations  6)  are  ealled 
the  Eulerian  equations  of  motion.  The  second  method  consists  in 
fixing  our  attention  upon  a  given  particle  and  following  it  in  its 
travels.  In  this  we  use  the  Dotation  of  ordinary  derivatives.  This 
is  ealled  the  hiatorical  or  Lagraugian  method.  Obviously  if  we  know 
the  lüstow  of  all  particles  we  also  have  a  complete  representatian. 
of  the  motion.  Botli  methods  are  due  to  Enler.  We  shall  not  here 
niake  use  of  the  Lagraugian  equations  and  shall  tlierefore  not  write 
them  down.  The  student  will  find  them  in  the  usual  treatises  on 
1.1  ydrodynanii.es  of  which  Lamb's  and  Basset's  l.lydrodvnamics,  Kirch- 
hoff's  Dynamik  and  Wien's  Hydrodynamik  may  be  espeeially  com- 
mended. 

187,  Hamilton's  Principle.  We  shall  now  deduce  the  equa- 
tions hy  means  of  llamilton's  Principle. 

The  kinetic  energy  of  the  fluid  contained  in  an  element  ch 
being  „$dx  times  the  square  of  its  velocity,  we  have  for  the  kinetic 
energy  of  the  fluid  contained  in  a  given  fixed  volume, 


10)        *-Tfffi{®)'+®!)'+- 


\di. 
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For  the  potent ial  energy,  besides  tl'iat  rlue   to  tlie  externa!  forces, 
for  which 

17)  äW  =  -  fff${Xdx  +  YÖy  +  Zds)dx, 

we  have  the  energy  etored  up  by  tlie  pressure  doing  work  in  cora- 
preasing  tlie  fluid,  if  it  be  not  incompressible.  This  potentia!  energv 
is  the  dW  of  equation  122)  §  172.  If  we  put  for  the  f"  " 
of  the  particle   Sx,  Sy,  de,  we  bare 


$SX  = 


d3y 


P;r  =  P„  =  P3  =  _i 
Tm  =  Ty  =  T,  =  0, 


we  have   for  this  part  of  tlie  energy,  someiimes  called  irttrinsic  energy, 

We    accordingly  have    as    tlie   equations  of  Hamilton' s  Prinoiple, 
}{ÖT-  SW  -  SW")dt  =  0, 

+  fffflXSx  +  YS,j  +  ZSt\dz 

Pftvj'ovnimg  the  Variation*. 
o/v.  liÄ     C C f'i     /dxdSx    .    äyäSy    ,    dz  ddz 

'     Jdi[JJJ{"(äi^f  +  W^¥  +  ,uTr 

+  XSx  +  ¥ly  +  Zlij 

Integrating    the    first    three    terms    by    parts    with    respeet    to    t 
we  have, 
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21)  fff[>$*'  +  %«  +  »l 

Tlie  iiitegrated  terms  vniiish.  as  Visual  at  the  limits  for  the  tirae.  We 
may  now  integrate  the  last  three  terms  with  respect  to  the  space 
variables,  obtaining 

22)  -fff'fä  +  '$  +  !!r> 

=  /  jp{Sxco$(nz)  +  §ycos(_ny)  +  d s  cos  (uz^iiS 

If  we  assume  that  Sx,  Sy,  Ss  vanish  for  the  particles  of  the 
fluid  at  tlie  bounding  surface,  the  surface  integral  vauishes.  We 
tlierefore  have,  collecting  the  terms  aeeording  to  Sx,  Sy,  Sa, 

23)  /■m[///(*S-»x+ä)«'+('S-»''+I9'» 

By  the  usual  reasoning  the  coefficients  of  Sx,  Sy,  Se  must  vanish. 
giving  us  the  equations  of  motion  6). 

188.  Eqnation  of  Activity.  Subtracting  from  both  sides  of 
the  first  equation  6)  the  quantity 

-,,,         3   (1    ,\        1    8   ,  ,  ,     o  ,       „  du    .      Sv    .       ow 

ive  obtain 

95>    ^  +  „  ß*  _  Bin  _  «,  (!*  _  9n  -  X-  i  **  -  ^5. 
-°J     8*+wUj       eJ       "U«       3^~A       e  £<>  dx 

If  the  applied  forees  are  conservative  and  derived  from  a  potential  V, 
the  right-hand  member  is  the  derivative, 

-Ä(F+P+1«')' 
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where   P  has  the  value   of  §  177,   5).     In  the  left-hand  member  i 
in  tbis  and  the  companion  equsitions  the  expressions 

i  /du-     iv\  _  , 


ivliich  represont  the  components  of  a  Tector  w,  whicli  by  compat'ison 
with  the  expressions  for  oJ(  Oj,  e>,  in  §  169,  77)  is  eeen  to  be  the 
angular  velocity  of  rotation  of  a  particle  or  the  vorticüy.  Let  us 
accordingly  write,  puttin g 


f  +  S(«,-«e-  dx    ,  8„. 


SU  _1  dp 


27)  *  +  ,W-«B-»?-iji 

g+.cl-.,)-»?-!*. 

Multiplying   respectively   by    ytt,  @jj,  yw    and    adding,    the    terms    in 
|,  ij,  £  disappear  and  integrating  over  any  volume,  we  have 

/  /  [weosfW)  +  «cos(»y)  +  wcos(«0)](tf7p  —  ^))(ZjS 

17  VW  +  TF"  +  TT")  -  *  US  +  Jy  +  Sil]  "'■ 

Jntrodueing  the   value  of  U  and  of  its  multiplier  in  the  last  intugraiid, 
which  by  equation  10)  is  equal  to  —  -  'r  and  transposktg,  we  obtain, 

-  ffl  c»s  (?«)  (e  (»r+  f)  +p\  dS 

If  the   applied   forees    are   independent    of  the  time,   ^~  =  0,    and    we 
may  write  the  left-hand  member, 
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30)    Ilß  ("»" ",  + " F)  "* "  »III^  ""' + ' F) "'' 

siuce  the  vohune  of  Integration  is  fixed.  The  first  terra  of  tlie  integral 
representa  the  kinetie  energy  and  the  second  term,  the  potentia] 
energy  due  to  the  applied  forces.  The  term  on  the  left  in  29)  is 
accordingly  the  rate  of  inerease  of  the  energy,  kinetie  and  potential. 
Of  the  terms  on  the  right,  the  amount  of  matter  $qcQ$(qri)äS 
nowing  through  dS  in  unit  tirae  brings  with  it  the  energy 


pqco&(qn)dS(v  +  ~^, 


so  that  the  first  part  of  tlie  sm-face  integral  represents  the  total  hi- 
flow  of  energy.  The  reuiaining  surface  integral  and  volume  integral 
containing  p  represent  the  work  done  "by  the  pressure,  for  at  the 
aurfaee  the  velocity  q  and  the  foree  pdS  give  the  aetivity 

pqcos(qn)dS, 
so  that  the  surface  integral  represenis  tlie  aetivity  of  the  pressure  at 
the  snrface. 

If  we  considev  a  small  element  of  volume  V,   the  work  done  in 
eompressing  it  hy  an  amount  i/V  is  as  above  —pt/V,  and  tlie  aetivity 
„,.  dV  tt\Su    .    8v    .    cw\ 

31)  -i"3i—-i'r\wi  +  sj  +  j;\- 

Pntting  V=ät  and  integrating,  we  find  that 


,111 


"\n  +  ry  +  r,\dr 

is  the  aetivity  of  the  pressure  in  prodvicii.ig  ehanges  of  density  in 
the  whole  raass.  Transposing  this  term  we  find  that  equation  29) 
oxpresses  the  following:  The  rate  of  inerease  of  energy  of  the  fluid, 
both  kinetie  and  potential,  due  to  the  externa!  forces  plus  the  aetivity 
of  compression  (produutiau  of  intrinsie  energy)  is  equal  to  the  rate 
of  inflow  of  energy  plus  the  aetivity  of  pressure  at  the  surface. 
Equation  29)  is  t.herefore  the  equation  of  aetivity  or  eonservation  of 
energy. 

189.  Steady  Motion.  Steady  motion  is  dafined  as  a  motion 
which  is  the  same  at  all  times.  Assuming  that  not  only  X,  Y,  Z,  V 
but  u,  v,  W,p,  p  are  iudependent  of  f,  equations  27)  für  steady  motion 
hecome  ~ 

2(wv-v()~-fi(r+F+  l/j, 

32)  2(ut-v,t)--^(r+P+\1'), 

2  («{-.,)  --^{r+p+  {„')■ 
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If  the  motion  be  non-vorticai,    the    left.-hand    members    vanish, 
and  we  immediately  obtain  the  integral 


,i:-t  ■ 


r+p-h  %2- 


■■  CMiSt, 


for  the  expression  on  the  left  has  been  assumed  mdepeudent  of  (. 
and  by  the  equations  is  shown  to  be  independent  of  x,  y,  e. 

It  is  to  be  noticed  that  if  we  nniltiply  equations  oi)  respectively 
by  w,  v,  W,  or  by  £,  t\,  %  and  add,  the  Ieft-hand  member  vanisb.es 
identiciilly.  Bnt  the  Operator  v.- — \-  Vn — \-  w~—  denotes  differentiation 
in  the  direction  of  the  line  of  the  vector-velocity  q,  or  dream-line 
(see  p.  333),  and  £~-  -f  ij  -'-  +  £-.-,;  differentiation  in  the  direction 
of  the  line  of  the  vector  a,  or  vortex-line.  Consequently  even  though 
there  is  vortieal  motion,  along  a  stream-line  or  a  vortex-line  the 
sum  V +  P  +  -^(f  is  constant  in  steady  motion,  thongh  its  value 
cJiaiiii'es  as  we  go  f'rom  one  line  fco  another. 

If  the  fluid  is  incompressible  P  = — >  if  there  are  no  applied 
forces  V=  0,  and  equation  33)  becomes 


:u 


so  that  where  the  velocity  is  small  the  pressure 
is  great  and  vice  versa.  By  constricfcing  a  tcbe 
the  velocity  is  made  large  and  the  pressure 
accordingly  is  smaller  thaii  at  other  parts  of  the 
fcube.  This  is  the  prineiple  of  jet  exhaust  pumps, 
like  that  of  Bunsen  (Fig.  160),  the  air  being 
sucked  in  at  the  narrow  portion  of  the  jefc.  The 
same  prineiple  is  made  use  of  in  the  Venturi 
watßr-meter.  The  raaiii  being  rudueed  in  diameter 
at  a  certain  portion  aud  the  difference  of  pressure 
at  that  point  and  in  the  main  being  measured, 
the  velocity  is  computed.  If  the  pressure  at  two 
cross-sections  St  and  S2  are  p1  and  p2  we  have 


35) 


Pi- 


P2i  —Ps+  i 


f«s. 


36) 


i>i-P.  —  y(&'— &■)■ 


But  by  the  ecniation  of  continuity,  tlie  velocity  being  solenoidal, 
37)  SA-S,1,. 
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Combining  this  with   equation   ;>(i). 

38)  ft-ft-lsii'KD'-l], 

which  determines  g,  in  terms  of  tlie  difference  of  pressures.  The 
flux  in  unit  time   is  then 

Mls. 

The  theorem  expressed  by  eqnatimi  !).'}}  is  lmowa  as  Daniel  Bemoulli's 

tJuii'll'tütl. 

For  gases   expaiuling  isoUiermally 

P  =  a  log  q  =  a  \ogp  -f-  corastf. 
Consequently  eqriaiion   3;>)  becomes 

39)  alogp  -f      <f  =  c<msl. 

This  formula  may  be  used  to  caJculate  the  velocity  of  efflux  through 
an  orifice  froni  a  vcsscl  ooutaiiiieg  ji'as  uinlei:  pressure.  If  tlie  pressure 
in  the  vessei  at  a  point  so  remote  i'rom  the  orifice  fchat  the  air  may 
be  considered  at  rest  is  p  and  if  the  pressure  of  the  atmosphere  at 
the  orifice  where  the  velocity  is  q  is  p0,  we  have 

alog_p  =  ölogj>0  +  --  q\ 

40)  äs=2alogJ. 

If  the  efflux  is  adiabatic,  as  in  practice  it  nearly  is,  by  §  178,  18) 

Accordingly 

41)  ^„Sl.ji-.J,— _ft  -   j, 

which  is  the  usual  formula  for  the  efflux  of  gases. 

If    the    external    force    is    gravity   V=gss,    so    that   equation   iiji) 
becomes  for  an  incompressible  fluid, 

42)  —  +  gz  +  -„-  gs  =  CöKä*. 

If  we  consider  efflux  from  a  reservoir  whose  upper  free  surfaee  is 
so  large  that  q  is  negligible,    tlie   pressure    being   that   of  the  atmo- 
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sphere,  the  #- co  Ordinate  sls  the  velocity  of  efflnx  q  at  a  point  where 
e  =  22  is  given  by 

or  the  velocity  of  efflux  is  equal  to  tliat  acquired  by  a  body  fall  in  g 
freely  from  a  height  equal  to  tliat  of  the  free  surface  to  the  orifiee. 
This  is  Torricelli's  theorem. 

190.  Circulation.     We   define   the   circulation  along  any  path 

as  the  liiie  integral  of  the  resolvüd  tangential   velocity, 

44)  9ab  =  f  qcoa(q,ds)ds  =  (  (uäx  +  vdy  +  was), 

oorrespoiidine  to  the  circuLiiimi  i'or  displaeement  in  §  169.  By  Stokcs's 
theorem  this  is  converted  fov  a  closed  path  into  the  surface  integral 

+  l?--?"|cos(w2)lrfS 
[Sx       dy)  *-     JJ 

over  any  surface  bounded  by  the  path.     But  this  is  by  26), 

46)  2  /  /  {icos(nx)  +  ??cos(«i/)  +  £  cos  («»)}  ÄS1 

=  2  ffacos(nco)dS, 

that  is,  the  circulation  around  any  closed  contour  is  eqnal  to  twice 
the  surface  integral,  over  a  cap  bouuded  by  tlie  contour,  of  the  resolved 
normal  vorticity.     By  the  definition  of  {*,  tj,  g,  26) 

identicaliy,  or  the  vorticity  is  a  solenoidal  vector.  Accordinglv  by 
applving  the  divergence  theorem  to  a  \ortex  -tube,  or  tube  whose 
generators  are  vortex-lines  (linos  wlio.se  tangents  luive  the  direction 
of  to),  we  find  tliat  the  integral  over  any  section  of  the  vortex-tube  is 


SS- 


B(nm)dS  = 


a  constant  for  the  tube. 

The   fluid   within   any  vortex-tube   constitutes   a  vortex.     If   tlie 
vortex    is    contained    in    a   tube    of  infinitesimal  cross-  section  S,    the 
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CIRCULATIOW. 
.  the  i 


;><  i ; 


«instant  x  =  coS  is  call.ed  the  sif-nijth  of  the  filament.  The  e 
of  any  vortex  is  tlie  sum  or  integral  of  the  strengfcha  of  all  its 
filaments.  If  m  is  finite,  S  eannot  be  zero,  so  that  a  vortex -filament 
eannot  end  except  at  the  free  surface  of  the  fluid.  We  see  a  case 
of  this  in  the  vortices  produced  by  an  oar  or  paddle  in  rowing  and 
by  a  spoon  drawn  aoross  the  surface  of  a  cup  of  cofi'ee.  We  see  by 
eqnation  46)  that  the  strengte  of  a  vortex  is  equal  to  one-half  the 
eirculatiou  aronnd  any  closed  path  drawn  embracing  the  vortex  on 
its  surface,  which  is  independent  of  the  path.  In  particular,  in  any 
non-vortical  region  the  circulation  around  any  closed  path  is  zero, 
or  the  circulation  along  an  open  path  (pA„  is  independent  of  tlie 
path,  depending  only  on  A  and  li,  or  tlie  velocity  is  a  lamellar 
vector.     We  then  have 


and  ip  is  oalled  the  reloc-ity  potential,  a  term  introduced  by  Lagi-ange. 
(When  there  is  vorticity  there  is  no  velocity  potential.) 

Before  1858  only  cases  of  mofcion  had  been  treafced  in  which  a 
velocity  potential  existed.  Jn  tliat  year  appeared  the  reniarkable  paper 
by  Heimholte1)  on  Vortex  Motion. 

Let  us  now  find  tlie  change  of  circulation  along  a  path  moving 
with    the   fluid,    that,   is,    composed 
of   the    sanie    particles,    the    forces 
being  conservative. 

Our  equations  of  motion  3)  may 
be  written,  pntting  ü1  =  —  (F"+  P) 


dt  ' 


oW 


The  change  of  eirculatiou  along  the  ] 


50) 


■iß 


äx  -\-  vdy  +  wä£), 


in  which  dx,  dij,  dz  Vary  with  the  time,  being  tlie  pnijections  of  an 
arc  ds  composed  of  parts  which  move  about.  If  after  a  time  dt  the 
arc  ds  assumes  a  Iength  ds'  whose  components  are  dx',  dy',  ds'  we 
have  (Fig.  161) 

1)   Über    Integrale   der   hi/drixbin'imi^heH    Gleichungen ,    welche-    den    Wlrbel- 
beiee/jungen  enlsjrreelieit.    Wisscmclüiftlii/ln.'  Anhand  Lungen  I,  p.  101. 
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dx'  =  x  +  dx+  tlt  \u  +  J..-dx  +  £-äy  +  ~-d 
-(x  +  uät) 

dx'  —  dx  =  <ft    ''. "[ dx  ■  J-  °-'-  du  +  -^- dz  \ 


and  therefore  the  chsuige  per  unit  time  in  (Jie  projections  are 

d  , ,  ■,       du  ,      .    äti  .         cii  , 

,fi  (<**)- 8^  +  5;  *■'  + 57^' 
Thus  we  have 

and  substitnting  from  equations  49)  and  51) 
dt*AB       flSU'  ,      ,    3E7'  ,     ,    (U'  ., 

+  (»^  +  •'^  +  "'99)* 
+  ("s»+"ä7  +  ,<'87)'iaJ 

+  87(P'  +  ¥ä!)<i»)-(f/,+  -2«*)/. 

which  vanishes  for  ü   closed   curve. 

Therefore  if  the  forces  are  conseryative,  the  cireulation  aronnd 
any  closed  path  moving  with  the  fiuid  is  independent  of  the  time, 
Thus  if  the  cireuktiou  aroutid  any  closed  path  is  zero  at  one  time, 
it  is  always  zero,  or  in  other  words  if  a  velocifcy  potential  once 
exists,  il   always  exists.     'I.'his  tlieorem  is  due  to  J 
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191.  Vortex  Motion.  We  will  now  consider  the  case  in  which 
no  velocity  potential  exists,  that  is,  the  case  of  vortex-motion, 
according  to  the  rnethods  of  Helmholtz, 

From  the  equations  27),  whose  right-hand  raembers  are  the 
derivatives  of  —  (  V  -f  P  +  -s.  ga) ,  this  quantity  may  be  eliminated  by 
dilTereutbit.ion.  Diftcrontia.i.i.ng  Uie  last  equation  by  y,  the  second  by  s, 
and  suhtracting,  we  obtain 


°4)     !,',(■„-',■;  ^;.,j  '.:;■  '• 


'dy        '  dy  cy 

69w  j.  1,,°%  —  n 


or  otherwise 


-i, 


SS 


>  dt   +    "3tf+   ^»«  +         «2 


,.JSm   ,    S«    ,   Siel    ,    tdu   ,      0w    ,    „0w 

On   the   right    the    coefficient   of  u   vanishes  identically  by  47),   and 

that  of  |  is  by  the  equation  of  continuity  15?)   equal  to >  thus 

equation   55)  beeomes 


56) 

Now  we  have 

d  /£\      <U       %  de 
"  dt\e)       dt       e  dt' 

and  accordingh 

we  may  write  our  equation  C)6)  and  ita  two  companions 

oi>  dt\e}-  edx+  Qdy  +  t>  cz- 

dt\e)  9  dx  ^  e  dy  ^  f  dz 
Thus  the  time  derivatives  of  —  i  —;  —  for  a  triven  partielu  are  homo- 
geneons  linear  functions  of  tlie.se  qnantities.  By  cmitiimed  differmtiation 
witb  respect  t.o  t  and  Substitution  of  Hie  derivatives  Crom  tliese  equa- 
tions, we  see  that  all  the  time  derivatives  are  homo geneons  linear 
functions  of  the  tliree  quantities  themselves.  Consequently  if  at  a 
eertain  instant  a  particle  does  not  rotaie,  it  never  aequires  a  rotation. 
This  we  find  by  developing  —  t  —  r  —  as  functions  of  t  hy  Taylor' s 
theorem,   for   if  the   derivatives    of  every  order  vanisb   for  a  eertain 


/Google 


510  XI.  HYDRODYNAMICS. 

instant,  tlie  function  always  vanishes.  Stokes ')  objects  to  this  method 
ot'  proof  as  not  rigorous  masmuch  as  it  is  not  evident  that  the  func- 
tions  %,  )j,  t,  can  be  developed  by  Taylor's  theorem,  and  replaces  it 
by  the  following  demonstration. 

Let  L  be  a  superior  limit  to  the  miraerical  Talues   of  the  eoiif- 

ficients    of     -j  -->        in    the    sec-oin]    m  einher    <<■'  ei.iuiitioiiM  57).     Then 

e    9    q 
cvidently   |,  rj,  %    cannot    increase    faster    than    if  their    nnmorical  or 
absolute  valnes   satisficd  'die  equations 

i\\=m^\A\\\ 

instead  of  57),  £,  tj,  £  vanishing  in  this  case  also  when  t  =  Q.  Adding 
fcheae  three  equations  and  writing 

e        \q\      \q\ 
we  ohtain 

59)  f-"4' 
The  integral  of  this  equation  is 

Ü  =  ceLt, 
and  since  ß  =  0  when  i  =  0,  c  must  be  zero,  and  il  is  always  zero. 
Since  the  sum  of  the  absolute  valnes  cannot  vanish  unless  the  separate 
valuea  Yanish,  the  theorem  is  proved. 

Let  us  now  consider  two  points  A  and  B  lying  on  the  same 
vortei  line  at  a  distance  apart  ds  =  B—>  where  e  is  a  amall  constant. 
Since  the  partieles  lie  on  a  vortex-line  we  have 

60)  ***!!_*'*„.!.. 

We  have  for  the  difference  of  velocity  at  A  and  B 

61)  uB  -  «4  =  g|  dx  +  g|  dtj  +  -^  äs 


62)  uB  —  uA  =  e  j- 


e  3y       e  "Fi 
or  hy  equations  57), 

'  (Tl. 


J)  Htofcs,  .ilfrtJÄ.  «i<<7  Bj'.  7Vyw«,  Vol.  II,  p.  36. 
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Now  at  an  instaut  later  by  dt,  when  the  particles  are  at  J'  and  B', 

we  have 

dx'  =  dx  +  (uB  -  uA)  dt  =  £  [i  +  ~  (-J-)  dt], 

63)  %'  =  </?/  +  (un  -  uA)  dt  =  e  g  +  ^  (|)  rf*]> 

da'  =  rfs  +  («a  -  uA)  dt  -  «[{  +  1(1)  dt]' 

Therefore  the  projections  of  the  arc  ds'  in  the  new  position  are 
proportional  to  the  new  values  of  — j  ■■'■>  — j  as  they  originally  were, 
so  that  the  particles  still  lie  on  a  vortex-line.  Accordingly  a  vortex- 
line  is  always  composed  of  the  same  particles  of  fluid.  Also  since 
the  componenls  of  ds  have  inereased  or  have  changed  so  as  to  be 
always  proportional  to  the  components  of  — ;  if  the  liquid  is  in- 
couipressible  tlic  rotati.oii  i»  proportional  t<>  the  ilisüiiiue  between  the 
particles.  And  whether  p  vary  or  uot,  if  S  be  the  area  of  the  cross- 
section  of  a  vortex-filamenl:,  aSds,  the  mnaa  of  a  length  ds  retmi.iuing 
constant,  so  does  Sa>,  the  strength  of  the  filament, 

It  is  easy  to  see  that  this  is  equivalent  to  a  stateraent  of  the 
conservaüon  of  augular  m Omentum  for  each  portion  of  the  fluid. 
Evi.detitly  in  a  perle  et  fluid  no  moment  ean  be  exerted  on  any  portion, 
since  the  tangential  forces  vanish. 

Accordingly  the  strength  of  a  vortex-iilanient  is  constant,  not 
only  at  all  points  in  the  filament  but  at  all  times,  consequently  a 
vortex  existing  in  a  perfeet  fluid  is  indestructible,  however  it  may 
move.  It  is  from  this  remarka.ble  proper ty  of  vortices  discovered 
by  Heimholte  that  Lord  Kelvin  was  lead  to  imngine  atoms  as  con- 
sisting  of  vortices  in 


192.  Vector  Potential.  Helmholtz's  Theorem.  We  have 
seen  that  any  curl  is  a  solenoidal  vector.  We  may  naturally  ash 
whether  conversely  any  solenoidal  vector  can  be  replaced  by  the  curl 
of  another  vector.  It  was  shown  by  Helmholtz  that  any  uniform 
continuous  vector  point-function  vanishing  at  infinity  can  be  expressed 
as  the  sum  of  a  lamellar  and  a  solenoidal  part,  and  the  solenoidal 
part  may  he  expressed  as  the  curl  of  a  vector  point-function.  A 
vector  point-function  is  completely  determined  if  its  divergence  and 
curl  are  everywhere  given.  Let  q  be  the  given  vector,  which  in  our 
case  is  tlie  velocity  of  the  fluid.  Let  us  suppose  that  it  is  possihle 
to    express    it    as    the  sum  of  the  vector- pararneter    of  a  scalar    func- 
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tion  ip  and  the  curl  of  a   vector  fiinction  Q,   whose   components 
U,  V,  W.     Accordingly  let  us  pnt 

_  ccp       dW       dV 
u  —  5~  +  a..         a„  ' 


64) 


?  + 


gF       g<7 
3*        0y" 


Fiiujijig   lirsl  ihe  divergenee  of  <?  we  have 

65)  div.  o  =  * — hä — h  -s-  =  ^<P, 

the  divergence  of  tlie  curl  part  vanishing.  But  by  §  128,  5)  we 
know  that  if  rp  and  its  first  derivatives  are  everywhere  finite  and 
continuous,  we  have 


(ili) 


•>~hfSfJ-?*>—kSSS<¥* 


Since  3  is  continuous  by  liypofchesis,  div,  g  is  finite.    Consequently  the 
liujiellivr  part  of  2  ie  determined  by  its  divergoueu. 
Secondly  finding  the  curl  of  q, 


67)     21  = 


dy       de 


—  <ro  +  £(- 


du  ,    ST  ,    9H'\ 


U»+  »•    i 


Since    the    vector   §    is    as    yet  imdetermined   e\-cept    as  to  its  parn'a.l 
derivatives  by  equations  64),   [et   us  assnme  that   it  is  solenoidal,  or 


then  we  have 
69) 


2£  -- 


25- 
the  iutegrals  of  whieh  are  as  above, 


AU, 
AV, 
AW. 


711) 
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Where   the  ■  vortioity  vanishes  the  space    contributeB    nothing    to    the 

integrale,  so  that  the  latter  may  be  taken  over  all  tlie  vorticee.    Tlius 

we  see  that   Q,    ivhich    detcrniines  the  solenoidal  part  of  q,    is  deter- 

mined    by    curl  q.     Conseqnently     both    parte    of   q    are    completely 

determined    and    the    theorem    is    proved.     If   q    is    solenoidal    div.  q 

vanishes,   <p  =  0,  and  q  =  curl  Q.     Accordmgly  every  solenoidal  vector 

may   be    represented    as    a    curl.     If  q  is    irrotational  curl  q  =  0  and 

$  =  0,  so  that  every  Irrotational  vector  is  lamellar,  as  we  saw  in  §  31. 

The    vector  Q,   whose   componenls   are   formen1  as  potentia!  fune- 

tions  for  densities   -    >  ~~  >  ■<— ■■  respectively,  is  called  the  vector  potentiell 

of  the   vector        ■     'We   mav  tlms  abbreviate  our  results  in  the  vector 
2«  J 

L'([ULltii'illS, 

71)  q  =  vector  parauieLer  tp  +  curl  $, 

Let    us    verify    that    Q    as    determined    is    solenoidal.     We    shall 
distinguisli  the  point  of  Integration  by  accents,  so  that 

Difl'erentiating   we  bave 
in   like 


2*  L  f  i  \°  eos  (nsB^  ^  ,;' oos  l-*"/'1  +  ^  cos  ^-7  ~ 

0i'  X  ^ 


WEBSTBR,  Dyiii 


+//j>ffi+s+sa*. 
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But  since  a>  is  solenoidal  the  volume  integral  vanishes,  and,  since  at 
the  surface  of  the  vortices,  ivhich  are  composed  of  vortex-lines,  m  is 
tangential,  the  surface  integral  vanishes  and  div.  Q  =  0. 

193.  Velocity  due  to  Vortex.  Let  us  now  consider  in  an 
incompressible  fluid  the  velocity  at  any  point  due  to  vortieal  motion. 
We  have 

Thus  the  porfcions  of  the  velocity  eontributed  hy  an  eleroent  dt'  of 
the  vortex  are: 

")  ,lv  =  sh^{  *  fr')  -  s'  ^rr) !  <**'> 

or  the  velocity  at  the  point  X,  y,  B  due  to  the  element  dt'  is  ^ — , 
multipiied  by  the  vector- product  of  the  vorticity  and  the  vector  r 
drawn  from  the  element  dt'  of  the  vortex  to  the  point  xfy,e.  If 
dq  be  the  magnitude    of  the  resultant    of  du,  dv,  dw    we    thus    have 

78)  dq  =  ^f^r)-dt'. 

Let  us  take  for  the  element  dt'  a  length  ds  of  a  vortex  fllament  of 
cross-section  S.  Then  dt'  =  Sds  and  since  S<o  =  x,  the  strength  of 
the  filament, 

The  velocity  is  connected  with  the  vorticity  in  the  same  may  that 
the   magnetic    field    is    connected    with   the    electric    current    density 

oroducing  it.  und  etjuation  79)  gives  us  the  magnetic  riekl  produced 
by  a  linear  current  element  of  length  ds  and  strength  -  — •1) 


l   The   Thc.orji  of  FAKtrir.il:-]!   arid   Mamwtifi 
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194.  Kinetic  Energy  of  Vortex.     The  kinetic  energy  of  the 

:ji!itiin;)]*(!ssi.bli.'  liquid  moving  vitrticiJly  is 

80)    T-Ufff(«' +  »'  +  «•')<<* 

-fM-(£-£)+'G?-E)+"(E-$> 

-| Jf[(vW-wr)w*(nz)  +  (wU-«W)<m(ny) 
+  (aY-vU)a>n(nd)\dS 

If  the  integral  he  taken  over  all  Space,  since  the  motion  is  supposed 
to  vanish  at  infinity  the  surfaee  integrals  vanish,  aud 

81)  T-efff[Ul  +  rr,  +  W(\ir, 

or  insertiDg  the  values  of  U,  V,  W  from   70) 

and  the  Integration  may  now  he  restricted  to  the  vortices. 
ll'  n.rr,iin  we  integratu   by  Filaments,  we  find 

where  the  integration  is  expressed  as  over  the  length  of  eaeh  of  the 
double  infinity  of  vortex-filameuts  constitiHüig:  tlie  vortiecs.  This  is 
the  form  obtaiued  for  the  energy  of  two  electric  currents  by  Franz 
Neu  mann. 

195.  Straight  parallel  Vortices.  Let  ua  now  consider  the 
case  in  which  the  vorticity  is  everywhere  parallel  to  a  single  direc- 
tion,  that  of  the  axis  of  s.  Let  the  motion  be  uniplanar,  that  is 
parallel  to  a  Single  plane,  the  XF-plane,  and  the  same  in  all  planes 
parallel  to  it.  All  quantities  are  therefore  independent  of  ss.  The 
vortices  are  columnar  and  either  of  infinite  length  or  end  at  the  free 
surfaee  of  the  liquid.  Such  vortices  may  be  produced  s  tan  ding 
vertically  in  a  tank  with  a  horizontal  hottom.  Under  the  eomlitions 
imposed  we  have 

and 
85)  ,=,*£    .— Ä 
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86)  "*-%-%■ 

and  by  equations  57) 

so  that  £  is  independent    of   tlie    time  for  an}'  given   vortex-filamenfc. 
The  function  W  is  not   a  velocity  potential,   but   is   said   to   he 
anvjugate  to  a  velocity  poteotial  rp  for  which 

87)  .-£*,     t-p- 

J  ose  cy 

The  function  W  has  a  simple  physical  ineaniiig.  If  we  fiud  the 
amount  of  liquid  which  flows  across  a  cylindrical  surface  with 
geuerators    parallel    to    the    s-axis    of  height    unity  in    unit    of  time, 

88)  ij>  =  I  q  cos  (qn)  ds  =  /  \u  cos  (nx)  -\-  v  cos  (np)]  ds, 

the  line  integral  heilig  taken  aromid  any  orthogonal  soction  of  the 
cylinder.     Now  we  have 

dfiGQs'nz)  =      äy, 

ds  cos  (ny)  =  —  dx, 
so  that 

89)  *  -fiudy  -  vix)  -J(^dx  +  ^äy)=  WB  -  WA. 

A  function,  the  difference  of  whose  values  at  two  points  A  and  B 
ttives  the  quantity  fiowing  in  unit  time  across  a  cvlinder  of  unit 
height  drawn  on  any  curve  with  ends  at  A  and  B,  is  called  a  llux 
or  current  function.  The  quantity  Crossing  is  independent  of  the 
curve  because  the  fluid  is  incompressible.  In  the  präsent  case  the 
vector  potential  W  is  a  current  function.  The  stream  Jines  heing 
lines  across  which  no  current  flows  are  given  hy  the  equation  ty  =  const. 
Substituting  the  values  of  u  and  v  from  85)  in  86),  we  have 

90)  -2S  =  ^+^T. 

But  this  is  the  equation  for  a  logaritlmiic  potential  with  density  '"  - 
§  138,  61),  so  that  we  have  as  the  i 


91)  W=-  iffi'iogrdS', 


as  may  also  he  found  from  equation  70)  by  integrating  over  the 
infinite  cylinder  as  in  §  135,  suhjeet  to  the  dil'fieulty  mentioned  on 
p.  385.     The  value  of  W  given  in  equation  91)  satisfies  the  equation 
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'.<■-' ) 


-;,  +  - 


.  =0 


outside  of  tho  vortices  and  eqi'int.io'ti  90)  at  points  within  them,  as 
shown  in  §  138.  If  we  have  a  Single  vortex  filument  of  cross  seeti.on 
dS  and  strength  y.  =  £'dS, 

93)  W  =  -  £  log  *'  dS  =  -  -*  log  r, 

and  the  liues  of  flow  are  eircles,  r  =  const.     Then 


94', 


95) 


91  =  ir  +  «-  = 


the  velocity  is  perpendicular  to  the  radius  joiniug  the  point  x,  y 
with  the  vortex  and  inverselv  proportional  to  its  length.  1t  is  to  be 
observed  that  althoiigh  the  motion  is  whirling,  every  point  describing 
a  circle  about  the  center,  the  motion  is  irrotational  except  at  the 
center,  where  the  vortex-filament  is  sitnated,  euch  particle  describi 
its  path  without  fcurning  about  itself,  like  a  body  of  soldiers  obliqui 
or  changing  direction  while  each  man  faces  in  the  same 
direction.  The  motion  in  the  vortex  on  the  contrary  is  similar  to 
that  of  a  body  of  soldiers  -irliedimj  or  chauging  direction.  like  a  rigid 
body  rotating. 

If  we  have  a  number    of  vortices    of  strengt!]  s  %u  «. 
form   the   linear  furictioris   ol"  iiie   vetooii.ies   of  each, 


and 


96) 


U=2xtu 


') 


where  w„  w„   is   the   velocity  at  the  vortex 
pair  of  vortices  r  and  s  we  have 


both  vanish.     For  any 


where    ur    is  the    part  of  the  velocity  at  xr,  yr   dm 

strengt  Li  r.s  sitnated  at  xjjt.     Thus 


while  similarly 


■  that  the  terms  of  the  sum   destroy  each  other  in  pairs. 


1)   U  and  V  hiiv«   uothing   heru  tu  du  with   tlic  components   of  the  vector- 
potential. 
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Shnilarly  for  vortiees  conti  nuously  däsfcributed,   the   strength   of 
any  elementary  filament  heilig  %dS} 

97)  U=ffatdS  =fffftt'  ■  ~~X  ■  *8dS', 

which  again  vsinishes,  siiice  every  point  is  coverüd  by  both  dS  and  dS'. 
If  we  define  the  center  of  the  vortex  as  xuyü  where 


*.fftas-ff*taa, 


theo    since    £   does   not   depend    upon   t,    if   we   follow    the    parfcicle 
diii'crenti.ating,  _-  - 

99)  ^jjtdS-JJ  utdS-0, 

tlie  intügrals  heilig  taken  iwev  nrais  moving  with  the  liquid.    Thereibre 

or  the  center  of  all  columnar  vortiees  present  remains  at  rest. 

If  we  have  a  single  vortex  filament  of  infinitesimal  cross-sectioii  S, 
for  which 

ioi)  jji<is  =  x, 

the  velocity  depends  on  the  current  function  W  —  —  ■  log»-.  In  the 
vortex  and  dose  to  it,  if  x  is  finita,  £,  W,  tt,  v  are  infinite.  But  at 
the  center  u  =  v  =  0,  the  vortex  Stands  still  and  the  fluid  moves  about 
it  in  circlee  with  velocity  —  The  angular  velocity  and  the  area  of 
the  cross-sectioii  rernain  constant.  although  the  shape  of  the  latter 
may  vary.  If  we  have  two  such  vortex- 
filameuts  each  urges  the  other  in  a  direc- 
tion  perpeudicular  to  the  line  joining 
them,  they  accordingly  revolve  about  their 
center,  maintaining  a  constant  distance 
from  each  other.  If  they  are  whirling  in 
the  same  directum  tlie  ctttiter  is  between 
them  (Fig.  162),  but  if  in  opposite  direc- 
tions,  it  is  outside,  and  if  they  are  equal 
it  lies  at  inimity.  Such  a  pair  of  vortiees 
may  be  called  a  vortex-couple  or  doublet, 
Fig.  iM.  and  they  advance  at  a  constant    velocity, 

keeping  symmetrica!  with  respect  to  the 
plane  bisecting  perpendicularly  the  line  joining  them.  This  plane  is 
a  stream-plane  and  may  accordingly  be   taken   as  a  boundary  of  the 
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fluid.     Sinee  either  vortex   moves   with  a  velocity  —   and  half  way 
between  tbem  the  velocity  being  due   to  "both  is  ■       =  -—>  we  find 


wall  moves  parallel  to  it  witb  a 
ater    at    the    wall.     This    is    an 


that  a    single    vortex   near   a   plane 
velocity    one    fourth    that    of    the 
illustration    of    the    method    of 
mages,  of  frequent   application 
n  hydrodyiiiimios. 

As  another  illustration  con- 
sider  the  motion  of  a  single 
vortex-filament  in  a  square  corner 
inclosed  by  two  infinite  walls. 
The  motion  is  evidently  the  same 
as  if  we  had  a  pair  of  vortex- 
couples  formed  by  the  given 
vortex  and  its  images  in  the 
two  walls,  turning  as  shown  in 
Fig.  163  and  forming  what  may 
be  called  a  vortex  kaleidoscope. 

From  the  symmetry  it  is  evident  fchai.  "le  planes  of  the  walls  are 
stream- planes,  so  that  we  may  consider  thö  motion  in  one  comer 
alone.  If  x  and  y  be  the  coordinates  of  the  vortex  considered,  we 
have  as  due  to  the  nUiers, 


Since  M  and  v  are  the  velocities 
the  equation  of  its  path 


i  -ji    of  the  vortes,   we  have   for 


1031 


whose  integral  is 

io4)    '         i  +  f-h'  *°  +  y'-*"f: 

and  in  polar  coordinates, 

r2  —    ä  sin2  d-  cos2  &, 

105)  ?-sin2#  =  +  2«, 

the  equation  of  a  Cotes's  spiral,  bii.vi.ug  one  of  the  a 


/Google 


520  XL  HYDRODYNAMICS. 

The  same  problem  gives  us  the  motion  of  two  equal  vortex- 
couples  approaching  each  otlier  head  on,  or  a  Single  vortex  -  couple 
fip[iro;ieliiug  a  plane  boundary,  sliowing  how  as  they  are  stopped  tliey 
spread  out.  The  beharior  of  vortex-couples  will  serve  t:o  illustrate 
tliat  of  circular  vortex  rings,  for  the  fcheory  of  which  the  reader  is 
referred  to  Uehiiboltz's  original  paper.  The  two  opposite  parts  of  a 
eireular  vortex  appear  to  be  rotatiiig  iu  opposite  (lirectioiis  if  viewed 
on  their  intersection  by  a  diametral  plane  normal  to  the  circle,  thus 
resembling  a  vortex -couple.  It  is  found  that  the  circular  vortex 
advances  with  a  constaut  velocity  in  the  diveetion  of  the  Jluid  in  the 
eenter,  maini.ainin.g  its  diaraeter,  but  that  when  approaching  a  wall 
head  on  it  spreads  out  like  the  vortex-couple.  Two  circular  vortices 
approaching  each  other  do  the  same  thing,  but  if  moving  in  the 
same  direction  the  forward  one  spreads  out,  the  following  one 
contracts  and  is  sucked  through  the  f'oremost  vortex,  when  it  in  turn 
spreads  out  and  the  one  which  is  now  behind  passes  through  it,  and 
so  on  in  turn,  as  may  also  be  shown  for  two  colnmnar  vortex-couples 
traveling  in  the  same  direction. 

Most  of  these  properties  of  circular  vortices  may  be  realized 
with  smoke  rings  made  by  eausing  smoke  to  puff  out  through  a 
circular  hole  in  a  box,  or  mouth  of  a  smoker,  or  smoke-stack  of  a 
locomotive.  The  friction  at  the  edge  of  the  hole  holds  the  outside 
of  the  smoke  back,  while  tlie  inside  goes  forward,  establishing  t  herein 
the  vortical  rotation.  As  previously  skited  no  vortex  could  be  formed 
if  there  were  no  friction.  It  is  to  be  noticed  that  the  direction  of 
the  fluid  on  the  inside  of  the  vortex   gives  the  direction   of  advance. 

106.  Irrotational  Motion.  We  shall  now  consider  the  non- 
vortical  motion  of  an  incompressible  fluid.  We  then  have  a  velocity 
potential  <p  and 

inf\  ^f  &<p  dtp 

'  ex  Oy  or. 

The  equation  of  continuity  becomes 

107)  J(p  =  0, 

and  the  potential  is  harmonic  at  all  points  except  where  liquid  is 
being  created  (soarecs)  or  withdrawn  (smJ:s).  ■  The  volmne  of  flow 
per  unit  time  outward  from  any  closed  snrface  S  is 


-//' 


[u  cos  (nx)  +  «i  cos  (ny)  -f  w  cos  (nz)}  dS 

so  that  if  this  is  not  equal  to  zero,  it  is  equal  to  the  quantity  created 
in  the  space  considered  in  unit  time, 
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109)  ft  -fffw, 


so  tliat  if  we  put  z/<p  =  e,   ö  is  tue  ainount   of  liquid  produced  per 
unit  volurae  per  unit  of  time.     The  total  amount 


-sss« 


is  called  the  .■ilreiiyfh  of  Ihr-  source.  If  t>  is  givcii  as  a  function  of  the 
point  we  have 

Aecnrdingly  the  velocity  potential  has  the  properties  of  a  force 
potential,  the  density  of  attracting  matter  heing  represented  by 
times  the  strength  of  source  per  unit  volume.  The  negative  sign 
occurs  here  from  the  different  Convention  employed,  it  being  cnstomary 
to  dehne  the  force  as  the  negative  parameter,  the  velocity  as  the 
positive  parameter  of  its  potential.  In  particular  a  point  source  of 
strength  m  produees  a  radial  velocity  of  magnitude  —  -j-  This 
System  is  called  hy  Clifford  a  sqmrt. 

197.  Uniplanar  Motion.  A  simple  and  interesting  case  is  that 
of  uniplanar  flow  as  defiued  above.  We  then  have  all  qnantities 
independent  of  8,  so  that  Laplace'e  equation  reduces  to 

111)  Pf +Ö-0- 

A  powerful  method  of  treatment  of.such  problems  is  fnrnished  by 
the  method  of  functions  of  a  complex  variable.  The  complex  number 
a  +  ib,  where  a  and  b  are  real  numbers  and  i  is  a  unit  defined  hy 
the  eqnation 

i*  =  -l, 

(the  same  root  being  always  ta-ken)  is  subject  to  all  the  laws  of 
algebra,  and  vanishes  only  when  a  and  b  both  vanisli  separately. 
A.ny  function  of  the  complex  number  ohi.ain.ed  by  algebraic  Operations, 
aftcr  substituting  Cor  every  factor  i2  its  value  —  1,  becomes  the  sum 
of  a  real  number  plus  a  pure  imaginary,  that  is  a  real  number 
mulliplifd  by  i.  Any  equation  botwem  complex  uninbers  is  equivaleni. 
to  two  eqiuitions  betweeu  real  numbers,  being  satisfied  only  when 
the  real  parts  in  both  numbers  are  equal  as  well  as  the  real  coeffi- 
cients  of  i  in  both  members.  If  x-  (leimte  the  complex  variable  x-\-iy. 
any  function  of  2  may  be  written 

«=/■(»)=.  +  «, 
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where  w  and  v  are  real  functions  of  the  two  real  variables  x  and  y. 
For  instance 

a  =  (x  +  «?/)a  =  &  -  f  4-  2»a;y, 

*  =  £ä  —  i/3,     «  =  2a;y, 


ll'i) 


i !  :■)) 


d»+- 

:dy 

3k 
0a; 

*■+£ 

-dy  +  i 

<7.i;-L-  .. 
dy 

<iy) 

die  +  i 

föu 
\dy 

+<£) 

da; 

»<ty 

Let  us  examine  tlie  relation  between  an  infinitesimal  change  in  g 
and  tbe  corrcspunditig  uLange  in  f{g).  We  have,  x  and  «/  b eilig  resil 
variables  capable  of  independcnt  Variation, 

114)  <fa  =  da:  +  idy, 

115)  df(s)  =  dw  =  du  +  idv  —  V''  dx  +  i-'-dii  +  i  U—dx  -j-  fr-dyy 
(.'ouseqneutly   by   divisiou, 


Ihi) 


The  ratio  of  tbe  differentials  of  w  and  s  accordingly  < 
general  on  the  ratio  of  dy  to  dx,  that  is,  if  x  and  y  represent  the 
coordinates  of  a  point  in  a  plane,  on  the  direction  of  leaving  the 
point.  If  the  ratio  of  dw  to  dz  is  to  be  independent  of  thie  direc- 
tion and  to  depend  only  on  the  position  of  the  point  x,  y,  the 
nninerator  must  be  a  multiple  of  the  denominator,  so  that  the  cxpressiou 
containing  ^A  divides  out.    In  Order  that  this  may  be  true  we  must  have 

that  is 

Putting  real  and  imaginary  parts  on  both  sides  equal, 

118)  P--P-*     ~  =  ~p-> 

'  dx       dy       ex  dy 

and 

lim  dw_  =  8u  +  i dv  =  |£  _  jg», 

'  dx       dx  'dx        dy  dy 
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In  this  case  tlie  funetion  w  is  said  to  lisive  ii  definite  derivative  defined  by 

''»-tag, 

and  it  is  only  when  the  funetions  u  and  u  satisly  tbese  conditions  118) 
that  m  +  i'ii  is  said  to  be  an  a-nalytic  fandion  of  s.  This  is  Itiemaim's 
definition  of  a  funetion  of  a  complex  variable.1)  The  real  funetions 
u  and  V  are  said  to  be  conjut/att:  funetions  of  the  real  variables  x,  y. 
It  is  obvioua  tbat  if  w  is  giveu  as  an  analytie  expression 
involving  z,  w  =  f{z),  tuen  w  always  satisfies  this  condition.     For 

dw       df{z)  dz        ,,,  -.       cw       dm  da        .   ,,  , 
Accordingly 

*3a— *W«  +     W""»!/        dy^%dy 


If  we  differentiate  tlie  equations  118),  tbe  flrst  by  #,  and  tlie  second 
by  y  and  add,  sinee 


we  obtain 

DifTerentiating  the  second  by  x  and  the  first  by  y  and  subtracting, 
we  find  that  v  satisfies  the   same   equation 

121)  l\  +  s--s  =  0. 

'  0a:3        oy* 

Thus  every  funetion  of  a  complex  variable  gives  a  pair  of  solutions 
of  Laplace's  equation,  either  one  of  which  may  be  taken  for  the 
velocity   potmtial,    rep  res  e.n  ring  two  different  states  of  flow. 

It  is  to  be  notieed  that  the  question  liere  dealt  with  is  simply 
one  of  kinematics,  since  Laplaee's  equation  is  simply  the  equation  of 
continnity  and  there  is  no  reference  to  the  dyiiamical  equations. 

Tbe  question  arises  whether  any  two  solutions  of  Laplace's 
equation  will  conversely  give  us  the  funetion  of  a  complex  variable. 
It  obviously  will  not  answer  to  take  any  two  harmonic  funetions, 
for  they  must  be  related  so  as  to  satisfy  the  equations  118)  or  be 
mutnally  conjugate.     In    Order    to    avoid   confusion    with  the   veloeity 


1)  Riemann,  Mathematische  Werke, 
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coinponents  u  and  r,  let  us  call  the  two  conjugate  t'unctions  cp  and  ty, 
f-aiiiiyiiig  the  equations 

'  dx        dy       dy  dx 

It  is  evident  that  95  and  tfp  have  the  relation  of  the  velocity  potential 
and  stream  function  defined  in  §  195.  Li  one  fnnction  ig  given  we 
can  find  the  conjugate,  for  we  must  have 


dtp  =  -?-äx 


.**A 


which  by  equations  122)  is 

v  öy  ox    J 

JJow   jf   we   call   this  Xäx  +  Ydy    it    Batisfies   the   condition  for   a 
perfect  ditferential 


fi- 


Consequently  the  linc  integral 

from  a  given  point  xa,  y0  to  a  variable  point  x,  y,  is  a  fnnction  only 
of  its  upper  limit  and  represents  ip.     Similarly  if  ip  is  given 

1H)     ,-/[&*.  +  %»}-/[%»-&*)■ 

Furtherinore  the  first  of  the  equations  122)  is  the  condition  that 
ii>dx  +  tpdif  is  a  perfect  differonlial  and  the  second  that  <pdx~ij>dy 
is  such.     Accordingly  the  line  integrals 

3>=  j  {ipdx  +  ydy), 

W=  I  \<pd%  -  tydy}, 

give  two  new  point  functions  <!»,  *P'  which  in  virtue  of  the  equations 


™       dy  o~x' 

i  conjugate  to  each  other   and   give   a  new  analytic  function  of  ä, 
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whose   derivative   is   q>  +  iip.     From   these   by   new   integrations    we 
may  obtain  aiiy  number.    The  method  of  the  comples  variable  accord- 

ingly   gives   us   the   Solution   of  an    unlimited    number   of   uuiplyua.i: 


The  equations  V22)  uro  geometrieally  the  condition  tliat  the  lines 
tp—const./  ty  =  conti,  iu.tersect  eaeli  other  everywhere  ;it  right  angles. 
If  ty  is  the  stream  fimction  the  lines  i>  —  const.  are  the  lines  of  flow, 
whieh  we  lmow  interscct  the  äquipotential  surfaces  at  right  angles. 
As  cxamplüs  eon?ider  the  cases   worked  above, 

w  =  ss,     tp  =  xa  —  y2,     fy  =  2xy, 
The  equipotential  lines  are  sets  ol'  equilateral   hyperbolas,  iiitersücted 
at  right  angles  by  the  System  of  equilateral  hyperbolas   form  big  the 
stream  lines  (Fig.  164).    The  stream  line  i>  —  0  consists  of  the  Ä'  and 
Y  axes,  which  may  accordingly  be  a  boundary,   so   that  one  quarter 


of  the   figure   represents  the  flow  in  a  Square  corner    of  a  stream  of 
infinite  extent. 

The  fimction  w  =  —  gives 
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The  equipotential  Iiues  give  a  set  of  circles  all  tangent  to  the  F-axis 
at  the  origin>  while  the  lines  of  flow  are  a  similar  set  all  tangent 
to    the   X-axis    (Fig.  165).     The    water   flows   in  on   one  side  of  the 


origin  and  out  at  the  other  as  if  tliere   were   a    source    on   one  side 
and  an  equal  sink  on  the  other  close  together. 

The  function  sn,  of  whieh  the  two  examples  just  treated  are 
particular  oases,  gives  an  mteresting  casc  wliich  is  most  simply  worked 
out  hy   the  introduction  of  polar  coordinates, 

x  —  r  cos  im,      y  =  r  sin  m, 
z  =  x  -\-  iy  =  r  (cos  ra  +  i  sin  a)  =  reim, 
g«  =  f<ßino>  =  r"(coBn<n  +  iemneo), 

from  which  we  obtain   the  two   coiijugate  fi.uicti.oiis 

126)  M  =  r"costtö3,     v  —  r"  sin  nra. 

If  we  multiply  these   two   Harmonie  funetions  by  constants  and  add, 
the  sum 

127)  r"[A„eos(nm)  -f  Bnsinwco] 

is  the   eircular  harmonic  funetion   treated  in  §  140.     We  may  aecord- 

ingly   duvelop   the  velocity  potential  in  a  series   of  eircular   harmonier, 
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128)  tp  ="S»r»{AHBoana)  +  B„&mnco}, 

and  if  we  know  the  values  of  <p  on  the  circumference  of  a  circle 
with  center  at  the  origin,  we  may  find  the  coefficients  by  the  method 
of  Fourier  as  in  §  140a,  83). 

Let  us  examine  the  motion  in  a  segmeut  between  two  walls 
niiiking  an  angle  2«  at  the  origin  and  reaching  to  infinity.  If  we 
use  the  value  of  <p  given  by  equation  128),  the  coefficients  and  the 
values  of  w  admissible  are  to  be  determined  by  the  condition 

§|_0 

along  each  wall.     But  since  dn  =  rdm,  we  have 

129)  -|?=^«r"-1{B„cosKm— ^„sinwro) 

which  must  vanish  for  o  =  +  k.     If 

na  ■=■ — ^ —  »,     cos««  =  0, 
and  if 

na  =  -x.%,     sin  (+  na)  =  0, 

x  being  any  integer.  Therefore  if  we  put  when-w  is  an  odd  multiple 
of  ~,  A»  =  0  and  B„  =  &x+i  and  for  even  multiples,  B„  =  0  and 
An  =  Ca*,  we  shall  have  as  a  Solution  of  the  problem 

130)    ?=2   cWij'"7'siii(!\+1  'V ' a>)  +  °**r'' cm^m)  ■ 

The  tangential  velocity  at  the  wall  is  given  by 

131>  &).-.- \c' f«r"  l sin  r +■ ' ■]■ 

The  exponent  of  the  lowest  power  of  )■  is  —  1.  If  this  is  negative, 
that  is  if  a  >  -*-»  the  velocity  is  infinite  for  r  =  0,  that  is  at  the 
Corner,  uuless  (",",  =  0. 

The  pressure  is  given  by  the  equation 

p  =  const.  —  -z  Q2, 

äo  that  at  a  sharp  projeoting  edge  around  which  the  water  flows 
there  would  be  an  infinite  negative  pressure.  This  being  impossible, 
around  such  an  edge  the  motion  is  discontinuous,  so  that  instead  of 
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flowing  as  in  a)  Fig.  166,   tke   water   llows  as  in  b),  the  flow  being 

disectttiniioiin  nt  flio  dotted  line.  In  aetual  ftuids  such  surfac.es  r>.l.' 
diseontiiiuity  give  rise  to  vortex  motion,  so  Ihat.  ne  see  eddics  formed 
at  projecting  Corners. 


gives   us  radial  stream  lines  forming  i 


uniplanar  squirt,  while 


and  for  a  free  surface,  j*j  - 
133)  C 


—  gives    us    flow 

in  circles  with 
a  velocity 

The  velocity  at  the  center  is 
infinite.  This  flow  is  exaetly 
what  we  found  in  §  195  to  be 
produced  by  a  vortex  filament 
at  the  eenter. 

If  the    fluid    is    under    the 
influenae  of  gravity,  we  have 


42 


■  -9QS~-QCf 
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If  -z  is  zero  wben  r  =  oo,  0  =  0,  and  the  equation  of  the  sur- 
face  is 

The  form  of  the  surface  is  shown  in  Fig.  167.  This  is  approximately 
the  form  taken  by  the  water  running  out  of  a  eircular  oriflce  in  the 
hottom  of  a  tank,  although  the  above  investigation  takes  no  aeeount 
of  the  Tertical  motion. 

198.  Wave  Motion.  The  case  of  uniplanar  water  waves  may 
be  dealt  with  by  the  method  of  tlie  preceding  section.1)  Let  us  take 
the  XY-plane  Tertical,  the  y-axis  pointing  vertically  upward  and 
the  motion  as  before  independent  of  the  i  coordinate,  so  that  we 
may  use  Z  to  denote  the  complex  variable.  We  shall  find  that  the 
waves  travel  with  a  constant  vetocity  and  it  will  therefore  simplify 
the  problem  if  we  iinpress  upon  the  whole  mass  of  liquid  an  equal 
and  opposite  velocity  so  that  the  waves  stand  still  and  the  motion 
is  steady.  Such  still  waves  are  actually  seen  on  the  surface  of  a 
ruiming  stream. 

Let  us  first  consider  waves  in  very  deep  water.  At  a  great  depth 
the  vertical  motion  will  disappear  and  we  shall  have  only  the  constant 
horizontal  velocity  that  we  have  impressed,  so  that 

u  =  -a,     v  =  0, 
frora  which 

The  funetion 

f(g)  =  -ag  +  Ae~'*-  =  ~a(x  +  iy)  +  A«-"C+'»I 
gives 

<p  +  itji  =  —  a(x  -\-iij)  +  Aek,J (co$J:x  —  ia'mL-x), 

134)  cp  =  —  ax  +  Ae^  eos  kx, 
■ty  =  —  ay  —  AeklJ&ui  kx. 

When  y  =  —  ^o  this  makes  ip  =  —  ax,  as  required.  The  free  surfat-i; 
of  the  water  being  composed  of  stream  lines  is  represented  by  one 
of  the  lines  ijt  — =  const.  and  if  we  take  the  origin  in  the  surface  ita 
equation  is  consequently 

135)  ay  +  Ae*»sm?cx  =  0, 

which  shows  that  y  is  a  periodic  funetion  of  x  with  the  wavolength 
X  =  ,  -    The  longer  the  wave-Iength,  that  is  the  smaller  k,  the  more 


o  =  —  ax. 


1)  ßayleigb,  On  Waves.    Phil.  Mag.  I,  pp.  257—279,  1876.    Scientific  Papp«, 

Vol.  I,  p.  261. 

WEBSTEE,  Dynamics.  34 
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nearly  does  tlie  exponential   reduce   to  unity  and  the    more  nearly  is 
tlie  profile  a  curve  of  sines.     The  velocity  is  given  by 

136)  2,  =  *,  +  d,j 

wliere 


3f  _ 


-Akek*»ia.hx, 


n=-—-  =  —  _i.  =,  J./l7;'-vcos/,\i.-, 

dy  Bx 

138)  g*  =  «s  +  AWf**  +  8Xat0*'nniba;. 

So    far   all    our    work    has   beeil   kinematical.     The   relatiou    to 

dynaiuics  is  given  by  introducing  the  equation  33)  for  steady  motion, 

139)  p-  +  gy+li'-c, 

and  at  the  surface  putting  j)  =  0;  and  making  use  of  the  equation  135), 

140)  gy  +  -■  {»"  +  A*k*e***-  2aiky\  =  C. 

Since  the  surface  passes  tlirongh  Hie  origin,  putting  y  =  0  we  obtain 

C_  \\a'  +  A'W), 
inserting  which  gives 

141)  (g  -  ash)y  +  -AV^1»  -  1)  =  0. 

This  equation  can  be  only  approximately  fulfilled.  but  if  tlie  huiglit 
of  the  waves  is  small  compared  with  the  wave-length,  so  that  2ky 
is  small,   developing  the  exponential  and  neglecting  terms   of  higher 

order  than  tlie  tirst  in  ky  we  have 

((/  ■—  a-1;  -f-  A-W)y  —  0, 
giving  the  equation  connecting  the  velocity  and  wave-length 

142)  g-tfit+AW^Q. 

If  ky  is  small  the  equation  of  the  surface   135)  is  approximately 

143)  y  =  —  —  sin  hx 

so  that  the  maximum  height  of  the  waves  above  the  origin  is  S  =  —  ■ 
Insertiug  the  values  of  the  height  and  wave-length  in  equation  142) 
it  becomes 

m  °fr(i-4r)H 

an    equation    connecting    the   wave-length,    height  and  velocity.     For 
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waves  long  enough  in  comparison  with  their  height  to  neglect  -  ,a  —  i 

If  s  is  the  height  from  which  a  l>ody  must  feil  to  acquire  a  veloeity 
equal  to  the  wave- velocity,  since  a2  =  2gs,  the  equation  becomes 

146)  A  =  4jis, 

iiccdrdinaiy  the  veloeity  ot'  [jropagation  of  long  waves  in  deep  watei 
is  equal  to  the  veloeity  acquired  by  a  body  Mlitig  freely  from  a 
height  equal  to  one-half  the  radius  of  a  eircle  whose  circumference 
is  the  wave-length. 

In  Order  to  study  the  motions  of  individual  particles  of  water 
let  us  now  impress  upon  the  motion  given  by  137)  a  uniform  veloeity  a 
in  the  X-direetion.  Equations  137)  now  give  the  raotion  with  respect 
to  moving  ases  travelling  with  the  waves,  so  that  in  order  to  obfcain 
the  motion  with  respect  to  fixed  axes  we  have  to  add  a  to  the  u 
of  137)  and  replace  x  by  X  —  at,  obtaming 

u  =  —  Akekv  sia  b  (x  —  at), 
'  v  =     A.kehy  w&k  {%  —  ai) , 

for  the  equations  of  the  unsteady  motion  of  the  actual  wave-propa- 
gafcion.     For  the  veloeity  of  a  partiele  we  have 

148)  q  =  >V  +  *■  -  Akek» 

showing  that  the  veloeity  decreases  rapidly  as  we  go  below  the 
surface,  so  that  for  every  increase  of  deptli  of  one  wave-Iength  it  is 
reduced  in  the  ratio  e~ s"  =  .001867.  If  the  displacement  of  a  partiele 
which  when  at  rest  was  at  x,  y  is  £,  jj  we  have 

1  t  =  —  Akeky  srak  (x  —  at), 

149)  *y        n,      i<       A 

-r  =      Ake1,  ■-' cos  k  {x —  at), 

if  we  neglect  the  sin  tili  cliimge  of  veloeity  from  x,  y  to  x  +  |,  y  +  ij, 
so  that  we  obtain  hy  Integration 

^  =  -Bek'Jcosh(x-ai), 
'  fj  =  —  Be""  sink  (%  —  at). 

Thus  each  partiele  performs  a  uniform  revolution  in  a  eircle  of 
radius  Bek'J  in  the  periodic  time  j—  =  —  ■  We  thus  see  hove  the 
motion  is  confined  to  the  surface  layers.  The  direction  of  the  motion 
in  the  orbit  is  such  that  partieles  at  the  crest  of  the  wave  move  in 
the  direction  of  the  wave-propagation,  those  at  a  trough  in  the 
i  direction. 
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Let  us  now  diacusa  tlie  form  of  the  wave-proule  135)  when  the 
restnction  that  the  height  of  tho  waves  is  sniall  in  comparison  with 
the  wave-length  is  removed.     The   equation  of  the  surface  is 

151)  y  +  Be*»Bmkx  =  0. 

Tkis  niiiy  be  convem'eutiy  ilocu  by  means  of  a  graphieal  utmstruetiou, 

_  Fig.  168.  Let  us 
construct  two 
cur v es,  with  the 
running  coordi- 
jiates  X,  Y,  the 
first  the  logimth- 
mic  curve 
X=en' 

aud  the  secoud  the  straight  liue  X  =  —  „  .  ,  >  which  must  be 
separate])1  co'ustnicted  for  euch  value  of  #.  At  the  intersection  of  the 
line  and  curve,  we  have 

F-f  Beir8mkx  =  Q, 

so  fchat  the  Talue  of  Ythus  ohtained  may  be  taten  for  the  y  coordinate 

of  the  wave-profile  with  the  abscissa  x.    As  x  varies,  the  line  Swings 

back  and  forth  about  the  X-axis,    and    we    see    that    when  smJcx  is 

positive  there  is  one  intersection  of  the  line  and  curve,   while  if  smlcx 

is  negative   there   are   two,    giving    two    values    of  y,    both    positive. 

Any   positive  y    is    greater    in   absolute  value  than    the   corresponding 

,  negative    for    the 

\  symmetrica!  posi- 

\  /  \  tion   of  the    line. 

\  /  /         Thus   the  unsym- 

\  /  \  ./  metrical  natura  of 

V •■■'  "'^..y'  trough    and    crest 

is  made  evident, 
Begiiming  with 
=  0,  the  two 
'  values  of  y  are 
oncze.ro,  the  otlier 

infinity,  andas  ■rin.creases,  y  litis  a  Single  negative  value.  When  #=-=7  =  —] 
y  is  again  zero  and  infinity,  and  as  x  increases  the  two  values  of  y,  both 
positive  approach  each  other  until  j  =  -2,  then  recede  until  y—%. 
The  form  of  the  curve  as  constructed  in  this  manner  is  shown  in 
Fig.  169,  the  lower  branch  representiug  the  wave-profile.  If  B  is 
greater  than   a  cevtain   qoantity  the  values  of  y  between  certain  limits 


/Google 


188]  HIGHEST  WAVES  IN  WATER.  533 

are  imaginary.  This  limiting  value  of  U  is  that  which  makes  the 
highest  position  of  the  straight  line,  for  which  sinftx  =  —  1,  taugent 
to  the  exponential  curve.     We  then  have 

-iy  =  kX  for  the  curve,  equal  to  y. =  ^r  for  the  line, 
from  which 

tY-i-ly,    i-t«. 

The  upper  and  lower  branches  of  the  curve  151)  then  come  togeth  er, 
and  the  wave-profile  has  an  angle.  Waves  cannot  be  higher  than 
this  without  breaking.  By  di  f r'eren  fci  ati  on  of  151)  we  find  for  the 
summit,  ■  -  =  +  1,  so  that  the  angle  between  the  two  sides  of  the 
wave  is  a  right  angle  (Fig.  170).  As  a  matter  of  fact,  before 
the  waves  are  aa 
high  as  this,  the 
equation  141)  is 
110  loiigüi-Sü-tis/iecl 

with    snfficient 

approximation 
for  the  waves  to 
have  tlie  form  in 
question.  By  an 
elaborate  System 
of  approximation, 

Micliell1)     has 

shown  that  the  highest  waves  have  a  height  .142A,  while  the  equa- 
tion  151)  gives  .203A.  It  was  shown  hy  Stokesä)  that  at  the  crest 
the  angle  was  not  90°,  but  120°,  as  follows. 

In  the  stationary  wave,  in  order  to  have  an  edge,  the  velocities  m 
and  v  for  a  particle  at  the  surface  must  both  vanish  together,  for 
if  v  alone  vanishes,  there  will  be  a  horizontal  tangent.  Consequently, 
if  we  place  the  origin  at  the  crest,  equation  139)  becomes 

ffS  +  v  V  =  0. 


Bufc  if  we  represent  the  surface  by  a  development  of  the  forni  of 
equation  128),  on  account  of  symmetry  there  will  be  only  sine  terms, 
and  if  in  the  neighborhood  of  the  origin  we  retain  only  the  most 
iraportant  term,  we  raay  put 

1)  Michail,  The  highest  Waves  in  Watet:    Phil.  Mag.  36,  p.  430,  1893. 

2)  Stokes,    On   the   Tlieory   of  Oaeillatory  Waves.     Tran».  Cambridge   Philo- 
sophical  Society,  Vol.  VIII,  p.  441,  1847.     Math,  auil  Phys.  Papers,  Vol.  I,  p.  227. 
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152)  q>  =  Ar*  sinnet,     ip  =  Ar"  cos  na>, 

to  being  the  angle  measured  from  the  vertical.  We  have  for  the 
radial  veloeity 

1>-  =  5    —  Anr"~  lsin«ra, 

and  if  a  is  the  inelination  of  the  surface  to  the  verticai  at  .the  crest 
g  =  Anr"— 1sin»«.  But  we  have  q2  —  ~2gy  —  2grco8<x  and  accord- 
ingly  2(«-l)  =  l,  n  =  ~-    Also  as  in  129),  cosjsk  =  0.     Thus 

The   problem   of  waves  in  water  of  finite  depth   may  be  treated 
in  a  similar  manner,  by  putüng  instead  of  134), 
tp  -\~  ity  =  —  az  +    Ae—fi*  +  Be*1', 

<p  =  —  ax  +  (Aekv      +  Be~k'J)c,oskx. 

153)  tfi  =  —  ai/  —  (J.e**  —  .Be-*?)  sin  fca;, 
,[  =  _«  _  fc^e*»  +  Sc— *»)  sin  Ä«, 
u  =  k(Aek*  —  Be—**)  cos  foc. 

If  the  depth  is  A,  we  must  have  ti  =  0  for  y  =  —  h,  giving 

Ae-ih  =  Be*\ 
Calling  tliis  value  C,  we  have 

154)  ^  =  — ay  — C(e*£H-ifl  -  e-^+tyninkas  =  0, 

as  the  equation  for  the  wave-profile.  For  the  first  approxiniittion, 
for  waves  whose  height  is  small  compared  to  their  Ien.gtli.  replacing 
ehy,  e~i"  by  unity,  we  have 

155)  ay  =  -  C(e*'<  -  «-")  -  saxltx, 
and  neglecting  (6"ft)a, 

156)  u2  -f  »a  =  a2  +  2Gak(eth  +  e— *''')  sin/,'^. 
Thus  the  surface  equation  139)  becomes 


+  |  [as  +  %Cal  (e**  +  e~**)  sin  fes], 
which.  is  satisfied  by 

158)  ak(ek"  +  «-«)  -  ■*-(«"-  «-«)  =  0, 


giving  the  veloeity 
159) 


:**  +  * 
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If  h  is  infinite  this  reduces  to  145),  while  if  the  depth  is  very  gmall 
witli  respect  to  the  wave-length,  it  reduces  to  a?  =  gh.  Aecordingly 
long  waves  in  shallow  water  travel  with  a  velocity  independent  of 
their  length,  being  the  veloeity  acijsiired  b\  a  body  launig  through 
a  distance  equal  to  one-lialf  the  depth  of  the  water.  Consequently 
the  resultant  of  such  waves  of  different  wave-lengths  is  propagated 
without  uhauge,  contrary  to  what  is  the  case  in  deep  water. 
Changing  to  fixed  axes,  we  have  for  the  running  wave 

$  =  _  0(e*<*+rt  -  e~ w  + '■»)  sin  h(x-at), 

and  by  comparison  with  147),  150),  we  find  that  the  particles 
ibsoribe  ellipses  with  semi-axes  equal  to 

161)  ^(e*(*+c)+  e-aiH-ri),      9  (<,*(*+*)_  e-*(*+*>). 

If  we  consider  the  resultant  of  two  equal  wave-trains  running 
in  opposite  directions,  we  have 

q,=         C(eh^+v'>+e~>:<->'+vr)[(iwk(x-at)  -f  cos  Je  (x  +  at)] 

=      2(7 (e*(*+*)  +  «-*(*+»))  ao&hxcoehat, 
162) 

1    ^__     C(eW-+«>-e~lv>+*>)[smk(z-at)  +  sm  Je  (x  +  at)~\ 

=  -  2C (ek«-+  »1  -  e~w+»l)sm!ix coslcat. 

The  equation  of  the  profile  is  now  of  the  form,  y  is  equal  to  a 
funetion  of  x  raultiplied  by  a  funetion  of  t,  so  that  the  profile  is 
always  of  the  sanie  shape,  with  a  varying  vertical  sca-le.  Such  waves 
are  called  standing  wavee,  and  we  see  them  in  a  chop  sea.  The 
difference  betwecn  them  and  the  stationary  wave  in  a  running  st  mim, 
with  which  we  began,  is  very  marked,  as  here  every  point  on  the 
snrface  oscillates  up  and  down,  while  there  the  water-profile  was 
invariable  both  as  to  time  and  place, 

199.  Equtlibriuni  Theory  of  the  Tides.  We  shall  now 
briefly  consider  some  aspects  of  the  phenomena  of  the  tides,  the 
general  theory  of  which  is  far  too  complicated  to  be  dealt  with  here. 
The  earliest  theory  historically  is  that  proposed  hy  Newton,  which 
supposes  that  the  water  covermg  the  earth  nssumos,  under  the  attraction 
of  a  disturbing  body,  the  form  that  it  would  have  if  at  rest  under 
the  actiou  of  the  forces  in  question.  This  so-called  equilibiiuni 
theory,  which  neglects  the  inertia  of  the  water,  beiongs  logically  r,u 
the  suhjeet  of  hydrostatics,  but  will  be  now  treated.  If  U  denote 
the  potential  of  gravity,  including  the  eentrifugai  force,  as  in  §  149, 
we  have,  as  there,  for  the  andisturbed  surface  of  the  ocean, 
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163)  U(ra,i>,(p)  =const, 

rQ,  $,  ip,  denoting  the  radius,  latitude,  and  longitude.  If  V  deuote 
tlie  potential  of  the  disturbing  body,  vb  have  according  to  the  equi- 
libriutn  theory,  for  the  disturbed  surface, 

164)  ü  (r,  4,,<p)  +  V  =  comi. 
and  subtracting  equation  163)  from  this,  we  have 

165)  ü  (r,  i;rp)-ü  (rQ,  $,  tp)  +  V  =  const.  =  C. 

But  if  we  put  A  =  r  —  r0,  Ji  is  the  height  of  the  tide,  and  being 
small  with  respect  to  the  radius,   we  may  put 

166)  ü  (r,  f,  <p)  -  U  (r0,  i>,  tp)  =  h  ~, 
gi-ring 

167)  V-C^-h™- 

But  #  =  —  ¥-$-,>  aa  in  §  149,  so  that  we  obtain  for  the  height  of 
the  tide 

168)  h-r—f- 

We  may  determme  the  constant  in  168)  by  the  consideration 
that  the  total  volume  of  the  water  is  constant.  If  dS  is  the  area 
of  an  element  of  the  earth's  surface,  the  total  volume  of  the  tide 
above  the  surface  of  equilibrium  niust  vanish,  giving 

169)  0=fßäS,   JJv,iS=cffäS,    V=C, 

where  V  is  the  mean  "value  of  the  dishrrbiiiü;  potential  over  tlie  earth's 
surface.  Now  we  have  found  in  §  150,  equation  154),  the  value  of 
the  potential  of  the  tide-generatin<f  forces, 

170)  V=  |'g°-(3  cosaZ-  1), 

where  Z  is  the  zenith-distance  of  the  heaveuly  body  at  the  point  in 
question.  If  we  refer  other  points  on  the  earth's  surface  to  polar 
coordinates  with  respect  to  this  point  and  any  plane  through  it, 
with  coordinates  Z,  <$,  we  have 

dS  =  r»  sin  ZdZd®, 

I  I  VdS*=~  I d$>  J  (Sco^Z-^sinZdZ^O, 

so  that  the  mean  of  V  vanishes.     Accordingly  we  have 
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This    equation    shows    that    the  tidal  surface  is  a  prolate  ellipsoid  of 
revolution,  with  its  axis  pointing  at  the  disturbing  body. 

Let  us  now  express  cos  Z  in  terms  of  the  Iatitude  ty  of  the  point 
of   Observation    and    of   the    declination   Ö  and   hour-angle  H.  of  the 
(listui'hing   body,    whieh   for  brevity  we  shall  call  the   moon.     If  we 
take  axes  in  the  earth  as  usual,  with  the  A'Z- plane  passing  througli 
the  point  of  Observation  and  measure  H  from    this   plane,    we   have 
for  its  coordinates  and  those  of  the  moon  respectively 
r  cos  ijj,     D  cos  <$  cos  H, 
0     ,     D  cos  S  sin  H, 
r  sin  tji,     D  sin  d  , 

from  whieh  we  obfcain  the  cosine   of  the   angle  included  by  their  radii 
cos  Z  =  cos  i>  cos  d  cos  II  ~f  sin  tp  sin  S. 

Squaring  this,    replacing   cosa.ff  by  -    (14-  cos  2-ff),    cos2^cos2<?   by 
(1  —  sin*V)0  ~~  sin2^),  we  easily  obtain 

3cossi7  —  1  =  s(  cos3^coss^cos2//+  sin  2  S  sin  2ijr  cos  B 

(l-3Bin^)q-3ain8f)-j 

Inserting  this  in  171),  replacin 

as  we  have  already  done,   neglecting  the  attraetion   of  the  disturbed 

water,  we  have  the  equation  for  the  tide, 


]  72)     -r  =  -*™'us '  uobs  (5  coa*  %>  cos  211  -f  sin  2  6  sin  2tf  cos  II 
(1  -  8  ain»  J)  (1-8  am' 


221 


The  first  term  in  the  brackets,  containing  the  factor  cos  2  .ff, 
where  H  is  the  moon's  hour-angle  at  the  point  of  the  earth  in 
question,  is  periodic  in  one-half  a  lunar  day,  consequently  this  term 
has  a  maximum  when  the  moon  is  on  the  meridian,  both  above  and 
below,  low  water  when  the  moon  is  rising  or  setting.  The  effect  of 
this  term  is  the  sein  i  -  üiuriiai  tide,  whieh  is  the  most  familiär,  with 
two  high  and  two  low  waters  each  day.  This  tide  is  a  maximum 
for  points  on  the  equator,  where  cossi^=  1,  and  for  those  times  of 
the  month  when  cosstf  =  l,  that  is  when  the  moon  is  crossing  the 
equator.     These  are  the  so  -  call«!  equinoctial  tides. 

The  second  term,  containing  the  factor  cos  .ff,  is  periodic  in  a 
lunar  day,  and  gives  the  diurnal  tide.  This  gives  high  water  under 
the  moon,  and  low  water  on  the  opposite  side  of  the  earth.  On  the 
side  toward  the  moon,  these  two  tides  are  therefore  added,  while  on 


/Google 


538  XI-  HYDRODYNAMICS. 

the  opposite  side  we  have  their  differenee.  Consequently,  at  any 
point,  the  differenee  of  two  consecutive  high  waters  is  twiee  the 
diurnal  tide.  This  differenee  is  generally  small,  showing  that  the 
latter  tide  is  small.  It  vanishes  for  points  on  the  equator,  and  at 
the  times  of  the  equiuoctial  tides. 

The  third  term,  which  vanishes  for  latitude  35°  16',  does  not 
depend  on  the  moon's  hour-angle,  hut  only  on  its  deelination.  This 
dedinationa]  tide,  depending  on  the  Square  of  sin  Ö,  has  a  period  of 
one-half  a  Innar  month. 

Beside  the  tides  due  to  the  moon,  we  must  add  those  due  to 
the  sun,  for  which  the  factor  outside  the  brackets  in  172)  is  some- 
what  less  than  one-half  that  due  to  the  moon.  The  highest  tides 
therefore  occur  at  those  times  in  the  month  when  the  sun  and  the 
moon  are  on  the  meridmu  together,  namely  at  new  and  füll  moon. 
These  are  known  as  spring-tides.  The  iowest  oecur  when  the  moon 
is  in  quadrature  with  the  sun,  and  the  lunar  and  solar  tides  are  in 
Opposition.  These  are  known  as  neap-tides,  and  occording  to  this 
theory  would  he  only  one-third  the  height  of  the  spring-tides.  The 
greatest  spring-tides  would  be  those  in  which  the  moon  was  on  the 
equator,  or  the  equinoctial  spring-tides.  Now  it  is  found  that,  instead 
of  this,  the  high  tides  com«  about  a  day  and  a  half  later.  Consequeutlv, 
although  the  eqnilibrium  theory  indicates  to  us  the  general  nature 
of  the  different  tides  to  be  expected,  it  does  not  give  us  an  accurate 
e\pression  for  their  vahies.  Roughly  speaking  we  may  say  that  the 
tides  act  as  if  they  were  produced  as  described  by  the  action  of  the 
sun  and  moon,  but  that  the  time  of  arrival  of  the  eifects  produced 
was  delayed. 

A.  eorrection  was  introdueed  into  the  equilibrium  theory  by 
Lord  Kelvin,  to  take  aceount  of  the  effect  of  the  continents.  For  if 
the  height  of  the  tide  were  given  by  the  equation  171).  removing 
the  various  volumes  of  water  in  the  space  acnially  occupicd  by  land 
would  subtract  an  amount  of  water  now  positive,  now  negative,  so 
that  the  eondition  of  constant  volume  would  not  he  fulfilled.  In 
order  that  it  still  may  do  so,  the  integral  169)  is  to  be  taken  only 
over  those  parts  of  the  earth's  surface  covered  by  the  sea.  The 
value  of  V  is  then  not  zero.  The  effect  of  this  is  to  introduce  at 
each  point  on  the  earth's  surface  cbange  of  time  of  the  arrival  of 
each  tide,  varying  from  point  to  point.  The  practical  effect  of  this 
i'driection  is  not  large. 

200.  Tidal  "Waves  in  Canals.  In  the  dynamical  theory  of 
the  tides,  taking  aceount  of  the  inertia  of  the  water,  we  have  the 
problem  of  the  forced  oscillations  of  the  sea  under  periodic  forces. 
As  a  simple  cxample  illustrating  this  method  we  shall  consider  waves 
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in  straigltt  caiials.  Lei  the  motion  be  in  the  plane  of  XY,  as  in 
§  198,  and  let  h,  the  depth  of  the  canal,  be  small  in  comparison 
with  the  wave-length.  We  shall  suppose  the  displacements  of  all 
the  particles,  with  their  velocities  and  their  spiice- derivatives,  to  be 
stnall  quantities  whose  Squares  aml  producta  may  be  neglected,  We 
shall  also  neglect  the  vertical  acceleration,  so  tliat  the  equation  for  y 
is  that  of  hydrosüitics,  giving  i.be  pressure  proportional  to  the  distance 
below  the  surface.  If  the  Ordinate  of  the  free  surface  is  h  +  tj,  thia 
givr.;« 

173)  P=>9(>(h  +  i}-y), 

174)  I1  =  9qP> 
'  ex       v- ox 

white  the  equation  of  raotion,  the  flrst  of  equations  6),  is 

175)  8«      x_i|i 

'  dt  e  ex 

Combining  these  two  equations,  we  have 
,_„-.  cu         v  dr\ 

176)  di^x~^dx' 

and  if  X  is  independent  of  y,   sinee  ^—  is    also,    this   shows   that  M 
depends    only    on  x  and  t,    or    vertieal    planes    perpendicular    to    the 
XY  plane  remain  such  during  the  motion. 
Integrating  the  equation  of  oontinuity 

p.  +  |"  =  0, 

ex        Cy  ' 

with  reupect  to  y  from  the  bottom  to  the  surface, 

i")  » — jrJ»-  -C  +  ')|i' 

or  approxirnately,  at  the  surface, 

178)  „_|S__»|S. 

Now  putting  u  =  ■*■■>   the  equation  of  continuity  178)  becomes, 

179)  ^__;,4^- 

'  et  otdx 

and  on  integration  with  respect  to  the  time, 

180)  ^  =  _ä||. 

Substituting  in  176)  we  have  for  the  horizontal  displacement 

181)  g-Z  +  jig- 
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i  no  disturbing  force,  X  =  0,  aiid  we  have  tiie  equatio 


cv 


=  ghä 


for  the  propagation  of  free  wavea,  which  we  might  have  uaed  in 
order  to  obtain  the  results  of  §  198,  for  instanee  it  is  satiafied  by 
uquations  1Ö0)  if  we  put  a*=gh.  This  is  the  same  equation  as  we 
had  in  §  46,  equation  109),  for  the  motion  of  a  stretched  string, 
and  the  standing  waves  of  102).  §  .1.9*,  pvitting  y  —  0,  are  the  normal 
Vibration«  of  equation  1  1  ö),  §  4li.  The  gener al  Solution  of  equation  182) 
is  obtained  in  the  next  secfcion,  for  the  present  it  is  sufficient  to 
consider  the  wave  alreacly  obtained  which  advances  unchanged  in 
form  with  the  velocity  a.  We  have  then,  in  the  case  of  an  endless 
eanal  encircling  the  earth,  the  curvature  of  which  we  may  neglect, 
the  case  of  a  free  wave,  running  around  and  around,  without  eliauge, 
so  that  at  any  point,  the  motion  is  periodic  in  the  time  >  where  l 
is  the  length  of  the  endless  canal.  We  thus  have  a  System  witli 
free  periods,  and  when  we  consider  the  action  upon  it  of  periodic 
disturbing  forces,  we  may  expect  the  p.lienotnen.a  of  resonance,  as 
described  in  Chapter  V. 

Let  us  now  suppose  the  canal  coincides  with  a  parallel  of 
latitude,  and  that  x  is  measured  to  the  westward  from  a  certain 
meridian.  We  then  have  for  the  horizontal  coraponent  of  the 
disturbing  force 

TT  Sv 

X.  =  —  y  -  - 

where  V  is  given  hy  170),  and  H,  the  hour-angle  of  the  moon  at 
the  point  x,  is 

183)  H^mi-y^,     bo  that  -|?_|I_L^, 

a  being  the  angular  velocity  of  the  moon  with  respect  to  the  earth. 
We  aceordingly  find  X  to  be  composed  of  two  terms  each  of  the  form 

—  As'm(mt  —  kx), 

where  for  the  semi-diurnal  part 

184)  A  =  |  y~-  cos2  S cos i>,     m  =  2a>,     k  =  ^~=.~ 
Introduemg  this  into  the  equation  181), 

185)  p  —  ß3  Q  -  A  sin  {mt  -  lex), 
we  may  find  a  Solution 
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186)  t  =  Büa(mt~kx), 

where  by  Insertion  in   185)    we  find 

187)  B=m'-a^' 
From  180)   we  obtain 

188)  ij=    i~   2eoä(mt~kx). 

The  coeffieient  of  the  cosine  is  positive  or  negative  aecording  as  ak 
is  greater  or  less  than  m,  so  tliat  we  have,  aecording  to  circumstances, 
high  or  low  water  under  the  moon.  In  the  former  case,  the  tides 
are  said  to  be  direct,  as  in  the  equilibrium  theory,  in  tke  latter  they 
are  inverted.  But  —  is  the  ratio  of  the  time  period  of  the  foree, 
or  half  a  lunar  day,  to  the  time  required  for  a  free  wave  to  travel 
half  around  the  earth,  and  the  tide  is  direct  or  inverted  aecording  as 
this  is  greater  or  less  than  unity.  Equation  188)  is  the  analogue  of 
equation  50),  §  44.  Inserting  the  values  of  the  constants  in  188) 
we  find  tliat  the  canal  theory  gives  the  height  of  the  tide  as  given 
by  the  equilibrium  theory  in  172)  (which  we  also  obtain  by  putting 
m  =  0),  multiplied  by  the  factor 


-ST 


exactly  as  described  for  the  System  with  one  degree  of  freedom  on 
page  155.  If  we  introduced  into  our  equations  a  term  giving  the 
effect  of  friction  we  should  obtain  a  change  of  phase,  as  in  §  44,  of 
amount  other  thau  a  half-period,  or  inversion. 

In  order  to  determine  the  direetness  or  inversion  of  the  tides, 
let  us  insert  the  values  of  m,  k  frora  184)  in  188),  by  which  we 
find  that  the  tides  are  direct  or  inverted  aecording  as  we  have  the 
upper  or  lower  sign  iu  the  inequality 

189)  (//(<;  rW  cos2  ^>. 

Supjmsing  the  lunar  day  to  be  24  hours,  50  minutes,  the  earth's 
circumfereuce  forty  million  meters,  we  find  at  the  equator  tiie  eritiea! 
depth,  determining  the  inversion,  lo  be  20.1:0  Kilometers,  or  12.7  miles. 
As  the  depth  is  less  than  this,  the  tides  are  inverted.  For  any  deptli 
less  than  the  critieal  depth,  there  will  be  a  latitude  heyond  which 
the  tides  will  be  direct.  Aecordingly  we  see  that  even  if  we  consider 
the  oeean  to  be  composed  of  parallel  canals  separated  by  partirions. 
the  tides  will  be  very  different  in  dillerent  lat.it »des,  so  that  if  the 
l'ifirtiüons  be  removed,  water  will  flow  north  and  south.  We  thus 
obtain  an  idea  of  the  eomplieation  of  the  aetual  motion  of  the  tides. 
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By  introducing  the  complete  eKpressioris  !br  tlie  acuelerations  witli 
respect  to  reTolving  axes,  given  in  §  104,  and  applying  the  prinoiplea 
of  forced  oscillations,  we  obtain  the  more  complete  theory  given  by 

.1  .ii  place. 

201.  Sound -Waves.  Let  us  now  consider  the  motion  of  a 
eomprcssihle  fluid  which  takes  place  in  the  propagation  of  sound. 
In  the  produetion  of  all  ordinary  sounds,  except  those  violent  ones 
produced.  by  explosions,  the  motion  of  each  particle  of  air  is  extreraely 
minute.  We  shall  therefore  suppose  that  the  velocity  eomponents 
u,  v,  w  and  tlieir  space  derivatives  are  so  small  that  their  Squares 
and  producta  may  be  neglected.     Let  us  pnt 

190)  »-*(!  +  »), 

where  p0  is  a  eonstant  and  s  is  a  small  quantity,  of  the  same  order 
as  the  velocities,  called  the  compression.  From  the  equation  of 
contimiity  we  have 

1Q,\  -       du        ov        dm  l   oq  _  1      'ös 

or  neglecting  tlie  prodnüt  of  5  and  its  derivative, 

192)  ß |l 

In  order  to  calculate  P,  we  have,   since    the   changes    in  q  are  small 

193)  dp  =  «ä  rfo  =  asp0  ds, 

where  <tB  is  a  eonstant  representmg  the  vaiue  of  the  derivative  -3- 
for  p  =  p„,  the  density  of  the  air  at  atmospherie  pressure.  We 
iherel.bre  have 

194)  p_J^_J««_0>log(l+s)_«'s, 

to  the  same  degvee  of  approximation. 

Neglecting  small  quantities  the  equations  of  hydrodynamics  6) 
become,  when  there  are  no  applied  forces, 


11)01 


with 

192)  0_  — |f. 

Differentiating    the    eqnations    respeetively     by 
observiüg  the  definition  of  S,  we  obtain 
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196)  H  =  _  a*^s> 

and  differentiatin^    1.92)    by  t  n.nd   eoinlmring  with  this 

197)  S-»^»- 

Since  the  motion  is  assumed  to  be  irrotational,  introdueing  the  velocity 
potential  into  equations  195)  they  become  tbe  derivatives  by  x,  y,  s 
respectively  of  tbe  equation 

198)  '  57 --»''■ 

Pitfrjrciitiiitiiig   by  t,  making  use  of  equation  192), 

199)  |^_-«>^  =  «",-0^. 

Thus  both  tho  velocity  potenüal  and  tbe  compression  satisfy  the 
diöerential  equation 

200)  ~?  -  a'Jtp. 

This  is  known  as  the  difterential  equation  of  wave- motion  and  is  the 
basis  of  the  theories  of  sound   and  light, 

202.  Flaue  Waves.  Let  us  suppose  first  that  the  motion  is 
the  same  at  all  points  in  eacli  plane  perpeiulicular  to  a  given  direction 
whieh  we  will  fcake  for  that  of  the  X-axis.  Thus  all  tbe  quavitities 
<;c>ni;emed  become  iudependent  of  y  and  .:  and  equation  200)  reduces  to 

2011  ^  =  „8^, 

M1)  dt'       a   8x*' 

whieh  is  equation  109)  %  46,    tbe  equation  for    tbe  motion  of  a  con- 

tinuous  string,  or  equation    182)  §  200,    for   the  propagation    of  long 

waves  in   shallow  water. 

The  general  Solution  of  this  equation  is  found  by  introducing 
tbe  two  new  independent  variables  p  =  x  —  at,  q  =  X  +  at. 

We  have  then 

C<p  Ctp   'dp    ,    drp  Bq   ^drp 

It  ~  ~C~pJt   +  Ifq  Ht   ~  ~  " 


_      8v  3s 
202)  ,"    ~9**"      dqdX 


dtt  \  dps      dq*      J  dpdqj 

dx'        dp*        Sq*  dpcq 

Inserting  tbese  values  in  201),  we  have 

203)  Ä-  -  0. 

!  dp  öq 
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Integrating  with  respect  to  q,  we  find  that  v-  is  independent  of  q, 
but  may  be  an  arbitrary  function  of  p,  say 

dp  L  KJf' 

Integrating  again  we  find 

204)  y  =  F^p)  +  F,(q), 

where  Fa  is  an  arbitrary  function  of  q.  Whatever  the  functions  Fi 
and  F2,  this  value  will  satisfv  the  equation  203).  Replacing  p  and  q 
by  their  values,  we  have  the  geneval  Solution 

205)  tp  =  F1(x- at)  +  F,(x  +  at). 

Let  us  first  assurae  Fs  =  0  and  consider  the  Solution 

206)  tp  =  Ft  (p)  —  F±(x-  at). 

The  value  of  <p  depending  only  on  p  is  unchanged  when  $  has 
inereased  by  the  amount  at,  that  is  to  say,  if'  <p  be  represented 
gniphicaMy  ns  a  .function  of  x  at  the  time  t  =  0,  it  will  be  represented 
at  the  time  t  by  the  sanie  curve  moved  to  the  right  a  distance  at. 
Such  a  motion  is  termed  a  ivave  moving  witli  the  velocity  a  in  the 
positive  X-direction. 

Similarly  the  Solution 

207)  w-FM-F,{x  +  a{) 

represents  a  wave  moving  in  the  negative  _Y -direction  with  the  same 
velocity. 

If  the  function  F(p)  is  zero  except  for  a  certain  small  ränge 
of  values  pv,p,,  the  motion  is  sometimes  called  a  pulse.  A  pulse  is 
none  the  less  a  wave. 

Tims  the  general  Solution  of  equation  201).represents  two  plane 
waves  propagated   in   opposite  direc-hons    w.ith  the  same  velocity  a. 

The  velocity  of  sound  a=\-J~  depends  upon  the  elasticity  of 
the  air  and  was  calculated  by  Newton,  assuming  that  the  process 
was  isothermal,  using  Boyle's  law.  As  this  was  found  to  give  results 
not  agreeing  with  experiment  Laplaci*  suggostud  tliai  the  cwnpvession 
was  adiabatic,  the  vibrations  being  so  rapid  that  the  beat  generated 
did  not  have  time  to  flow  from  the  heated  to  the  cooled  parts.  Thus 
the  eonstant  jt,  equation  17)  §  178  representing  the  ratio  of  the  two 
specific  heats  of  the  air  is  introduced.  The  velocity  of  sound  gives 
one  of  the  most  accurate  ways  of  dei.ermining  this  ratio  x. 

The  velocity  of  the  particle  of  air  is  obtained  by 

208)  u=d?x^Fl'(x-at) 

in  the  wave  going  to  the  right.     The  compression  by 
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209)  s ^ll-i^' («_»(), 

so  itiat 

m  =  as. 

Thus  the  velocity  of  the  particle  is  in  the  Barne  direction  as  that  of 
the  wave  where  there  is  condensation.  or  s  is  positive,  in  tbe  opposite 
direction  where  there  is  rarefaction,  or  S  is  negative. 

203.  Echo.  Organ-pipes.  Suppose  there  is  a  rigid  wall  whose 
equation  is  x  =  l.  The  velocity  of  a  particle  normal  to  the  wall 
must  be  zero,  so  that 

210)  w  =  F/  (as  -  at)  +  Fi'(x  +  at)  =  0 
when  x  =  l,  or 

211)  F,'  (J  -  at)  +  F,'  (I  +  at)  =  0 

for  all  positive  values  of  (.  Thus  one  of  the  functions  is  determined 
by  the  other.     Put 

l  +  at  =  y, 

so  that  our  equation  211)  is 

212)  F,'(y)  =  -F1'(2l-!l), 

a  diff wunt i;il  equation  eonnectmg  J'\  and  K2,  the  integral  of  which  is 
218)  FM~F,(2l-,j)  +  C 

for  y^l.  Since  the  velocity  depends  only  on  the  derivative  of  tp, 
the  value  of  C  is  immaterial,  and  we  will  put  it  equal  to  zero. 

The  equation  Fs  (tf)  =  F%(21  —  y)  indicates  that  the  curve 
repreaenting  Fa  is  the  geometrical  reflection  in  the  wall  of  that 
repreaenting  Flt  in  other  words  the  function  Fa  represents  a  wave 
travelling  to  the  left,  which  after  x  —  at  is  greater  than  l  represents 
the  motion  on  the  left  of  the  wall,  the  values  of  <p  at  points  a 
certaiu  distance  to  the  left  of  the  wall  heing  the  same  as  they  would 
have  been  at  the  same  distance  to  the  right  of  the  wali  had  the 
direct  wave  gone  on  unchanged.  Since  the  values  of  u  depend  on 
the  derivative  of  <p  according  to  x,  the  velocity  changes  sign  in  the 
refiection.  This  must  he  tbe  case  for  the  condition  producing  reflection 
is  that  u  =  0  at  x  =  l,  so  that  the  wave  coning  to  the  left  must 
have  a  velocity  equal  and  opposite  to  that  of  the  wave  going  to  the 
right.  If  there  is  a  wall  at  x  =  0  as  well  as  at  x  =  l,  the  wave  is 
reflected  in  that  also,  so  that  the  motion  consists  in  the  continnal  to 
and  fro  motion  of  tbe  original  disturbance.  Tbe  motion  at  any  point 
is  periodic  in  the  time  —  •  We  may  aecordingly  develop  the  motion 
Webster,  Dmamios.  3ü 


/Google 


546  XL  HYDRODYXAMICS. 

in  a  series  of  normal  vibrations  as  in  §  46.  If  we  take  the  partikular 
Solution  of  equation  109)  given  in  equation  115)  of  that  section, 
and  write 

213)  q>  =  Acoslixca&nt, 

wliere  n  —  ha,  we  have 


214) 


u  =  v     =  ~  Ah  sin  lex  cos  nt, 

i  da         .  «         ,       .       s 
s  = 5  -pj  =  A-ico&kxsmnt. 

Bvery  particle  oscillates  with  a  simple  hnrmonic  motion  with  an 
ampHtude  —  s'mkx,  and  we  have  a  pure  tone.  The  compression  also 
varies  harnionically  with  an  amplitude  -—  coshx.  Thus  the  maximum 
pressure  oecurs  at  points  of  no  motion,  such  points  being  called 
nodes.  These  oeeur  where  hx  =  r«,  where  r  is  any  integer,  or 
x  =  -,-j  -r>  -jr»  ■■■■  The  wave-length  being  X  =  ---■>  the  nodes  are 
separater!  by  distances  -  ■  The  condensation  s  follows  a  simüar 
law,  but  vanishes  half  way  between  the  nodes  where  the  motion  is 
a  maximum.  The  regions  between  the  nodes  are  called  loops  The 
maximum  changes  of  s  are  at  the  nodes. 

As  there  is  no  motion  at  the  nodes,  but  only  changes  of  pressure, 
we  may  place  reflecting  walls  there  and  apply  the  theory  to  the  case 
of  a  stopped  organ-pipe,  whose  length  is  accordingly  any  number  of 
half  wave-lengths.  If  the  en<fs  of  the  pipe  are  at  x  =  ü  and  %  =  l, 
we  have 

'-'r  "-"■  *-"■ 

and  the  frequency  is  determined  by 


Cousequently  the  possible  frequeneies  for  a  simple  harmonic  Vibration 
of  a  stopped  pipe  are  in  the  ratio  of  the  integers  1,  2,  3,  etc. 

For  a  pipe  open  at  the  end  the  condition  is  that  the  pressure 
is  that  of  the  externa!  air,  that  is,  there  is  a  loop.  Thus  a  pipe 
open  at  both  ends  has  its  length  equal  to  an  integral  number  of 
half  wave-lengths,  and  has  the  same  harmonics  as  a  closed  pipe. 
Opening  one  of  the  holes  in  a  flute  produees  a  loop,  so  that  the 
tones  of  a  flute  are  produced  by  the  column  of  air  between  the 
mouth-piece  and  the  first  open  hole. 

For  a  pipe  open  at  one  end  and  stopped  at  the  other,  the  length 
is  equal  to  an  odd  number  of  quarter  wave-lengths,  so  that  the 
frequeneies  are  proportional  to  the  odd  integers  1,  3,  5,  ete. 
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204.  Spherical  Waves.  If  the  velocity  potential  depends  only 
on  the  distance  from  a  fixed  point,  using  the  expression  of  §  185, 
equation  44),  the  wave-equation  200)  becomes 

iil0-1  TP  ~  ß  1  0»-'  ~+~  r  Sr  |  ~~   r     Sr1 

Multiplying  by  r,  this  is 

21(51  ^O'?)         aga('--P) 

JibJ  St'     ~n        dr*   ' 

so  that  the  product  rq>  satisfies  an  equation  Iike  201),  of  which  fche 
Solution  is 

Accordingly  we  have 

217)  tp  =  i  { j;  (r  -  at)  +  Fs  (r  +  at)}, 

of  which  the  first  term  represents  a  wave  proceeding  outwards,  the 
second  one  proceeding  inwards,  the  magnit.tidp  liowever  varying 
according  to  the  factor  — ■ 

For  a  periodic  Solution  representing  a  simple  tone  proceeding 
from  a  Single  point- source  we  may  take 

218)  <p £-  cos  k(at-r). 


The  physical  meaning  of  the  constant  A  is  obtained  as  follows.  Let 
us  find  the  vohime  of  air  flowing  in  unit  of  time  through  the  surface 
of  a  sphere  witli  center  at  the  souree.  We  will  call  this  the  total 
current, 

219)  I=ff<l cos  Ün) dS  -ff&  dS  =  4:I''ä  lr 

=  A{coak(at  —  r)  —  kr  sink  (at  —  r)\. 

Aecordingly  when  r  =  0  we  have  I  =  Acoskat  and  A,  the  maximum 
rate  of  emission  of  air  per  unit  of  time,  is  called  the  strengih  of  the 
source,  agreeing  with  the  definition  of  §  196. 

In  Order  to  obtnin  the  activitv  of  the  souree,  that  is  the  rate 
of  emission  of  energy  per  unit  of  time,  we  may  find  the  rate  of 
working  of  the  pressure  at  the  surface  of  a  sphere,  as  explained  in 
§  188, 

220)  P  ^JfpgdS  -  4«rVgr  ■ 

In  Order  to  find  p,  we  have,  if  p0  is  the  undisturbed  atmospheric 
pressure,  by  Integration  of  193),  and  by  198), 
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221)  p  -  i>0  =  ft2  p0S  =  -  (,„  H 

from  which  we  obtain 

222)     P— ^{ooBt(a*-r)  — iferrintCa*— rjjjjn,  — ^^imifc(at— r)J- 

Tliis  contains  a  part  which  is  alternately  positiYe   and  negative,   and 
also  one  which  is  always  positive.     If  we  seek  tlie  mean  value  of  P 

througliout  the  peviod.  that  is 


?=^fpät, 


we    easily  find,    since   the    mean    of  cos#-,  siu^-,  cos  fr  sin  S-,  is   zero, 
while  the  mean  of  sms#  is    —  > 

223)  p=A%^la 

which   is    independent    of   the    radius,   as    it   should  he.     The   mean 
energy  -  flow  per  unit  of  time  and  per  unit  of  area  of  the  sphere  is 

_Ag0k1a 


22-1) 


S  ' 


which  is  a  measure  of  the  intensity  of  the  sonnd.  Tihs  decreases 
as   the   inverse   Square  of  the  distance.     In  order  to  give  an  idea  of 

the  extmi'.elv  small  dmamical  tuagiiitudcjs  iiivolved  in  ir.nsical  sonnds, 
it  may  he  stated  that  measure  ments  made  by  the  author1)  showed 
that  the  energy  emittol  by  a.  eornet,  playiug  witii  an  average  loudness, 
was  770  ergs  per  second,  or  about  one  ten-millionth  of  a  horse- 
power,  while  a  steam-whistle  that  could  under  t'avorable  cireiimstaiiees 

be  heard  twenty  miles  away  emitted  but  — - — —>  or  one-sixtieth 

of  a  horse-power  (see  note,  p.  153). 

205.  Waves    in   a   Solid.     The    eqnations    of   motion   for   an 

el.ast.ic  solid  are  obhihieri  from  tlie  eqnations  of  equilibrium  144),  §  175 
by  the  application  of  d'Alembert's  principle  in  the  same  manner  as 
the  equations  of  hydrodynamics  were  dedneed  from  tliose  of  hydro- 
statics.  It  will  be  conTenieut  here  to  revert  to  the  notation  of 
Chapter  IX  where  u,  v,  to  and  fl  refer  to  displacerneuts  rat. her  than  to 
velocities.     Applying  d'Alembert's  principle  we  thns  obtain 

225)  p  (X  —  y£\  +  (JL  +  fi)  ||  +  M»=  °.  ete' 
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If  there  are  no  bodily  forces  we  have  the  equations  of  motion 

226)  0|!?=(A  +  /i)|i  +  M(,; 

**  W  =  t1  +  **)  gf  +  M«>- 

Differcntiating  respecüvely  by  x,y,a  and  adding  we  obtain 

227)  4?-(J  +  2")^ä' 

which    is    the    equation    for    the    propagation    of    wave-motion,    the 
dilatation  being   propagated   with    a   veloeity   it  =  T/  ■     Taking 


the  curl  of  equations  21 

(6)  we  have 

228) 

fSF-C^1'' 

?g-MS. 

Thus  the  components  of  the  curl  are  propagated  indepeudentlv,  each 
with  a  veloeity  (t=T/  — ■  The  veloeity  of  the  conipressional  wave 
which  ia  unaoeompanied  by  rotation  depends  upon  the  bulk  modulus 
and  the  modulus  of  sliear.  The  veloeity  of  the  torsional  wave  which 
is  unaecompanied  by  cliange  of  density  depends  only  upon  the  mo- 
dulus of  shear.  The  geueral  motion  of  an  elastic  body  is  a  com- 
binatiou  of  waves  of  compression  and  of  torsion.  The  wave  of 
torsion  is  that  upon  which  the  dynamical  theory  of  liglit  is  founded. 
Inasrauch  as  [t,  vanishes  for  a  perfeefc  fluid  no  wave  of  torsion  is 
propagated,  so  that  the  luminiferous  ether  must  have  the  properties 
of  a  solid  and  not  those  of  a  fluid. 

206.  Viscous  Fluide.  We  have  now  to  conaider  a  claas  of 
bodies  intermediate  in  their  properties  between  solids  and  perfect 
fluids,  namely  the  viscous  fluids.  By  definition  a  perfect  fluid  is  one 
in  which  no  tangential  stresses  exist.     We  have  then 

229)  Xx  =  Yy  =  Zs  =  -  p,    Xy  =  Y,  =  Zs  =  0. 

In  a  fluid  which  ia  not  perfect  no  tangential  stresses  can  exiat  in  a 
state  of  rest,  bat  during  motion  such  stresses  can  exist.  While  in  a 
solid  the  streaaes  depend  on  the  ohange  of  aize  and  ahape  of  the 
small  portions  of  the  solid,  in  the  case  of  a  viscous  fluid  the  1 


/Google 


550  XI.  HYDRODYNAMICS. 

depend  on  the  time-rates  of  change,  tliat  is  on  the  velocities  of  the 
shears,  Stretches,  and  düatations.  The  simplust  assumptiou  that  we 
can  mtikti  is  that.  the  st.ress-compo'tif'iits  are  linear  funetions  of  the 
strain-velocities.  The  fluid  being  isotropic,  consideratious  regardnig 
invarianee  bring  us  to  precisely  similar  conclusions  to  those  we 
reached  in  §  175,  so  that  to  the  stresses  of  equations  ü?9)  t'or  a 
perfect  fluid  are  adikx.l  stresses  given  by  equations  142),  §  175,  1  and  ji 
being  constants  for  the  fluid,  and  u,  v,  w,  6  uow  denoting  velocities, 
instead  of  disulacemcnts,  returning  to  the  notation  of  this  chapter. 
(We  put  P  =  0,  since  Wiese  arklil.ional  terms  vanish  with  the  velocities.) 
We  thus   obtain 

Z,--y  +  l«  +  2|.|i, 

Y.—p  +  la  +  B^, 

Z,--p  +  >.«  +  2i,y', 
230>  /8«      8« 

.-,         v  /du  .   dw\ 

which  are  of  the  sarne  form,  with  a  different  meaning,  as  142),  §  17Ö. 
If  the  fluid  is   incompressible  we  find,  pntting  6  =  0, 

Xx  +  Yv  +  Zs  =  -  3i>, 
and  assuming  that  this  holds  also  for  compreasible  fluids  we  must  have 

231)  31  +  2^  =  0. 

Iteplacing  1  by  its  vaiue  —  -i-(L,  we  find  for  the  forees,  as  in  §  175,  144), 

pZ  —  ■» — h  jrj*^ — h  fisJw, 
which  are  to  be  iutrodueed  into   the   equations    of  hydrodynamies   6). 
Thus  we  obtain  the  general  equations,  pntting  —  =  v, 


\    ,      du    ,        du        v  da  ,  v       1   dp 

",    '      oy    '        dz        S  ox  q  dm 


:•:;:;_: 


r  +  «3=  +  »sr  +  * 


/Google 


206]  viscous  flöids.  551 

which  reduce  to  6)  when  [i  =  0.  The  coefficient  ji  is  called  the 
viscosity  of  the  fluid,  and  its  quotient  by  the  density,  v,  is  called  by 
Maxwell  tbü  kiimmatical  coefficient  of  viscosity. 

The  equations  233)  are  too  complicated  to  be  used  in  all  their 
generality.  We  shall  here  consider  only  the  case  of  incompressible 
fluids,  for  which  the  terms  in  6  vanish.  If  we  form  the  equation 
of  activity  an  in  §  1.88,  we  obtaiu  beside  the  terms  in  the  firat-  integral 
of  29)  the  additional  terms 


-///(« 


j  {jxAm  +  vzlv  -f  wAw)  dt. 
which  by  Green's  theorem  may  be  converted  into 


m- 


+///(69M§MMI3'+---)^ 


If  the  Integration  be  extended  to  a  region  where  the  liquid  is  at 
rest,  say  the  surface  of  a  containing  solid,  where  the  liquid  does  not 
slip,  the  siirlatiti  integrals  vanish,  and  the  volume  integrals  give  a 
positive  addition.  That  is  to  say,  the  applied  forces  have  to  do  an 
amount  of  work  over  and  above  that  going  into  kinetic  and  potential 
energy,  and  this  work  is  dissipated  into  heat.  If  there  are  no  applied 
forces,  the  energy  of  the  fluid  is  dissipated,  and  it  will  eventnally 
come  to  rest. 

In  order  to  find  simple  Solutions  of  our  equations,  we  may  deal 
either  with  steady  motion,  or  with  motions  so  slow  that  we  may 
neglect  the  terms  of  the  second  order  in  m,  v,  iv  and  their  derivatives. 
Let  us  first  consider  steady  motion.  The  simplest  case  is  uniplanar 
(low  parallel  to  a  single  divection.  or  as  we  may  call  it,  !<nn~'Wtr  flow. 
If  we  take 


234) 

0  = 

i  V  = 

~  w  ~  Tz  ~ 

op 

the  equation 

of  continuity 

giv 

es 

235) 

fe-°- 

If  there  are 

qo  applied  foi 

.  equations 

233) 

retinae 

to 

'  ^  dv2        dm        011 


dp       dp  _ 

'  dy°-       dm       dy 

Sinee  u   depends    only    on   y   and  p   only  on  X,   this  equation  cannot 
hold  unless  each  side  is  constant.     Accordingly 


(  =  c  +  by  +  - 
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where  a,  b,  c,  d  are  constants.     If  we   determine   them   so   that  the 
veloeity  vanishes  für  planes  at  a  distance  +h  from  the  X-axis,  we  have 

238)  „_£(„._*»). 

The   aniount   of  liquid   that   flows  through  such  a  Iamiuar  tube   per 
unit  of  width  parallel  to  the  2-axie  is  aceordingly 


239)  Q-Judy. 


and  for  a  length  of  tube  l  the  difference  of  pressures  at  the  ends  is 

240)  ft-ft^ol,    e  _i^  <&=*), 

so  that  the  flow  is  proportional  to  the  diflerence  of  pressures  at  the 
ends  and  inversely  to  the  viscosity. 

For  the  practica!1  (letennmation.  o.i'  viscosity,  we  may  täte  the 
almost  equally  simple  case  of  cylindrical  flow,  where  the  velocity  has 
everywhere  the  sanie  direetdoii,  and  depeuds  lipon  tlie  distance  r  from 
the  axis  of  a  circular  tube,  at  the  surface  of  which  it  is  at  rest. 

If  we  put  m  =  v  =  0  we  have  the  equations  of  niotion  and  of 
continuity 

(>ii\  a  dp       dp        dp       ..       dw       n 

'  r  <iz       dx        dy  'di  ' 

and  since  tu  depends  only  on  r  the  first  beeomes 
0,n,  [d^w   ,    1  dw\      dp 

242>  ^  +  TJi\~^"a' 

where   a  is  a  constant  as  before.     This   equation  is  integrated  as  in 
§  182,  58'), 

243)  w  =  £-r*  +  blogr  +  c. 

Since  w  is  finite  when  r  =  0  we  must  have  b  =  0  and  if  iv  vanishes 
for  r  =  R  we  obtain 

244)  w  =  £-(** -R1). 
For  the  flow  we  find 

24o)  Q  =  I  -2-xwrär  =  --  —  =  -r—  vr'     J"J> 

This   method   was   invented   by  Poiseuille1)   for   the   measurement  of 

1)  Poisei.ii.llu,  ll'-diurchex  r.i:j>i:i-ii>i<»iliilex  sitr  le  ntoiivemcnt  thi  liip.u'li-t:  <h<nv 
Im  tube*  de  hrs  pHila  diami-lra.  üomptM  Rondus,  1840  —  41 ;  Mcm.  des  Savant* 
feangers,  t.  9,  1846. 
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the  viscosity  of  fluids.  His  verificatiou  of  tlie  proportionality  of  tlie 
flow  to  the  fourth  power  of  the  radius  of  the  tube  has  been  taken 
as  a  proof  that  the  liquid  doeu  uot  slide  when  in  contact  with  a  solid. 
As  another  example  of  steady  flow  let  us  cpnsider  uniplanar 
trylindricul  flow,  in  which  eacii  particle  moves  in  a  circle  with  velocity 
depending  ouly  on  tlie  distance  from  the  axis,  as  in  the  case  of  the 
lubricant  belweeji  a  Journal  and  its  bearing.  Each  cylindrical  Stratum 
then  revolves  like  a  rigid  body,  which  requires 

246)  u—ay,     v  =  mx, 

where  a  depends  only  on  r  =  Yx2  -{-  y2.     We  then  find 

du  xy  da  du   y1  da 

Zx  r    dr  dy  r    dr 

247) 

dy  ' 

and,  most  easily  by  the   application  of  equation  86),  §  141,   and   by 

the  expression  of  Ja  in  terms  of  r, 

.  (ä*w    ,     1  da\        <-,  it  da 

du  —  —  y  [  ,  -.-  H ,-   —  2  J ■  ,    , 

y  \drs     '    )■   dr!  r  dr 

248)  ;., 

4V=  x[-T-,+-j-)+2--r-- 


Thus  tlie  flrst  two  of  equations  233) 

,      ,        /dsa   ,    3  da\            l  x  dp 
—  er.r  +  vy\  ,  s  +  —  -j-i  = -^> 

*  :f     :"■' 

'  o  a~a    ,     3  da\  1   y  dp 

J  \dr*    '    t  dr!  t>   r  dr 

Mnltiplying  the  flrst  by  y,  the  second  by  x  and  subtructiug, 

250)  ^  4-  -  p  =  0, 

'  dr"         r  dr  ' 

a  differential  equation  whose  Solution  is 

251)  o>  =  ^  +  6. 

Determining  the  eonatants  so  that  <o  =  0  for  r  =  Sl  and  ra  =  £1  for 

Multiplying  equations  249)  by  x  and  y  respectively,  and  adding,  we 
liave  to  determine  p, 

253)  »"'«—f*' 

For  the  Stresses  we  obtairj,  using  equations  230), 

V~  £) c™  (*»)' 
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254)  Y„  =  p  (?-=»-  g)  cos  (nx)  +  (-p  +  2p  ^  j£)  cos  (Wy), 
^n  =  —  P  cos  (wa)  =  0. 

This  shows  that  tliere  is  a  normal,  pressure  p.  togethev  witli  ü  tangential 
stress  which  we  obtain   by  resolving  along  the  tangent, 

255)  T=Y„  cos  («s)  -  Xa  eos  (wy) 

=  l1  ti  \  — ..      {cos'nx  —  cos-ny)  -(-    ./'  costn^jcosim/j 


and  since   eos  («,r)  =  — s  cos  (ny)  =  ■'■ 

356)  T-l^3=  — 

The  momeut  of  the   tangential  stress  on  the   cylinder  of  radius  ■> 
unit  length,  is  aecordingly 


(V— ^  j 


257)  2%rT-r  =  - 


.-tjtli./i'i 3  Ji'„ 3 


We  may  aecordingly  use  this  metliod  to  determine  the  viseosity,  as 
is  in  faet  done  in  apparatus  for  the  testmg  of  lubricants.  We  see 
that  if  the  linear  dimensious  are  multtplied  in  a  certain  ratio,  the 
momeut  is  iucreased  in  the  Square  of  that  ratio.  We  also  see  that 
the  moment  of  the  force  required  to  twist  the  cylinder  is  indepeiulent 
of  the  pressure  p,  which  contains  an  arbitrary  constant,  not  given 
by  the  equation  253),  but  depending  on  the  hydrostatic  pressure 
applied  at  the  ends. 

Let  us  now  consider  some  simple  cases  where  the  flow  is  not 
steady,  limiting  ourselves  to  the  case  of  sma.ll  velocities,  so  that  the 
terms  in  233)  involving  Hie  first  space  derivative*,  being  of  the  second 
order,  are  negligible.  Let  us  once  more  consider  laminar  (low,  defined 
by  equations  234),  235).  Let  us  also  put  p  =  const.  Instead  of  236) 
we  now  have  for  the  first  of  equations  233), 


LW : 


H  ' 


This  equation  is  the  same  as  that  which  represents  the  condnetion 
of  heat  in  one  direction.  Let  us  first  consider  a  Solution  periodic  in 
the  time,  such  as  may  be  realized  pliysically  by  the  liarmonic  small 
oscillatioji  in  its  own  plane  of  a  m atonal  laiuina  constituting  the 
plane  y  =  0,  along  which  the  liquid  does  not  slip.  We  may  take  as 
a  particular  Solution 

which  inserted  in  258)  gives 

n  =  vm*. 
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If   this   is   to    be   periodic    in    t,   »   must    be    pure    imaginär y,    say 

«  =  ip. 

Then  we  have 

„=]/f_±(i+j)]/|;, 

and 

of  which  comple\-  quantity  both  the  real  and  the  imaginary  parts  must 
separately  satisfy  the  equatiou  258),  when  multiplied  by  arbitrary 
coustants.     Let  us  accordingly  take 

259)  w  =  {^oo8(p(-"|//T-y)+£flin (pt  -]//-- y)]e~V^"J. 

This  represents   a   wave  of  frequency  and  wave-length   2^1/ — 

travelling  witii  veloeity  \'''2vp,  which  as  we  see  yaries  as  the  square 
root  of  the  frequency.  Unlike  our  waves  in  perfect  fluids  however 
it  falls  off  in  amplitude,  being  rapidlv  dumped  as  we  go  into  the 
fluid,  being  reduced  in  the  ratio  e~in  =  —  in  each  wave-length. 
Tlius  such  motions  are  propagated  but  a  short  distance  into  a  fluid. 
In  a  similar  manner  the  absorpi.ion  of  liglit  by  iiü.u- transparent  media 
is  esplained,  the  ether  there  haying  the  properties  of  a  yiscous  solid. 
If  we  treat  the  equatiou  s  233)  in  the  same  way  as  we  did  27) 
in  obtaining  equatiou  57),  §  191,  we  obtain  instead  tlie  following, 

■'  ll\  -  i  d<>  +  1  !s  +  l '«'  +  „Jt 

260)  4;(-)=il1  +  3i^  +  -l°  +v-Jl, 
dt\$J        q  dx       q  dy        e  dz  " 

it\tl~  «  8*  +  c  äs  +  t  d:  +  ""$■ 
Under  the  cireumstarices  o!'  slow  motions  these  also  reduce  to 


et 


-  MS, 


261)  ||-Ml, 


Thus  we  see  that  the  three  components  of  the  vorticity  are  propagated 

'udeoeudoutly,    each  aocording  to  the  equatiou   f'or   the  conduction  of 
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heat.     The    example   just    treated  is  an  example  of  tliis,    for    we  find 
at  once 

262)  1-5-0,     S--y|J. 

and  the  vortieity  is  propagated  like  the  velocity. 

As  a  final  example,  let  ua  consider  a  case  of  laminar  motion  in 
which  w,  as  a  function  of  y,  has  a  discontiiraity,  thia  having  an 
important  application  to  tlie  theory  of  thin  plane  jets  and  flamea, 
including  sensitive  fiames,1)  We  will  suppose  that  at  the  time  ( =  0 
for  y  <  0  u  has  a  certain  constant  value,  and  that  for  y  >  0  it  has 
a  different  constant  value.  It  is  easy  to  see  that  this  is  equivalent 
to  supposing  that  there  is  no  vortieity  exeept  in  an  infinitely  thin 
lamina  at  y  =  0,     For  we  have 

263)  rtäy=-\  pJtdy-^^-u,) 


where  «j  is  the  velocity  on  one   side,  «ä   that   on   the   other   of  the 

layer  of  thickness  2e.     Now  if  the  thicknuss  decrease   without  limit, 

while  §  increases  without  limit,   the   integral   may  still  be  finite,   as 

we  shall  suppose. 

We  have  then  to  find  two  Solutions  u  and  t,   of  equation  258), 

so    related  that  £  =  —  -ö^-     Let  us  put  s  =  -^=r    and  try  to    find  a 
2  dp  yi 

particular  Solution  that  is  a  funetion  of  s  alone.     We  have 


du 

duds 

1  du    y 

dt 

ds  dt 

-2  ds  Yt' 

dtt 

duds 

du    i 

Zy 

ds  dy 

ds  yt 

2  ti4  ': 


dy*       ]/t  ds'  dy        t  d$- 
so  that  our  equation  hecomes  the  ordinary  differential  equation, 


■>(>Ö: 


d  /,      du\  s 


,    On   the   Siability,    or   Instabilüij,    of   cerlain    Fluid    MoUons 
Proc,  London  Math.  Soc,  si.,  pp.67— 70,  1880.     SciBntific  Papers,  Vol.I,  p.  474, 
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The  integral  of  this  equation  is  given  by 

267)      log -3^  =  —  - — j-  const.,     -j— =  ce    if, 


■•/'- 


The  last  indicni.ea  quadrature  caimot  be  effected  except  by  development 
of  the  integrand  in  series,  but  if  we  take  for  the  lower  limit  the 
vahie  aero,  we  may  expreae  w  in  terms  of  the  so-caSled  error-function, 

oceim-ing  in   the  theorv   of  probability, 


Erf(se)—fr-+ 


Tables  of  the  values  of  Erf(x)  have  been  calculated,  and  are  found 
in  treatises  on  probability.  (Lord  Kelvin  reprints  oue  such  on  p.  434 
of  Vol.  3  of  his  collected  papers.)  Sinee  the  integrand  is  an  even 
function  of  x,  it  is  evident  that  Erf(x)  is  an  odd  function  of  its 
upper   limit  x.     It  may   be   easily  shown   that   the   definite   integral 

between  zero  and  infinity  has  the  value  ^-,  so  that  putting  %2  =  —  < 
and  adding  a  constant,  we  have 

«.+M    u.-u,  r 

269)  «  =  -^-jp  +  -y-   j  e-*äx. 

This   determination   of  the   conatants   makes,   for  all   positive  values 
of  y  and   for  t  =  0,  u  =  itt   (the   upper 
limit  being  4-  °o)j  and  for  all  negative 
values    m  =  w2,    thus    giving    the    dis- 
continuity   required   at  y  =  0.     For   all 
other  values   of  t   however,   no    matter 
how  small,  the  values  from  the  negative 
aide   run   smoothly    into    those   on   the 
positive,  showing  how  the  diseontinuity 
is    instantly    lost.     This   is    shown    in  Fig.  171,  in   which   successive 
curves  show  values  of  u  at  times  equal  to  1,  2,  3,  4,  5,  6  times  — 
Djiferentiavmg  by  the  limit,  we  fiud 
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which   ia  infinite   when  t  =  0,  — j-=  =  0,   as   we   supposed,   but   which 

immediaiely  drops  to  a  finite  value,  and,   no   matter   what  the  vahie 
of  y,    immediately    acqnires    valnes    different    from    zero.      Thus   the 


vorticity,  originally  confined  within  the  infinitely  thin  sheet  of  dis- 
continuity,  is  instantaneously  distributed  throughout  tbe  liquid,  as 
shown  in  Fig.  172,  for  the  times  -->  -->  —>  1,  4  times  — ■  Thus  we 
see  how  discontinnities  of  the  sort  shown  in  Fig.  166  are  iijipossihle 
in  nature,  being  replaced  by  the  formation  of  eddies. 
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NOTE  I. 

DIFFERENTIAL  EQUATIONS. 

The  differential  equations   of  meehamcs    are    of   the    type    known    as 

iirdiw.iyy,  as  opposed  lo  pariini .  that  is  they  involve  a  irumber  of  funetions 
of  a  siegle  variable,  the  time,  and  the  derivatives  of  thcüc  l'uiittions  with 
respect  to  that  variable.  Suppose  for  simplicity  that  we  have  three  fune- 
tions x,  y,  e  of  the  variable  (,  and  that  instead  of  being  given  explicitly, 
they  are  defined  by  the  equations 

1)      Ft(x,y,  x,  t)  =  0,     Ft(x,y,e,  t)  =  0,     Ft(x,g,  e,  t)  =  0. 

If  we  now  differentiate  these  equations,  bearing  in  mind  that  x,p,Z  are 
dependent  on  t,  we  obtain 

_  oJ\  dy        dF,   dz        dF, 
dy   dt  ~    dz    dt^    dt  ' 

dF,  dx        3F1  dy        dFä  dz        dl\  __ 


'd_F,  dx        ',}F,  dy        c'F,   dz        dF, 
dx    dt  +    dy   dt  +  Hz    dt  +    dt 


0, 


Suppose  now  that  the  funetions  F  contained,  besides  the  variables  indi- 
cated,  certain  constants,  c,,  cä  .  .  .  Each  time  that  we  obtain  an  equation 
by  differentiation,  we  may  utilize  it  in  Order  to  eliminate  from  the 
equations  l)  one  of  the  constants  c.  Thus  we  obtain  (since  the  parthl 
derivatives  are  given  funetions  of  x,  y,e,i),  instead  of  the  equations  l), 
ihi:   followiug, 

.,      „  /  ,  dx  dy  ■ 

'         H  ""    '  '  dt    dt    dt/ 

which,  sinee  they  contain  the  derivatives     ,  ■»   ,  i    .   >  are  (V.fi'tnniht}  equa- 
tions, of  which  equations  l)  are  said  to  be  Integrals. 
If  we  again  differenth.de  equations   2),  we  obtain 

.,  dF,  d*x    .     d*F,/dx\*   ,    a    d>Ft   dx  dy    ,  .       , 

4)  "2      -377  +  -- ■»     -r, ■     +  2  „    -,1    ,,    ,,  H —  0,  etc., 

'  dx    dt1         ox-  \dtj  dxoy  dt  dt  '         ' 


=  o,   a.lx,...^  -o,  s,  •,...£ -a, 
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which   we  may    again    use    to    eliminate    constants 
instea.d   of  l)  or  3)  we  now  have  thc  syst  cm 


dx    dy    dz    ds x     dsy    d'- 
'  dt     dt     dt    dt'     dt1     dt' 


*(-, 


"( 


.*i 


from    3),    so    that 

=  0, 
=  0. 


These  differential  equations,  since  the  Order  of  the  derivatives  of  the 
higheat  Order  contained  in  ihem  is  the  second,  are  Said  to  he  of  the 
second  Order.  In  liko  manner  we  may  eontinue,  and  successively  eliminate 
all  the  constants  e1,  Cs  .  .  .,  obtaining  differential  equations  of  successively 
higher  Orders.  Revorsitig  tlie  proeess,  eaeh  set  of  a  given  order  is  said 
to  he  the  integral  of  the  set  of  order  next  higher. 

Any  of  the  sets  of  differential  equations  represents  the  fuuctions 
X,y,8,  but  with  the  following  distinction.  If  the  equations  l)  eontain 
constants,  to  which  different  values  may  he  assigned, 


6)     Fx{x,y,B,t,, 
Fs(x,  y,  i,  t,  . 


0  = 


F,(x, 


,t,  i 


O  =  0, 


for  every  set  of  values  that  may  be  assigned  to  the  constants,  a  different 
set  of  functions  is  represented,  SO  that  we  have  an  infinity  of  diflerent 
functions,  tlie  Order  of  tlie  iniinity  heilig  the  nuinber  oi'  constants  contained 
in  the  equations.  Now  the  differential  equations  oiitained  by  eliininating 
the  arhitrary  constants  rcpresent  all  thc  functions  obtained  by  giving  the 
constants  any  set  oi'  values  whatever.  Thus  the  informai.ion  contained 
in  the  differential  equations  is  in  a  sense  more  gencrai  than  that  contained 
in  the  equations  6),  in  which  we  give  the  constants  any  particular  values. 
If  we  reverse  thc  process  which  we  have  here  followed  to  form  the 
diffcrential  equations,  we  see  that  every  time  that  wo  sueeeed,  by  inte- 
gration,  in  inaking  derivatives  of  a  certain  order  disappear.  we  introduee 
at  the  same  time  a  numbei-  of  arhitrary  constants  equal  to  the  number 
of  derivatives  whieh  disappear.  Thus  the  integral  equations  of  a  set  of 
differential  equations  ■■■>:'  any  order  will  contai.n  ;i  nnmber  of  arhitrary 
constants  equal  to  the  Order  of  the  dilferential  eqaations  aiultiplied  by 
the  mirnher  of  dependont  variables.  As  an  e.xainple  consider  the  very 
simple  case  of  eouations   38),  §  13. 


38) 
Integrating  thef 
39)  a 


we  obtain 


containing  the  sis  arhitrary  constants  c,,  Cg,  <%,  dt1  (1%,  d%.  The  meaning 
of  these  integral  equatiuits  is  that  the  point  %,  p,  z  deseribes  a  straight. 
linc  with   a   constaut  veiocity.      But  the  dilf'ereiitial   equations   38t  rcpresent 


/Google 


r.   DIL'TEUEXTTAr.   EQlTATIOm 


;.i;i 


the  motion  of  a  point  desciibing  any  tine  in  Space  with  any  velocity. 
Now  there  are  a  ibur-fold  infmity  of  lines  in  Space,  and  a  single 
intinity  of  velocities.  We  therefore  see  the  very  goneral  natura  of  the 
iuiVu'mation  contained  in  the  ditferetitial  equations.  So  in  the  example 
of  §  13  the  statement  that  all  tlie  planets  experience  an  acceleration 
toward  the  sun  which  is  proportional  to  the  inverse  Square  of  the 
dista-n.uK  expressed  a  very  peneral  and  simple  truth,  in  the  form  of  a  set 
of  dilferential  equations,  whih:  the  integral  si.ates  that  ihi'.  planet.*  deseribe 
some  conic  section  in  some  plane  through  the  sun,  in  some  periodic 
time,   all  the  partikulare   of  which   statement   are  arbitrary. 

The  characteiistic  property  of  tbe  diü'erenüial  equatl.ons  of  meehanics, 
for  the  phenomena  furnished  us  by  Natnre,  is  apparently  that  they  are 
of  the  second  order.  This,  althoiigh  leavini:  possibili.ties  of  jmiat  irenerality. 
suffiees  to  limit  natural,  pheiioir.eiiii  to  ••>.  ceri.ii.in  class,  in  contrast  to 
what  would  be  conceivable.  For  the  cooseqrienoes  of  the  removal  of 
this  limitation,  the  Student  is  referred  to  the  very  interesting  work  by 
Köüijyäbcruu".  _/>■■'<    l'riii.<:i)>ii-n  dar  Mechanik. 

In  order  to  determine  the  particular  values  of  the  arbitrary  constants 
applicable-  lo  any  pari.iciiiar  problern,  some  data  must  be  given  in  addition 
to  the  differcirtial  oqnations.  H,  is  eustornary  to  furnish  these  by  stating 
for  b,  particular  instant  of  time,  tbe  values  of  the  coordinates  of  each 
point  of  the  System,  and  of  their  first  time-derivatives,  which  amounts 
to  spedfymg  for  euch  point  its  position  and  its  vector  velocity  for  the 
particular  instant  in  question.  This  f'uriiishes  six  data  for  each  indej 
point,  which  is  .just  sufficient  t 
are  dealing  with  a  System  of  i 
under  the  action  of  any  forces,  i 
in  the  giving   of  the   differential  ■ 


■  *ii 


,  Vi  ■ 


determine    the    constants. 

Thus  if  we 

points    free    to    move  in 
te  statement  of  the  proble: 

any    mann  er, 
Ti  will  consist 

quations 

(    dx    __dg«    && 

""'?)• 

F..U, *JJ 

together  with  the  so-calb-d   initial  comlitions,   that  for  t  =  t0, 
x1  =  x1°,     yi_=ylü-  .  .  .  tn   =s„° 

d-X.  |-    ,   ,n   dlt,  ,-    ■  nn  <**«  r   I    in 

l'rom   fliese   it   is    reqnircd    to    find    the   integrals 

%  -  «0.  9i  -  f,<f).  «i  -  /.(')>  •■■«.-  A.C). 

Cases   involving   the   motion    of  points  whose   treedom   of  motion   i 
are  dealt  with  in  subsequent  chapters. 
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NOTE  II. 

ALGEBRA  OF  INDETEBMINA.TE  MULTIPLIERS. 

On  page  61  we  have  an  example  of  the  nse  of  indetermmate 
multipliers  in  eliniination.  It  may  be  somewhat  more  clear  if  we  examine 
in  just  what  the  process  involved  consists  Equation  (12)  is  a  linear 
t.H|Uiit.ion  inTotving  tlie  3//  quantitios  6xx,  ...  8sn,  eauh  multiplied  by  a 
coeffioient  which  is  independent  of  the  d's.  Besides  this  equation  the 
t|U  an  tili  es  i)  s;iiisfy  the  equatiotis  14),  which  are  of  the  same  form,  that 
is,  linear  in  all  the  S's,  wirb,  coelncients  indüpcjndcnt  of  them.  Aside 
from  this  the  S's  may  have  any  values  whatevßr.  It  is  for  the  purposea 
■;if  tbis  diseussiou  quite  immatwial  tbat  the  ä's  are  small  quantities,  we 
are  conoerned  simply  with  a  question  of  elimination.  Let  us  accordingly 
represent  them  by  tbe  letters  %,  x.2,  .  .  .  xm,  between  whieh  we  have  the 
linear  equation 

1)  -V,  +  A,x,  +  --  +  Aa-O. 

The  x's  are   howevcr   not    independent,    but  must  in  addition    satisfy   the 

equations 


vtfa*  - 


•  +  Blmxm  =  0, 


-Biixa---  +  £kmxm  =  0. 


The  number  of  these  Bquations,  &,  is  less  tban  m,  tbe  number  of  the  x's. 
The  question  is  now,  what  rclations  are  involved  among  the  A's  and  B'$ 
when   the   x's   have   any  values   wliat^'cr  i.mnpatible   with    die  (>quations   '2). 

We  may  evideni.ly  proceud  as  t'oilows.  Transposing  m  —  k  terms 
in  2),  say  the  last,  we  may  solve  the  equations  for  the  quantities 
Xlt  Xg  .  .  .  Xk,  as  linear  funetions  of  the  remaining  *j+i,  .  .  .  xm.  These 
m  —  &  quantities  are  now  perfectly  arbitrary.  Inserting  the  values  of 
xL  .  .  .  Xt,  in  equation  l),  tbis  hecomes  linear  in  the  m  —  7c  quantities 
Bjb+i,  ■  .  ■  xm,  which  being  pureiy  arbitrary,  in  order  for  equation  1)  to 
hold  for  all  vulues  of  the  x's.  the  coeffident  of  euch  nmst  vatiish,  giving 
us  the  required  m —  1:  relations  betweon  tbe  ,4's  and  S's 

Instead  of  proceeding  in  the  manner  deseribed,  the  mothod  of 
Lagrange  is  to  multiply  tbe  equations  2)  respeetively  by  multipliers 
l,,  L2,  .  .  J.j,  to  whieh  any  convenient  vahie  may  be  given,  and  then 
to  add  them  to  equation   l).      We  thus  obtain 

(.4,  -f  lt  Bn  +  ls  Bal h  lkBil)x1 

3,  +  (A  +  1,  Bn  +ltSn---  +  l*Bt,)x, 

+  (_AIIS+  kLBlm  +  hB2m \-  lk.Bkni)xm  =  0. 
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In  this  equation    the  ar's    are  not    all  arbitrary,    but  as    before  h  may  bc 

dr-Uirmmed  as  linear  i'imttions  of  ibe  remainder,  say  JCj,  .  .  Xb  in  terms 
of  iti+i,  -  .  -  #m,  wbioh  are  arbitrary.  But  the  multipliers  1  are  as  yet 
arbitrary.      Lct  us    detennine    tbem    so    that   they    satisfy    the    equations 


Äx  +  ij  Bu  +  i.s  BS1  ■ 

■■  4-  ü.*Bi, 

=  0, 

A2  +  ij  Blä  +  i^B.22- 

■■  +li^*S 

!=  0, 

Ak  +  lj  ßii+^^a*- 

■  ■  +  1*5« 

=  0, 

which  are  just  suffieient  to  determinc  them       We  thus  bave 

(Äl+1  +  h  »i,  *+!+•■■  +  2*^*+i)«H-i 

5)  

+  {Am      -\-X1Blm      +---  +  hBim)xm=0, 

in  which  the  x's    are  all    arbitrary,    so  tbat  tbe  m  —  h    coefftcients   inust 
vanish,  giviug  tbe  tu  —  ft  equations 

Äi+1  +  li  l»j,  t+i  +  ■  ■  ■  +  1*  Ä,  *+i  =  o 


4„        4-li-Blm  +•■•+.  4  .B*m  =0. 

[nsertiag  in  theae  the  values  of  the  l's  already  fcrand,  we  have  the 
m  —  h  required  relivtions  botween  tbe  A's  and  J?'s.  Obviously  the  result 
of  tbe  elimination  may  be  expressed  in  the  form  obtained  by  writing 
equal  to  zero  e&ch  of  the  determinants  of  order  fc  4-  1  obtained  from  tbe 
array  of  Äs  and  B's  in  equations  4)  and  5)  by  omitting  m  —  k  —  1 
rows,    only  m  —  h  of  the  determinants    thus    obtained   being   independent. 


NOTE  III. 

QUADRATIO  DIFFERENTIAL  FORMS.  GENERALIZED  VECTORS. 

The  method  of  transfomiing  the  oqi.iiitii.ins  of  moi.ion  used  in  §  37 
and  tbe  application  of  hyperspace  thero  oecurring  render  a  somowliat 
more  detailed  treatment  of  the  (jiiosiiou  dosirable.  lu  Order  to  ehicidale 
matters,  we  will  begin  witb  the  very  simple  case  of  a  Space  which  is 
Included  in  ordinary  Space,  namely  tbe  spaee  of  two  dimeusions  forming 
tlie  surfuce  eharafil.erized  by  Uvo  e^o.rdinates  q1 ,  g6,  as  on  page  1 10. 
We  bave  Seen  tbat  this  spaeo  is  eompletely  diaraeterized  hy  t.hc  cxprossion 
for  the  are  as  the  quadratic  differential  form 

1)  äsi  =  Edql*  +  2Fäq1äqi  +  G  dg22. 

A  point  lying  on  tbis  surface  may  be  displaced  in  any  manner,  in  or 
out  of  the  surface.  If  it  is  displaced  in  tbe  surface,  its  displacernent  is 
a  vector    belonging    to    the    two-dimeusiounl    npace    t'orisirterüd.     We    will 
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call  the  changcs  dql,dg2  the  coordinates  of  the  displacement,  Wo  have 
found  that  when  the  displacement  is  made  so  as  to  change  only  one  of  the 
coordinates  of  the  point  g1  or  q2,  the  arcs  are  respectively  ds1  =  yEdctu 
ds2  =  ~\/>Gdq<i,  and  that  the  angle  included  by  thom  is  given  by 


fEG 

If  now  we  have  any  displacement  äs,  whose  coordinates  are  äqt,  dq$, 
and  project  it  oitbogonally  upon  the  directions  of  ds1,äsi,  we  easily  see 
(Fig.  26)  that  the  projeetions  daL,  de2  are 

FyGdqi  __  Edq,j;Fdq2 
yWG     ~~  ]/E 

da,  =  ä%  +  ds,  cos  &  =  VÖdq,  +  F^Edq' 


da,  =  ds. 


-  Y&dq,  +  - 


___  Fdg,  +  Gdg, 

ywö  ~      vg 


We  shall  now,  following  Hertz,  introduce  the  rr.dured  compO-neni  of  the 
displ.ü.f-t'iri'.'iit  aluiig  fithc'!1  e-oorduiate-line,  drrfined  as  thi>  orthogonea]  pro- 
jection  divided  by  the  rate  of  change  of  the  coordinatc  witli  respect  to 
the  distance  traveled  in  its  own  direction.  These  reduced  components 
we   shall  denote  by  a  bar,  so  that 


d&™- 


=  Edqx  +  Fdqs, 


dq2  = 


=  Fdqt  +  Gdqt. 


The  fundamental  property  of  these  reduced   components    is    f( 
equation  giving  the  magnitude  of  the  displacement 

4)  ds-  =  dq1d~i]  +  d</„  tf(/3. 

that  is  the  Square  of  an  infinitesimal  displacement  is  the  sum 

of    each    eoordinate    of    the    displacement    multiplied    by    the    respeetive 

reduced   component. 

In  like  mamiei'  the  geometric  produet  of  two  different   displacements 
äs,  ds',  whose  coordinates  are  dq±,  dij,2,  äq,,  dq%    is  found  to  be 

jsds'  cos  (äs,  ds'~)  =  äxdx'  +  dydy'  +  da  äs' 


(dx  ,       .    das  .    \(ds>  ,    ,  .    dx  ,    ,\ 


(Ü< 


=  Edq1dq^  +  F(dq,dq.2'  +  d%dq^)  +  Gäqsc 
=  dq^äq^  +  dq^dqä'  =  dq^äq,  +  &$%'  äqa. 
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The    geometric    product    of   (wo    (lisplucemonts    is    eqwal    to    the    sum    of 
produets  of  the  coordinates   of  either   vector    by   the    reduced    uomponents 
of  the  other.     Thus    the    geometric    product   is    defined  by  means    of   the 
quadratic  differential  form  l)  defining  the  Space  in  question. 
Solving  the  eqnations  3)  for  dqi,äq2,  we  obtain 


from  which  we  obtain 

7)  dJ  =  Rlldql*+  ZMitdqtdq\  +  Btläqtt. 

The  expression   7)  is  called  the  reeiprocal  form  to  l).     Corresponding  to 
it  we  obtain  the  form  of  the  geometric  product 

8)  d S<W cos (ds1ds')  =  Rlldqldq1'  +  Bl2(dq1dqi'  +  dqtdqt')  +  Buäqadg$'. 

We  may  now  define  any  vector  belonging  to  the  space  considered, 
as  one  whose  components  have  the  same  properties  as  those  possessed 
by  those  of  an  infinitesimal  displacement.  Suppose  tbat  X,  Y,  Z  are  the 
reetungular  eompoueuts  of  a,  vector  R,  it  does  not  belong  to  the  Space  l) 
unless  it  is  tangont  to  the  nurface  in  question.  Tf  so,  we  have  a  displace- 
ment such  that 

'  da       dx       dy       dz       dq,        dgs        s 

Then  Qt,  Q%  are  the  coordinates  of  the  vector  in    the   System   ?1(  tf3,    and 

i  of  the  vector  is  giveo  by  the  equatior.s 

B'  —  X'+  Y'  +  Z'  =  i(««J  +  df  +  dl') 
=  ~t(Fdq^  -f  2Fdq1dq3  +  Gdq^) 

-«,«,  +  «!«„ 

«i  -  -Eft  +  FQ, 
ft  -FQ,  +  <IQ, 


10) 


where 


are    its    reduoed    components    belonging    to    its    coordinates   Qu  £a.     The 
geometric  product  of  two  vectors  R,  li'  is 

12)  ftft'+  «>«,'-  «i'ft  +  «.'«.■ 

If  now  one  of  the  vectors  is  finite,  the  otber  au  inlimtesi^iil   di  spl  a.  ■..-.!  inen  t, 
we  have  the  geometric  product 

Bd$co&(M,ds)  =  Xdx  +  Ydy  +  Zde  =  Qldq1+  Q3dq2 

13)  _{xSx  dy  8i\  (     dx  Zy  dz\ 
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Thus   the    redin.'cd    «ompoiiHnla    Qu  Q%    are    given    by    tlie    definition    which 
we  have   adopted   on   page    116,  equation  42). 

Having    now  illustrated   the    subject    by   a  Space   of   two    dimenaions, 
we   can   easily  exten d  our  notions    to  space  of  any  number    of  dimensions 

m,   defined   by  the   form 

14)  dsS=2     "2Qr.äqräq,. 

For  any  one   of  the   coordbiate  direct.ions  we  have 

15)  ds,?  =  Qrrdq*, 

and   for  the   geomui  i ie   producf  of  two  displaeements, 

16)  dsds'  cos  (ds,  ds')  =  ^  "^}  Qr,dqrdq,'. 

If  one   is   in    1,1k;    direc:l.ioii   </.',.,   all   dtfs,   being   0   exoept   dqr. 

17)  dsds,  cos  (ds,  dsr)  =  ^sQrsdqrdqs, 

and    dividiug    by    ds,-    we   obtain    the    orthogonal    projeetion    of    ds   on   ds, 

2*QradqH 

18)  d<ir  =  ds  cos  (ds,   dsr)  =*=  — — 1 

VQrr&*tr 

irom   weich  we  obtain  by  the  definition   of  the  reduced   eomponent 

19)  dar --^ -2  *■•**• 

dTr 

We   have   as    iitstorc 


20) 

ds2  —  7;iijrii"j„ 

21) 

dsds1 

Cos(tfS,   d^)=^^}dqrdqt, 

and  if  the 

Solution   of 

19)  is 

22) 

dqT  =  X'^-j^gii 

wo  have  the  reciprocal 

form 

23) 

»•.22"*''i* 

Again  we  may   dcline  ii.  vector  belunging  to   i.he  hyperSpace  c 
and  now  the  etictan^ular  i.Mmpouents  may  bc  of  any  nuinbcr.  the  liiiiitation 
of  the  vector  to  the   Space  in    question   ri'ducing   the  immber   of  generalküd 
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5  to  accord  with  the  number  of  dimensions  of  the  hypürspaee. 
The  geometric  product  of  the  vector  with  au  infinitesimal  ilispUieomcnt 
definos   the    generalr/ed    ftoordhiates    of  the    vcctor,   so   that 

vi  ktt  /       £«,  0y,  £a,  \  "C"1 

-22  (*  ?4  +  r^  +  z-  ^ )  *«■ =  2  p- *«■• 

and  we  find  that  the   redurrd  component  of  the  veetor   ia   what  is   defined 
by  tho  formula   42  i  of  |iagc    116) 

In  our  application  to  mechanics  the  diffcrential  form  in  question  is 
2Tdf,  where  T  is  the  kinetic  euergy  of  the  System  It  is  immaterial 
whetker  we  speak  of  vectors  in  a  hyperspace,  as  we1  have  here  done,  or, 
as  Hertz  does,  speak  of  vectors  with  resp<>(;t..  to  our  nu'-ftharrical  System. 
The  jueanintr  in  either  case  is  piain.  On  dividing  the  above  formulae 
by  dts,  we  find  that  the  genevali/ed  v*'iJ.oüitif,s  and  moment.a  have  the 
relation  to  eacb  otber  of  coordinai.es  and  redneed  components  of  the  same 
veetor  in  the  hyperspace,  The  two  reeiproeal  forme  14)  and  23)  have 
the  rclation  of  the  Lagraiigian  arid  Hamiltoniiin  forma  of  tbe  kinetic 
energy.  The  equations  of  motion  of  the  System  say  that,  no  matter 
how  tbe  forces  are  applied,  or  bow  parts  of  tbem  are  equilibrated  by 
the  toiistrnini-s,  the  redueed  coy.i/H/nnit*  of  tho  applied  and  the  eti'eci.ive 
l'orces    are   equal   for   every   enordmate. 


NOTE  IV. 

AXES  OF  CENTRAL  QUADKIC. 

The  prineipal  axes   of  a  central   quadrie  surfe  e, 

1)  F(x,  y,  e)  —,  Ax?  +  By1  +  Cz3  +  2Dye  +  2Ezx  +  <2Fxy  =  1, 

are  defiued  as  the  radii  vectores  in  the  direetions  for  which  the  radius 
vector  is  a  maximum  or  minimum.     If  we  put 

2)  ^  -  *■(«.  ß,  ?), 

and  tbe  maximii  aud  minima  of  r  oi/eurring  f'ov  the  sann;  direelions  a.s 
the  minima  and  maxima  of  1/Va,  are  obtained  by  finding  the  maxima  and 
minima  of  F(a,  ß,  y)  snbject  to   tbe  condition 

3)  ,,(«,  ß,  ,)  =  «■  +  p  +  y'-l-O. 
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If  we   multiply  this   oqualion  by   a.n    arbitrary   konstant   —  l   and   add  it  to 
F(a,  (3,  y),   we  obtain  the  condition  by  writing  the  derivatives  of  F- 
equal   to   zero       T 


obtain 

8F 
da 

-  21a 

=  0, 

dF 
~3ß 

-  21(3 

=  0, 

dF 

-  2iy 

=  0 

of  the  normal 

to  t 

dF 

dF 
du 

arc    proportional   to 

At  points  where  tne    normal  is    in  the  direction  oi   the   radius  vector  l 
have 

8F  dF  8F 
~d~%  _  ^  =  3^ 
#  i/  * 

But 

— = etc., 


so  that  the  equations  4)  show  that  at  the  ends  of  the  principal  axes  the 
tangent  plane  is  perpendicular  to  the  radius  vector. 

Effecting  the  dittbronüutions  the  equations  4)  become 

(A  -  k)a  4-  Fß  +E?  =  0, 

5)  Fa  +  (B-V,ß+I>y  =0, 

Eu  +  Dß  +  (C-l)y=0. 

The  condition  that  these  equations,  linear  in  ti,  fJ,  y,  shall  be  covr.putililc 
for  values  of  a,  ß,  y,  other  than  zero  is  that  the  determinant  of  the 
coefficients  shall  vanish. 


f    ,     B  -  X,  D     .  =0. 

S    ,  D    ,      C  -  l  \ 

This  is  a  cubic  in  l,  whieh  being  expanded  is 

f(l)  ^-{A  —  l)(B  -  l)(ü  -X)-  D2(A  -l)-  F2(B  -  l) 
^  -  F2(C-  l)  +  2DEF=0. 
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We  shall  show  tbat  tliis  alwavs  kas  thuee  real  roots.     Fut 

8)  B-l  =  v  +  r, 
C?  —  1  =  w  +  a, 

wbere  q,  r,  s  are  to  be  determined  later.     Then 

(«  +  2)  (p  +  r)  («  +  .)  -  D!(«  +  «)  -  F*(*  +  r) 
^  -  F*(w  +  s)  +  2DEF  =  0 

or  arvanged  according  to  powers  of  u,  «,  w, 

mdw  +  qvw  +  neu  +  suv 

9)  +  W(rfi  _  z>2)  +  W(S9  -  Fs)  +  w(qr  -  F*) 

+  qrs  +  2DEF  -  D2q  -  E'r  -  FaS  =  0. 

Let  ns  now  determine  q,  r,  s,  so  as  to  maike  tbe  terms  of  first  i 
«,  #,  w  vanish. 

rs  =  D2,     s#  =  F,2,     gr  =  F*, 

froin  which.  by  multiplication  and  division 

^  -n-n-n  EF  FD  DE 

10)  qrs^DEF,       3  =  ^->      '  = -^  ,      »  = -jT' 


Now  from  8) 

«=J.  —  1  —  2  =  4  —  FF/D  —  1  =  a  —  1, 
12)  v  >=  B  —  l  —  r  =  B  —  FD/E  —  1  =  6  —  1, 

w  =  CT  -  i  —  s  =  C  —  DE/F  -1  =  0—1, 
if  we  write 

Ä—  EFjD=  a,     B  —  FD/E=b,      C-  DE/F=c. 

Also  since    from   10)  q,  r,  s  are  all  of  tbe    same  sign,    let  us    call  them 
±  (a,  m!,  ws,  so  that  we  have  from   ll) 

f(i) s (« ■- 1)0 - 1) (. - 1)  ±  [i>(s  -»)(.- 1) 

+  «i(,-J)(.-  !)  +  »'(»  -1)  (»-»)]. 

SSubütituting    for  1  in    turn    the  values  —  oo,  c,  b,  a,  -j-  <">;    we    obtain 

rt«)     -±»-o-«)o-«) 

14)  f(S)         -±»'(« -»)(.-!) 

f(o)         -±I'0    -«)(•-«) 
f  (oo)      -  -  oo. 
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Let  us  suppoae  a  >  b  >  c,    and  take    the    upper   sign   : 
1  -  -  oo  f(l)   is   + 


d  the  function  f(J.)  behaves  as  sho- 

,ro  in  Fig.  13.      As  there  are  three 

anges  of  sign,  there  are  tbreo  real 

roots.     It  is  to  be  noticed  that  the 

ility  of  all  the  roots  depends  on  q, 

r,  s  being  of  the  same  sign.     Let 

call   the  roots  V  Aa,  >.s.      Eiiher 

one  of  these  being   inserted    in   the 

uations   5),    tbc  equations    become  ( 

«mpatible,    and  suftice  to  determine 

ä    ratios  of   the    direction    cosines. 

There    are    therefore    always    three 

beloaging  to  the  roots  ily  au  fr,  ft,  those  bekragmg  to  ^,  aa,  (3a,  y3, 
equatioas  5)  beoome 

*!«,  =  Aar  +  Fßt  +  E7l, 

llßl  =  FaL  +  Bß,  +  I>n, 
15)  '-in-jS-,  +-"ft  +  Oft, 

V<a  =  .4«a  +  Fßg  +  J77a. 

ia|3,  -ft,  +  Bß,  +  _D7a, 
»rfs--E«>  + -Oft  +  Oft. 
Multiplving  the  first  three  respectively  by  aa,  fis,  ya  and  adding, 

M«i«.  +  ftfc  +  m.)  -  -1«.«.  +  -Bftfe  +  Oftr. 
1 "  +  d(A?i  +  ftr.)  +  -e(7.«i  +  ?,«■)  +  n«ift  +  «.&)■ 

If  we  multiply  the  second  three  equat-ious  respei-tivuly  by  c1,  ßlt  yl  and 
add  we  obtain  for 

*,(«!«,  +  ßlß*   +  ?lft) 

the  same  expression.     Aecordiugly  we  have 

it)  (»i-JiX-i^  +  AA  +  ftftJ-o, 

so  that  if  the  roots  llt  X%  are  unequal  the  corresponding  axes  are 
perpondi  ciliar.  In  like  manner  if  the  deterrainantal  cnbio  has  three  unequal 
roots,   the   quadric   has   thrc    nmtua.lv    perixivulH'nhtr   principal   axes. 

If  tyyo  roots  Lire  equal  tho  position  oi'  ihr  corresponding  axes  bctornes 
indeterminate ,  and  it  may  be  shown  that  all  radii  perpendicular  to  the 
direction  given  by  the  third  root  are  principal  axes  of  the  same  length, 
The  surface  is  then  one  of  rovolntion  about  i.he  dctürminatc  axis.  If  aU 
three  roots  are  äqual,  the  snrface  is  a  sphere,  and  any  axis  is  a 
principal  axis. 
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IV.  AXES  OF  CENTRAL  QUADEIC.  t 

We  will  now  trausfVirui  the  equaikm  of  the  quadric  l)  to  a  new 
of  axes  coincidinsr  in  direi'tion  «iUi  its  principal  axes.  Let  the  : 
coordina-tes  be  sc',  g/,  /,  and  let  the  directum  cosines  of  the  angles  m 
by  the  new  with  the   old  axes  be  given  in  the  table  below. 


«<  i  ft 

n 

<"■ 

A 

ft 

«. 

ftj      7i 

The   equatioas  of  transformation   of  eoordinates   are  then 

18)  »'-<*,*     +  ft»     +  ft«, 
X'   =«,X     +ßAp     +ft#, 

£  =  c^x'  4  ct2y'  4  «■,*', 

19)  y  =  Mf  +  A»'  +  ft*', 

z  =  7lx'  4  7^'  4-  yie\ 
iNovv   usiiig  equations    19),   we  obtain 

Ax  +  Fi/  +  Eg  =  a;'  (J.«1  +  i<"  ^  +  £7l) 
4»'(Jas+.Fft  +j£y,) 
+  2'(,l«3+-FfiB-!--Ej'3). 
whieh  in  virtne   of  equations   15)  is   equal  to 

In  like  manner 

**.*  +  By  4  ZJ2  -  J.l(V;'  +  »ifty'  +  *,A*'. 

Ex  -h  Dy  +  Cz  =  ll7lx'  +  Aä-/S!/'  +  is7sä'. 
Multiplying  respectively  by  k,  y,  &  and  adding,  we  obtain 

Ax?  +  £i/a  4  Cs2  4  2-D#2  4  2  7^x4  %Fxy 
=  l.x'i^x  4  ftjf  4  Vx$)  4  Irf'fo*  +  §S  +  7i*)  +  V("s*  +  ft*  +  7^) 

Conseq  uoutly  the  eqiaation  of  the   quadvic  ruferred  to   its  principal  axes  is 

20)  k1x'-2+ksy's+ks!','s=  1, 
and  the  threo  roots  of  the  unliic  are  equal  to  the  Squares  of  the  rei-iprucals 


of  the  lengths 

referred  to  the   axes  it  is   not 

but  only  to  solve  the  cnbic  6 


Accordingly  in 
to  solve 


■der  to  find  the  equation 
squations   5), 
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NOTE  V. 

TRANSFORMATION  OF  QUADRATIC  FORMS. 

Tbe  last  two  notes  havo  dealt  with  quadratic  forms,  and  in  Note  IV 
we  have  by  a  linear  transformation  of  the  variables  19)  transformod 
tbe  form  F  iiito  a  form  20)  in  wbich  no  prodnet,  terms  appear,  and  we 
find  tbat  the  e o c ^ l'il ■:; i c? iit-s  oi'  the  Squares  aro  the  routs  of  tbe  determinant  6). 
In  tbis  note  we  shall  consider  similar  transformations  of  forms  of  any 
number  of  variables,  and  shall  incidentally  obtain  a  proof  of  the  n-ality 
of  tbe  roots    of  Lagrange's  determinant,  65),    page   159,    for  the    case    of 

We  shall    require  a  number  of  rtomentary    pi'opi-rtics  of  both  linear 
and  quadratic  forms,  wbich  we  shall  now  set  forth.     I" 
linear  forms 

u1  —  a11x1-\-  alsX2  +  ■■■  +  ai„x„, 


1) 


*i  +  <h* 


,  H h  oa»; 


i  call  B  tbe  determinant 


xs  +  •■•  4-  £t«A, 


If  we  rnultiply  the  fca  column  of  M  by  #*,  and  then  add  to  tbis  column 
the   first,  second,  etc.,   multipliod   lüsjicetivüly    by  <c1(  x2,  .  .  .,    we    obtain 


■    «1,4-1, 

.  as,t— i, 


oa.i+1, 


tbe  determinant  B  i 
ing  wbich  we  obtain 


?,ero,  the  determinant  ou  tbi 


■  +  *,*  =  0, 


4)  ^  +  c 

where   the  c's    are   the   minors   of  the  elements    of  the  ft*11  eolumn    of  if. 
Thus  if  the  determinant  of  the  forms  vanishes,  the  J'urius  are  not  independent, 
but  satisfy  identically  the  linear  relation  4). 
Consider  now  the  qtiadratic  form 


f('i, 
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V.  TRANSFORMATION  OF  QUADTiATIG  FORME.  573 

for  whieh  are  =  asr,  and 

If  */j ,  i/a ,  ...  y„    are  another    set  of   variables ,    and  we    put  for    each  xr 
the  value  %,.  +  l,y>  we  have 

r(x,  + 1»„  ...«.+  ij.)-22,'»(''  +  'iOO-  + 1»0 

-  et»,, . . .  i.)  +  i^fr'w»  +  »"rt».'  ■  ■  ■  *•). 

If  now  i£,    the  rfsfenBWHsi  0/  r/ie    form  f  vanishes,    we   have    a  relation 
9)       w+w+-  +  «si2rf('„  ...*„)-0 

for  oW  valn.es  of  ic(,  ...  ;cn. 

Lot   us    now    put    for    the   y's    of    equation  8)    tlie    values    of  c   of 
equatdon  9).     We  then  have  hj  7)  and  9) 

fe...4)-i|Ä-'.)-», 
so  that  8)  becoraes 

ffa  +  lCt,  ...«.  +  In)  -  «*„  ■•■».) 


10) 


+  1 


2rf<%.  ■■■».)  -/■(«!,  ■•«•)■ 


We  thus  find  that  in  this  case  f  is  independent  of  1  and  of  «/, ,  .  .  .  j/„. 
Acoordingly  if  c„  ia  not  zero,  let  us  pnt  1  =  —  -%  so  that  we  ohtain 
for  all  values  of  üJj,  ...  z«, 

11)     f (*„...  Äj-ffe-i«,,  ^-^«k,  ...fc-i-^x.,  0). 

Thus  we   ohtain   the   theorem:    every  i^uadratic    form    in    »  variables 

whosf  tletcnninairt  vanisliüs.  nun'  ha  (iypressüd  iis  a  quadratic  form  of 
(cs's  thau  i\  other  variables  «,   which  are  linear  eo.iiiliinatiois  of  tiic  original 
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variables.  8u.l-.Ii  forms  are  ralled  tinyw.ttr,  as  opposed  to  ordiiiary  forms, 
whose  determinant  does  not  vanish.     As  an  example  the  form 

whose  determinant 

11      o  ! 
1      1       o 
0      0-1 
vanishea,  may  be  written 

(X1  +  X2  +  X„)  (x±  +  X.A  —  (Kg). 

If  f  is  an  ordinary  form  and  «rr  is  not  zero,  we  may  write 

12)  f.=  ürrx?  +  2xrp  +  g, 

where  jj  is  a  linear  form  containing  all  the  other  variables  except  ,*,- 
and  iy  is  a  quadratic  form  in  the  same  variables.  Completing  the  Square 
we  may  tben  write 

13)  arrf=  (arrx,-  +  p)a  +  a„q  - p*. 

If  on  the  other  band  every  coefficient  of  a  Square  arr  is  zero,  we  may  write 

14)  /'=  2arlxrxs  +  2xrp  +  2x,q  +  r, 

where  p,  q  are  linear,  r  &  ijuadratic  form  not  tontaining  citlier  xr  or  xs1 
we  may  then  write 


15) 


arsf=4(a„xr+q)(arsxa+p)+2arsr-ipq 

^{ara(_X1.+  Xa)  +  p^-qf-{urs(:x>.-Xs)-p  +  q}s+2arsr-ipq. 

In  the  former  case  we  have'  exhibited  f  as  the  sum  of  a  squarn  and  a 
form  in  n  —  1  variables,  in  the  latter  as  two  terms  in  Squares  and  a 
form  in  n  —  2  variables.  In  either  case  the  remainiag  form  may  be 
treated  in  a  similar  manner,  and  so  on,  so  that  the  form  is  eventually 
reduced  to  a  sum  of  terms   in  Squares.     If  the    eoeffieients  A  of  all   the 


in  the  y's  are  linear  forms  in  <&,,  .  ■  .  xn,  have  the  same  sign,  the 
o.  is  said  to  he  definite,  for  it  can  not  ehang«  sign  bowever  the  valuos 
ihe  variables  be  altered.  If  the  eoeffieients  A  are  not  all  of  the  same 
i  the  form  is  indefinite. 

If  we  transform    tlie  linear    forms   l)    by  means    of  the    linear    sub- 
ltion 

*i-Alft  +  ftjft  +  —  +Pi.*» 
7,  «a  =  ßu9i  +  ßtiHs  +•■■+  fr»»«. 


x*~ß*iyi+P**9»  +  ---+ß**9n, 
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V.  TRANSFORMATION  OF  QUADRATIC  POEMS.  575 

i  obtain  linear  forma  in  the  new  variables  yu  .  .  .  yn,  so  that  if  we  write 


■  find  by  carrving  out  l.he  transformation , 


19) 


*.-2**.. 


But  this  is,  according  to  the  rule  for  multiplication   of  two   determinant^ 
the  condition  that  the  determinant  of  the  t'orms  w  in  y, 


20) 


«11,    ■   ■   •  äln 

Ai,  ■  ■  ■  ?.. 

a„i, . .  .  a„„ 

fci,...fc. 

is   the  prodnct   of  the   determinant  of  the   forn 
of  the  Substitution    17), 

Tili.!  iletovrniiLii.nl:  in  which  the  eleraeut  in  the  r*"  row  ai 
dur 
is  a  derivative  -----  is  called  the  Jacobian  of  the  funetions  u 

respeet  to  the  variables  xlt  .  .  .  x„,  and  h  often  denoted  by 

"{" -.) 

H* <*,) 

In  this  Dotation  20)  becomes 


by   the,    determinant 
1  row  and  s'-'  eolnmn 


21) 


dfr,...un)       9fr,. 

3 (»H  ■•■*»)  3(«L1- 


If  the   funetions   v, , 


and   s0'  column  i 


ü   .Taeobian    are    the    partial    doriva-üves 
so    that    the    element    in    the    »*th    row 
errainant    is    ealied    the   Tlessian    of    the 
the  Hessian    of  f,    and  will 


of  the  sanie  funetion  f,  ut 

funetion.     Thus  the  determinant  B  of  2) 
be  denoted  by  Hxf. 

If  now  we  transform  the  quadratie  form   ■>')  by  the  Substitution  17). 


22) 


-22<^'--22A-"»" 
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we  may  find  a  relation  betweon  thr>  Hcssisins  of  /'  with  respect  to  the 
x's  and  that  with  resped;  to  the  y's.  TJsing  the  notation  for  Jiicolniiiis, 
by  21), 


23)      ff„f  = 


But  in  every  derivative 


8»'" 


i'f  Pf 


'"y. 


Consequently  the  Jacobian  on  the  right  of  23)    is  the    s 
the  Ufl  of  21). 
Thus  we  find 

■■ft.   '  I  A.  ■ 


24) 


Hrf- 


9(«,  . 


».) 


?(.,;■. 


■u 


!„.  ■■•«., 


-Ä,c 


•C,  ] 


or  the  determinant  of  tho  transformed  form  is  equal  to  that  of  the  original 
form  multiplied  by  the  Square  of  the  determinant  of  trän s form ation. 
If  an  ordinary  form  f  vanishes  for  a  particular  set  of  values 


where  the  o's  are  not  all  zero,    we  can  sbow  that  the  form  is  indefinite. 
For  if  we  Substitute  for  tbe  tf's  exeuptiüg  x»,  the  values 

25)  %  =  vc"  +  9u   3k  =  ci-^  +  &*>  ■  ■  ■  ®«-i  =  c„-i-f  +  ?*-ii 

' =11 *•**  -  'l"I:-(^; + -)  (^ + *) 

26)  +xn  ^a,„(c,^  + y.)  +  a»»^ 

Tbe  first   term,   containing  f(cu  .  .  .  C„)  as  a  facto r,  -vanishes  by  liypotbcsis. 
The  sums  in  the  other  terms  eontain  only  n  —  1  variables.     If  theu  there 

are  any  values  of  y1(   .  .  .  yM_i,  for  which    ^      /»nC^,  does  not  vnnisli, 

sinee  #„  is  indepeudent  of  these    variables,   we  may  by  suitably  ohoosing 

tbe  value  of  %„  make  the  form  have  eitlier  sign,  it  is  tberei'o.re  indclinito. 
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V.  TRANSFORMATION  OF  QUADRATIC  FORlfS. 


(If  the  sum  2    2°"** 
must  have 


for   all  vaJu.es    of  yl ,  . 


for  s  =  1,  2,  ,...«  —  1,   bat    since  f(clt  .  .  .  c„)    is  zero  we    must  have 
also    /^  arnCr,  au,i  these  »  equations  require  the  determinant  of  the  form 

to  vanish,  and  the  form  is  Singular.) 

As  a  result  of  this  theorem  we  See  that  if  a,  form  is  to  be  definite, 
no  fioefiieieui  '',-,.  of  a  Square  x/  must  be  abseut,  and  all  must  have  tbe 
same  sign.  For  if  arr  =  0,  putting  all  the  variables  equal  to  zero 
except  xr  would  make  the  form  vanish,  and  if  arr  is  not  zero,  the  same 
assumption  would  make  the  forin  have  the  sign  of  arr,  Consequently  all 
these  coeffieients  must  be  of  the  same  sign, 

Let  us  now  eonsider  two  ordinary  quadratie  forms  of  the  same 
variables,  with  real  coeffieients1) 

»»)       v-22""**'  *  ~2  2 '"*■*" 

from  which  with  an  arbit  i.arv    itiultip'iei-  k  we   «inätruet  tbe  form 

28)  Itp  +  if). 

As  we  give  l  an  infinite   set  of  real  values,    we  obtain    an  infinite  sheaf 
of  forms.     Let  us  examino  whether  they  are  definite  or  not. 

The  determinant  of  the  form  l<p  +  ty 

,  +  cn,     lavi  +  clä,  .  .  .  laSn  +  ein 


-Sj 


-f® 


is  ideutioal  with  Lagrange's  cletermiiiiint.,  p:ige  159.,  when  the  «'s  are  zero. 
(We  here  have  written  l  for  the  ls  on  p.  159.)  We  shall  now  prove 
that  if  the  equation  f(i)  =  0  has  a  complex  root,  all  tbe  forms  of  the 
sheaf  Irp  -j-  \p   are   indefinite. 

Let  !■  =  a  +  iß  be  a  complex  root  of  the  determinantal  ecriiatioii 
f(l)  =  0.  Then  since  the  form  (a  +  iß)  <p  -\-  if»  is  Singular,  it  may  be 
re prr: scn ted  as  a  sum  of  less  than  n  Squares,  and  since  it  is  complex, 
these  may  be  Squares  of  complex  variables,  so  that  we  have 

29)    f^-H(?)y  +  ^  =  (y1+ig1)8+l'fo+^)'+-"+Cy«-i+^n-i)8, 

1)  Kronecker,  f'bcr Xulmun».  ui'cd.-'jUfd'^r  Formi'n.  Jloniitäber.  der  Königl. 
Preuß.  Akad.  d.  Wiss.   zu   Berlin,   1868.     pp.  339  —  346.      Werke,   Bd.  I,  p.  155. 
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the  y's  and  e'i  being  real  linear  forma  in  the  x's,  any  of  which,  but 
not  all,  may  be  zero.  Separating  tbe  real  and  the  imaginary  terms, 
we  obtain 

30)  cy  +  y-^bi'-lr*),     ß<p  =  2^,jrir. 
Prom  tbe  two  forms 

31)  "j^W  -  O.  "j?U 

tbe  wbole  sbeaf  may  be  obtained.     Solving  30)  for  tp  and  ty, 

32)      i94  ♦ -2^'  -  *,')  +  llV ->  '2**" 

whicb  we  may  write 


a  quadratic  in  jt,  giving  for  every  real  value  of  l  a  real  value  of  ji. 
Now  each  of  tbe  forms  33)  vanishes  for  values  of  Xlt.  .  .  %„  other  than 
zero,  wbieb  satisfy  the  n  —  1  linear  equations 

34)  0  =  ^—  (te1  =  ya  ~  ft8t=----  =  y*-i—  (*2*-i, 

and  is  aeeordingly  indefinite.  Conversely  if  tbere  is  in  tbe  sheaf  a  single 
definite  form,  tbe  roots  of  f{X)  =  0  are  all  real.  Now  in  tbe  meehanioal 
m,  the  form  tp,  wbieb  is  proportional  to  tbat  given  by  tbe  value 
is  tbe  kinetic  energy,  a  definite  positive  form,  consequently  the 
reality  of  tbe  roots  is  proved. 

If  X„  is  one  of  tbe  real  roots  of  tbe  cqnation  f  (X)  =  0  tbe  form 
i*<P  +  ty  being  singular,  can  be  expressed  in  terms  of  less  tban  n  linear 
functions  of  x1%  .  .  .  %„,  say  ylt  ...y„—i.  Let  yn  be  any  otber  linear 
function  of  the  x's,  such  that  tbe  determinant  of  tbe  functions  yt,  .  .  .  i)n 
is  not  zero,  tben  we  can  express  the  fuüction  tp  in  terms  of  tbese  n 
variables  y,  and  if  it  is  definite  and  positive,  tbe  eoefficiont  of  every 
Square  will  have  a  positive  sign,  aeeordingly,  as  in  12),  13),  we  may 
separate  off  i'rom.  <p  a  Square  g*s,  wbere   g-    contains    yn,    and    aeeordingly 

l<p  +  ty  =  (l  —  J.*)  <p  +  l?  tp  +  i/j 

wbere   l  tp'    ]■■  ii,r  eontai".s    o^ly    the   n  ■  --   I    variables   ;'/,  ,  -  .  .  i!„  —  i-      Xow    a 

definite   form  In  n   variables    remains   a   definite   form   in   n  —  1   variables 

if  we    put    any  variable    equal    to    zero,    consequently   tp'    is,    like    g>,    a 

definite  positive  form. 
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V.  TRANSFORMATION  OF  QUADRATIC  FORMS.  579 

A  linear  divisor  s^tch  as  l  —  Ar  of  tke  determinant  of  the  form 
A  tp'  +  y'  is  also  a  divisor  of  the  determinant  of  X  tp  +  ty,  for  on  writing 
out  the  determinant  of  the  form  35)  in  terms  of  ylt .  .  .  yn—i,ex,  we  find 

36)  fi^ift,...ft,_1(lv  +  ip)=01'  —  i«)fift,-.»,-i(ll),l+  ^)i 

so  that  the  vanishing  of  the  determinant  of  order  k —  1  on  the  right 
makes  the  determinant  on  the  left  vanish.  But  this  equal  to  the  deter- 
minant of  Irp  +  ty  in  the  variables  ajj,  .  .  .  #»  multiplied  by  a  eonstant. 
We  may  now  treat  the  form  l«p'+  i/i'  in  the  same  manner,  and  so 
on,  so  that  finally  vre  obtain 

37)  X<p  +  y  —  (1  -  X^if  +  (A  -  J,)  V  +  ■■  ■  +  (A-  !*)*', 

where  A1( . .  .  l„  are  the  roots  of  the  determinantal  eqnation  f  (i)  =  0. 
Since  this  is  true  for  all  values  of  X  we  have 

,,-*/  +  ,/+...  +  *«, 

-*-W  +  W +  •"■+ *-*-•» 

which  is  the  simultane  ou  5  kansformation  of  two  quadratic  forms  required 
in  the  treatment  of  prineipal  coordinates.  It  is  obvious  aecording  to 
this  method  that  it  makes  no  difference  whether  the  determinant  has 
equal  roots  or  not. 
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Absolute  System,  31. 
Acceleration,  definition  of, 


— .     centripetal,  14. 

—  eomponents  of,  13,14. 

—  Compound   ccntripe- 
tal,  319. 


—  of  Coriolis,  aao. 

—  moment  of,  17. 

—  normal,  17. 

—  radial,  16. 

—  tangential,  14. 

—  transvorse,   16. 
Actio,  66. 

Action,  definition  of,  101. 

—  least,  101. 

—  esamplesof,  140, 141. 

—  aurface  of  equal,  139. 

—  varying,  131. 
Activity,  cquation  of,  66. 


INDEX. 

(The  nvnubcrs  refcr  f.o   pan-cs.) 

Axis,  of  Suspension  and 
oscillation,  251. 

Axes,  moving,  motion  with 
respect  to,  316. 

—  rotating,  317. 

—  parallel,  201. 

—  —     theorem    of  in- 
ertia,  329. 

—  of  spherieal  harmo- 
nie,  396. 

—  —     atrain,  433, 
Axioms,  phyaical,  20. 


dinates,  125. 

—  in    hydrodynamics. 
601. 

Addition  of  vectors,  5, 
Adiabatic  motion,  189. 
d'Alembert's  Principle,  63. 

—  —     statement  in 
words,  65. 

—  —     in      generalized 
coordinatee,  118. 

Amplitude,  35, 
Analytic  function,  623 
Angle,  solid,  361. 
Angular  acceleration,  248. 

—  velocity    of   moving 
axes,  246. 

Aiüpiotrripie  body,  457. 
Aplatissement,  407. 
Appell,  54,  61,  309,  S16. 
Archimedes'  principle,  472. 
Areas,  law  of,  18. 
Atmosphäre,  height  of,  466. 
Aitrautiiig  forccs,  7(1. 
Atwood'a  machine,  23, 
Axis,  central,  209, 

—  fixed,   body  moving 
about,  250. 


Bacharach,  378, 


Ball,  224, 

Ballistic    pendulum ,     gal- 

vanometer,    electro- 

meter,  72. 
Base-,  golf,  tennia  ball,  34. 
Basset,  499. 
Beats,  156. 
Baads,  string  of,  Vibration 

of,   164. 
—     —     frequencies     of, 

167. 
Beltrami,  113. 
ßending  moment,  490, 
Bernoulli,  58,  84,  173. 
Bernoulli-Euler  theory,  485, 
Bernoulli's  tlieorem,  505, 
Beasel,  407. 

Billiard  ball,  motion  of,  305, 
Binet,  231,  239. 
Bodtea.tliree,  problem  of,  31, 
Bourlet,  309. 
Bonssiiifiäq,   309,   346. 
Boyle'a  Law,  544. 
Boys,  30,  362, 
Brach  istrochrone,  77,  82. 
Brahe,  Tycho,  18. 
British  Association,  31. 
Bückling  of  sections,   485, 
Bulk-modurus  of  elasticity, 

461. 
Bullets,  toy,  23. 
Bunsen  pump,  504. 


Calculua  of  Variation»,  77. 
l.'itrnbvidgc,   269. 
Carvallo,  309,  313,. 
Cauchy,  451,  456,  459. 
Cavendisb,  30. 

— ■     Laborakirv,  ä'j'J. 
Center  ofmass,motionof,89. 
Central  axis,  209. 

—  forces,  38. 
Centripetal      acceleration , 

Compound,  319. 
Centrifugal  force,  119. 

—  —     in    rigid    borlv, 
228. 

Centripetal  acceleration,  15. 

—  —     Compound,  319. 
Centrobaric  body,  364,  404. 
C.  G.  S.  system,  SS. 
Chasles,  212,  213. 
Chasles's  theorem,  373,  413. 
Cbaraeteristicfunction,136 

—  of  plane,  214. 
Cirele,  Diriehlet's  problem 

Cireular  Harmonie,  388. 

—  —     developmcnt  in. 
390. 

Circulation,  506. 

Clairaut,  33. 

Clairaut's     theorem ,     404. 

407. 
Clebseb,  224,  478. 
Clifford,  87,  521. 
Clark  University,  268. 
Coeffieients  of  inertia,  stiff- 

ness,  reaistance,  158. 
Coffin,  52. 
Complex,  216. 

—  eqnation  in  line  coor- 
dinates, 221,  223. 

—  variable,  521. 
Component,  of  Teotoi,  116. 

—  —     generalized,116. 

—  of  momentum,   117. 
Composition  of  screwa,  216. 
Coneealed  motions,  179. 
Concentration,  346. 

—  proportional  to  den- 
sity, 360. 
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Oondition  foi'  equipotential 
family,  410. 

Cone,  rolling,  253. 

■ —  of  equal  elongation, 
443. 

Confocal  quadrics,  235. 

Conjugate  functiona,  523. 

Conical  pendulum,  55. 

Conie  aection  oi'bit  of  pla- 
net, 18. 

Conservation  «f  motion  of 
center  of  mass,  90. 

Connectivity  of  apace,  339. 

Conservation  of  energy,  08. 

—  —  integral  of  La- 
grange'a  et/juat  i  ov.  = , 
126. 

.  Conservative  syateni,  65,  G8, 

Constaat  of  gravitation,  30. 

Constantsof  elaaticity,  phy- 

siealmeaningof,4Gl. 

Conatraint,  equationa  of,  57. 

—  non-intcgrnl.il.fr, 
equations  of,  813. 

—  varying,  129. 
Continuity,  equation  of,  498. 
Convectiveequilibrium,466. 
Coordinates,  5. 

—  curvilinear,  nü,  330. 

—  cyolic,  176. 

—  cylindrical.  335. 

—  ellipaoidal,  234,  335. 

—  generali«  c  d ,  1<.)9. 

—  line,  215, 

—  normal,  163. 

—  orthogonal,  110,  330. 

—  polar,  11. 

—  positional,  189. 

—  principal,  163, 

—  ignoration  of,  179, 
Ooriolis,  317. 

—  theorem  of,  319, 
Corner,  flow  around,  528, 
Cornu,  491. 

Curnic-tion  for  linitc  aros,  48. 
Cotea'a  Spiral,  519. 
Coulomb,  law  of, 
Couple,  204. 

—  arm,  205, 

■ —  causing  precession, 
299. 

—  coinposition  of,  208. 

—  in    regulär     precea- 


IXDliX. 

Couple,  of  foreea,  205. 

—  moment  of,  205. 

—  righting,  473. 

—  theorema  on,  207, 
Curl,  87, 

dinates,  383, 
Curvature,  16, 
Curve,    expreaaion   for   arc 

of,  111,  113. 

—  parametric  represen- 
tation  of,  10. 

—  tautochrone ,   144. 
Curvilinear     eo  ordinales, 

Green' a   theorem   in 

Cuapa  on  curves  of  equal 

action,  140,  141, 
Cyclic  coordinates,  176. 

—  —     esampl(jäof,l93. 

—  —     reciproeal   rela- 
tions  in,  191. 

—  —     work    done   on. 
192. 

Cycloid,  84. 

—  aa  tautochrone,   145. 

—  drawn   by   point  of 
top,  287. 

Cycloidal  pendulum,  148. 
Cylinder     und  er    pressure, 
475. 

—  moment    of    inertia 
of,   242. 

Cylindrical  coordinates,  3  3  5 , 

—  flow,  663, 
Cylindroid,  218. 


Decrement ,       logarithm 

151. 
Deformable    bodies ,    Mne- 

matics  of,  427. 

—  —     atatics   of,   463. 
Density,  353. 
JJiTJvutivr,:,   (.Mrüctiimal. 

331. 

—  of  analytie  functiou, 
523. 

—  particle,  497. 
Development     in     cireular 

harmonics,  390, 


Development  of  reciproeal 
distance,  398. 

—  in  spherical  harmo- 
nics, 400, 

—  of  potential  in  har- 
monics, 402. 

—  of  potential  of  ellip- 
soid.  of  Devolution. 
424. 

Differential,  perfect,  88, 

—  equation  for  forced 
Vibration,  152, 

—  —    of    Legeudre, 
398. 

—  —  of  particle  un- 
der  Newtoniau  law, 
39. 

—  paramcter,   88,   330. 

—  —  arithmi'ticai.  va- 
lue  of,  333. 

—  —     invariant,  333. 

—  —     ini.M"il,  313. 

—  —     second,  344. 
Dilatation,  436. 
Dimensions    of  units,    27. 

28,  29. 

Dimensional,  two,  poten- 
tial, 385. 

Dirichlet,  69,  376,377,378, 
393,  402,  417. 

Dirichlet's  problem,  376, 

—  —    for  circle,  388. 

—  ■ —     for  sphere,  396. 
Diso ,    moment    of    inertia 

of,  242. 
Displacement,  infinitesimal, 
59. 
— ■     Virtual,   58, 

—  linea  of,   446. 
Distributiiniä,     energy    of. 

426, 

—  aurface,  367. 
Dissipation,  122. 

—  funetion,  123. 
Tli.vfr-ywice,  847. 

—  theorem,  347. 
Double-lines,    complex    of, 

214. 
Drivlua1  point.s,   123. 
Dualiam,  209, 
Dyne,   29. 

Earth,   motion  relative  to, 


/Google 


Echo,  545. 

Eolotropic  body,  457. 

Erg,  unit  of  energy,  70. 

Ellipse ,   equation    relative 

Epicycloid,  on  polhode,  270. 

Ether,  himiniferous ,  65. 

to  focus,  18. 

Epitrochoids   deacribed  by 

Euler,  78,  173,  499. 

Ellipsoid  of  elasticity,  451. 

heavy  top,  298. 

equationa  of  bydro- 

—    of  gjration,  2S3. 

Equation  of  activity,  66, 

dynamics,  499. 

—     inverse,  233. 

—     —     in     hydrodyna- 

—     anglea  of,  274. 

—    Jacobi's,  470. 

mica,  601. 

—     dynamital  iniuatiüns 

—     Maclaurin'a,  469. 

—     —     in     generaliaed 

Of,  260. 

—     moment    of    inertia 

cuordinatea,  125. 

—     kinematical      equa- 

Of,  241. 

—     of  eontinuity,  498. 

tiona  of,  275. 

—     rolling,   in   Poinaot- 

—     differential ,   of  mo- 

—     theorem  of  114,  127. 

motion,  259, 

tion,  24. 

Everett,   29,  33, 

—    potential  of,  415. 

—     —     of  forced  vibra- 

Existence- theorein ,   378. 

—     —     at     internal 

tions,  152. 

Experiment,       comparison 

point,  418, 

—     ofequilibriumforde- 

with  theory,  51,  52. 

—    —    differentiation, 

formable  body,  448. 

Espanaion- ratio,  434. 

419. 

—     of  bydrodynamics  by 

-—     of  revolution,  poten- 

Hamilton's principle, 

tial  of,  421. 

500. 

Falling   body    affected   by 

Ellipsoidalcoordinates,234, 

—     Euler's,  for  rotation, 

earth'a  motion,   323. 

335. 

261. 

Faraday,  363. 

—     —     as  equipotential 

—     Laplace'a,  349. 

Field,  energy  in  terms  of, 

family,  412. 

—     of  motion  from  Ha- 

426. 

Elliptic  function,  45. 

rn  il  ton'  a      principle, 

—     strength  of,  353. 

—     integral,  45,  47. 

114. 

Fixed  point,  motion  about 

Kliimirity,  407. 

—     —     from    least    ae- 

252. 

Elongation    and    compres- 

tion,  106. 

Fleuriais,  206. 

sion  quadric,  441. 

—    —    Lagrange'a  first 

Flexion,  489. 

Energy,  65. 

form. 

Flexure,  uniform,  490. 

—     conaervation  of,  68. 

_     _     _    second 

—     non-uniform,  494. 

—     equation  of,  67. 

form,  116. 

Floating  body,  equilibrium 

—     of  distributiona,  425. 

—     —    Hamilton's    ca- 

of,  471. 

—     in  terms  offield,  426. 

nonieal,   128. 

Flow  around  corner,  528, 

—     emitted    by    aound- 

—     Poisaon's. 

Fluid,  perfect,  458. 

source,  548, 

—     —     applied  to  eartb, 

—     rotating,  467. 

—     function    for   isotro- 

361. 

—     gravltating  rotating, 

pic  bodies,  457. 

—     —     for  two  dimen- 

468. 

—     —    invariant,  457, 

siona,  387. 

Flux  of  vector,  349. 

—     integral   of,   in  top, 

J'Jquilibriuin,  25. 

Flux-function,  516. 

277. 

—    conditionsfor,  61, 69. 

Focus,  kinetic,  105. 

—    kinetic,  66. 

—     atable  and  unatable. 

—    of    plane    in    null- 

—     —     general  form  of. 

69. 

aystem,  212 

112. 

—    convective,  466. 

Formula,  Green's,  370. 

—     maximum    or   mini- 

—     equationa  of  for  de- 

—     —     for   logarithmic 

mum   for    equiübri- 

formable  body,  448. 

potential,  388. 

um,  69. 

—     theory,  166. 

Force,  deflnition  of,  24. 

—     potential,  68. 

—    —     of  tides,  535. 

—     ftccelerational,    120, 

—     —    exhauation  of,76. 

Equipollent  loads,  486. 

—     central,  38, 

—     —     all   dne   to  mo- 

Equipotential  surfaeea,  354, 

—     centrifugal ,  119, 

tion,  182. 

—     —     eondition  for  fa- 

—    —     in    rigid    body, 

—     of  normal  Vibration  s. 

mily  of,  410. 

228. 

164. 

—    layers,  372. 

—     component,   genera- 

—    relative  kinetic,  92. 

—    surface  of  strain,  446. 

lized,  114. 

—     of  vortex,  516. 

Erg,  56. 

-     effective,  64. 
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Force,  effective,  generalized 
oomponent  of,  118, 

—  fuaction,  68, 

—  —     particular    case 
of,  73, 

- —     —     for     Newtonian 
law,  75. 

—  —    containing  time, 

—  of  inertia,  64. 

—  gyroscopie,  185,  278, 

—  momental.    ISO. 
— ■  motiona!,  äG. 

—  non  -mo  mental,  119. 

—  parallel,  205. 


—  rednction  of  groupa 
of,  299. 

—  tidal,  408. 
Forced  ribrations,  152, 
Formula  of  Green,  370. 
Poueaxdt,  257,  324,  325,  326. 

—  pendulum  of, 


■:.■:".  SSM 


Foi 


-,   173, 


eoefficients  in  series 

of,  392. 
Freedom,  degreea  of,  58. 
Free  vector,  199. 
Frequency,  35. 
Friction,  effect  on  top,  303, 
lMiJLyama,  367. 
Function,  analytic,  523. 

—  characteriatic,  136, 

—  flux,  516. 

—  Hamiltonian,  117. 


115. 


—  linear  vector,   

—  normal,   171. 

—  —     fundmiiciital 
property  of,   172. 

—  of  point,  88. 

—  priucipal,  132. 

—  self-conjugatc,  430. 

—  of  St.Veuant,  dc.tcr- 
mination  of,  483, 

g,  formula  for,  106, 
g,  vahie  of,   32,  33. 
Galileo,  3,  32,  58 
Gauss,   32,   312,   350,   351, 

373,    374,   387,   42Ö, 

426. 

—  differential  equatiun 
of,   312. 


INDEX. 

Gauss,  theorem  of,  350,  387. 

—  — •     on  enei/jry,  125. 

—  —     of  mean,  374. 
Generalized       coordinates, 

109,  111. 

—  veloeitiea,  112, 
Geodäsie  line,  103. 
Geodeay,     application     of 

splicrical   hiLraionio.s 

to,  404. 
Geometrie  produet,  7,  116. 
Goometrical  representation 

of  stress,  450. 
Geometry  of  motion,  3. 
Gleitung,  441. 
GU^ement,  441. 
Gravitating   rotating  fluid. 

468. 
Gravitation,  constant  of,  30. 

—  kinematical      State- 
ment of,  20, 


Gravity.  eentor  of,  90. 

—  terrestrisil,  poten 
of,  405. 

Green,   340,  343,  370,  J 
386,  388,  456. 

—  formula  of,   STU. 

—  —    for  logaritk 
Potential,  388. 

—  theorem  of,  340, 

coordinates , 

—  —    for  plane,  l 
Griffin  mill,  273. 
Gyration,  ellipsoid  of,  i 
Gyroacope,  274, 

—  in  tovperto,  257. 

—  as  compasH,  326 

—  latitndo  by,  325. 
Gyroäcopic  forces,  185,  i 

—  terms,  185. 

—  pendulum ,  282. 

—  horizon,  296. 

—  eyßtem,curvesdra 
by,  293,  294. 

Gyrosta-t,  186. 

—  stability  of  spiinii 
291 

Hadamard,  313, 
Hamilton,   7,   21,    97,   1 
128,  131,  176. 

—  equations  of,  121 


Hamilton,  equations  from 
Hamilton' äpi'ii:.L'ipj.'. 
127. 

—  mothod  of,  136, 

—  principle  of,  37. 

—  —     equations  of  hy- 
drodynamicsby,499. 


Heat,  dyni 
64. 

Heu  visidt>, 
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Howell  torpedo,  272. 
Huygens,  148. 
Hvürouynamies,  196, 

~     equations  of,  497, 
TTvilrostatics,  463. 
Hyperellyptic  Function  fox 

top,  303. 
Hypergeometrie  series,  312. 
H  vpi.'i'spaco,  113. 
Hypoeyeloid    on    polhode, 

270. 
Hypotrochoids  described  by 

heavy  top,  293. 

Ignoration   of  coordinates, 
1T9. 

—  —  esample  of,  181. 
Impulse,  70. 

—  andvelocity,  geome- 
trio  produet  of,   72, 

Impulsive  forees,  71. 

—  —     iu      Lagrange's 
equations,  134. 

Impulsive  wrcneh,  225. 
Indeterminate    multipliers, 

62. 
Inertia,  21. 

—  ases  of,  distvibiitlui! 
iu  space,  239. 

—  coefficients   of,   112, 

—  ellipsoid  of,  231, 

—  force  of,  64, 

—  momentfl  of,  calcu- 
latioa  of,  211. 

—  pvineipal  eiscs  af',229. 

—  —     mo'tumit.soi',ä3J. 

—  producta  of,  227. 
Infinitesimal  arc,  area,  vo- 

lume,  338. 
Integral  of  function  of  com- 

plex  variable,  524, 
Ink'i'fcrcriccs,  156. 
Invariable  axis,  motiou  of 

in  body,  266. 

—  —  and  plane,  95. 
Invariauts  of  strain,  457. 
Invariant,  secoud  differen- 

tial  parameter,  347. 
Trrotatküial  motiou,  520. 
I  so  chrono  us  Vibration  har- 

monic,  146, 
Isocyclic  motiou,   189. 
Isotropie  body,   stresses  in 


Isotropie  body,  euergy  I 
fuuctiou  for,  467.  [ 
Ivory's  theorem,  420. 

TaCObi,   135,  297,  380,  470. 

—  ellipsoid  of,  470, 

—  metiod  of,  top  ei(ua- 
tions  by,  297. 

Jordan,  402. 


Ka.to.i-,  'HA. 
Keely,  153. 
Kelvin.  3,  37ß 


l.öi'w. 


—  and  Dirichlet'ü  |jrin- 
ciple,  376. 

Kepler,  18,  38. 

—  laws  of,  31, 
Kilogram,  weight  of,  32. 
Kinematics,  3. 

—  of    deform  able    bo- 
dies,  427. 

—  of  rigid  system,  243. 
Kinematical    equations    of 

Euler,  276. 

Kinetie      onergy,      general 

form  of,  118. 

—  — -     due  ,to  rotation 
249. 

—  focus,  105. 


—  reaction,  64,  65, 119, 
120. 

Kinetoscope,  23. 
Kirchhoff,  69,  499. 

—  euergy  function  of, 
469. 

Klein  aud  Sommerfeld,  273. 
Kneser,  105. 
Korteweg,  316. 
Kn^ar- 'Menzel,  362. 
Kruiiecker,  378,  393. 

Lag.iuforced  Vibration,  153. 

Lagrange,    155,    157,    164, 

173,  607,  608. 

—  equations  of  motion, 
first  form,  108. 

— ■     equations  of  motion, 
115. 


—  —     for  pure  rolling, 
313. 

—  determinantal  equa- 
tion, 159. 

—  —    —    rootsof,160. 

—  method  of,  top  equa- 
tions by,  279. 

Lagrangian  function,    115. 
— .    —     modified,  179. 

—  method     in     hydro- 
dynamics,  499. 

Lamb,  499. 

Lame",   329,  331,  341,  380. 

Lamö'a  shear-cone,  151. 

—  stress- ellipsoid,  151. 
Lamellar  vectors,  87. 
Laminar  flow,  654. 
Laplace,  3,  398,  401,  402, 

542,  644. 

—  equation  of,  349. 

—  —     in  spherical  aud 
cylindrical  conrdiua- 

—  —    satisfied  by  Po- 
tential, 357. 

—  Operator,  349. 
Laplacian,  350. 

Law  of  areas,  18,  38. 
— '    Coulomb,  486. 

—  inverse  Squares.   20. 

—  Kepler,   18. 

—  Lenz,  193. 

—  motion,  20, 
Layers,  equipotential,  372. 
Ltiast  action,  99. 
Legendre,  17,  899. 

—  differential  equation 
of,  398. 

—  polynomials  of,  397. 
Leuz's  law,  193. 

Level  surface,  88,  89. 

—  —    of     potential 
function,  329,. 

—  sheet,  89. 

Line- coordinates,  215,  221. 

Line-integral,  81. 

Line -integral,  independent 

of  path,  87. 
Lines  of  force,   33i. 
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Lines    of    veetor- function, 

348. 
Linear     terms     in    Mnetic 

energy,  130. 

—  —    —     potential, 
184. 

—  vector  function,  428. 
Lines  of  diaplaceinent,  446. 
Liquids,  fundamental  the- 

orem  for,  465. 
Logarithmic     decrement, 

—     potontial,  385. 
Loopa,  646. 

Maolaurin,  415. 
Maclaurin'a  ellipaoid,  469. 

—  theorem,  414. 
Maupertuis,  97. 
Mass,  23. 


)al  < 


of,  ' 
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